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ABSTRACT

ASYMPTOTIC QUANTIZATION AND APPLICATIONS TO SENSOR
NETWORKS

by

Daniel Marco

Chair: David L. Neuhoff

This dissertation considers three asymptotic scalar quantization problems, the

last of which is applied to sensor networks.

First, the widely used additive noise model for high resolution uniform scalar

quantizers is considered. Although this model is frequently used, its validity has

never been rigorously demonstrated. This dissertation does so by finding conditions

on the input density under which this model is valid (e.g. continuity). In addition,

alternate models are provided for cases that this model is invalid.

Secondly, the operational rate-distortion function of scalar quantization in the low

resolution domain of low rate and high distortion is examined. Little is known about

it except that it equals zero when distortion equals the source variance. It is shown

that for stationary memoryless Gaussian sources, it approaches zero with the same

slope as Shannon’s rate-distortion function, thus implying that scalar quantization is

asymptotically, as distortion tends to source variance, optimal – a fact not previously

known.
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Next, sampling and identically scalar quantizing a stationary random process over

a finite interval is considered. The question is if N samples are taken in the interval,

what happens to their joint entropy as N goes to infinity? This is not obvious, since

it is the product of the N th order entropy times N , where the former tends to zero.

It is shown that this product tends to infinity under a very mild condition. The

rate at which this happens is upper bounded in the case of uniform quantizers and a

Gaussian process, by deriving an asymptotic formula for the conditional entropy of

one quantized sample conditioned on another.

Finally, field-gathering sensor networks, whose sensors use identical scalar quan-

tizers, are examined. Their purpose is to transport quantized snapshots of a field to

a collector, where the field is reconstructed. The question is with what frequency can

such snapshots be transported, subject to a fidelity constraint. It is shown, using the

joint entropy result, that as sensor density increases to infinity, the frequency goes to

zero. This implies that beyond some optimal density, sensors should be suppressed.

Furthermore, using the conditional entropy formula, an upper bound is found for the

rate at which frequency goes to zero in the case of uniform quantizers and a Gaussian

field.

x



CHAPTER I

Introduction

This dissertation is composed of six chapters, the core of which are the four middle

chapters, each of which has its own introduction and its own list of references. Nec-

essary notation is also introduced independently in each of these chapters. Chapters

II – IV are self contained manuscripts, of which the first two have been submitted for

publication. These three chapters are concerned with various types of asymptotic

quantization problems and Chapter V applies the results of Chapter IV to sensor

networks. The last chapter, Chapter VI, summarizes the contributions of this disser-

tation and considers possible future avenues of research. The present chapter, which

is the first, has its own list of references as well and provides a general introduction

to communications, source coding, quantization and sensor networks, and lists the

main contributions of this dissertation. Those readers who are well familiar with

these subjects, and are in particularly familiar with quantization theory, may skip

the first three sections of this introduction and go directly to the last section, where

the contributions are listed.

1
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Figure 1.1: A point-to-point communication system.

1.1 Communication Systems and Coding

The purpose of a point-to-point communication system is to reliably and ef-

ficiently transfer information (e.g. radio talk show, winning lottery numbers, the

weather report) from one location, referred to as the source, to another location, re-

ferred to as the destination, over some noisy channel (e.g. the atmosphere, telephone

line, optic fiber). Figure 1.1 depicts such a standard communication system.

As can be seen from the figure, the information to be sent is first encoded, then

transmitted over the channel, and finally decoded at the destination. The encoding

procedure is composed of three stages: source encoding, channel encoding and mod-

ulating. The goal of the first is to compress the information into bits, the goal of

the second is to make the information robust to channel corruption, and the goal of

the third is to translate the channel encoded stream into a stream that is consistent

with the channel (e.g. turn bits into voltage). The decoding procedure performs the
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reverse operations in reverse order. Specifically, the received stream is first demod-

ulated, so as to obtain an input stream that conforms to the same alphabet used by

the channel encoder, then the channel decoder operates on the demodulated stream,

and finally source decoding is performed to obtain a reconstruction of the original

information.

The information that is generated at the source location is normally modeled as

a random process, either continuous-time or discrete-time, and referred to simply as

the source. Sources are often modeled as stationary and/or memoryless. The former

means that the source statistics do not depend on time, and the latter means that

the source value at a given time does not depend on past values. For sources with

memory, the length of the memory is the length of time, or number of past samples, if

the source is continuous-time or discrete-time, respectively, which effect the present

source value. Some sources have infinite memory.

Similar to sources, channels are also modeled in a probabilistic manner. The

most commonly used channel model is a stationary memoryless channel, which is

described using a conditional probability density or mass function, depending on

whether the channel is discrete or continuous, respectively. Figure 1.2 illustrates one

of the simplest and most common channels, known as the binary symmetric channel,

which is a stationary and memoryless channel, where the input and output take

values 0 and 1, and p(1|0) = p(0|1) = e, p(0|0) = p(1|1) = 1− e, are the conditional

probabilities of the channel (also called transition probabilities). In this case, e is

called the crossover probability.

We observe that the goals of the source and channel encoders are contradictory

in nature. The first aims at reducing redundancy from the raw information, so as

to produce the shortest description possible (data compression), while the second
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Figure 1.2: Binary symmetric channel with crossover probability e.

aims at adding redundancy to the raw information so as to protect it from channel

corruption (error protection).

In 1948 Shannon showed [1] that for ordinary sources and channels, source coding

and channel coding can be performed separately and sequentially, while maintaining

optimality. Namely, the performance of a separate and sequential scheme does not

degrade relative to that of a joint source-channel coding scheme (which is, clearly, at

least as good as the former scheme). This is known as the separation theorem. Thus,

Figure 1.1, ordinarily, depicts an optimal communication system.

A large portion of information theory is dedicated towards obtaining good source

coding and channel coding performances. In both cases, there are theoretical limits

to performance. Shannon’s famous channel coding theorem [1] associates with certain

channels a quantity called channel capacity, denoted as C, which is the largest rate

at which communication is possible with arbitrarily small probability of error, where

rate is measured by the number of bits transmitted per channel use. Large rates

are desirable. The capacity of a channel depends on its probabilistic behavior. For

example, consider a stationary discrete memoryless channel, whose input X has

distribution p(x), and whose output Y is obtained via the conditional probability

distribution p(y|x). Its capacity [2] (p. 184) is given by

C = max
p(x)

I(X; Y ) ,
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where I(X; Y ) =
∑

x,y p(x, y) log2
p(x,y)

p(x)p(y)
is the mutual information between X and

Y [2] (p. 18), (p(x, y), p(y) are obtained from p(x), p(y|x)), and the maximum is

taken over all possible input distributions p(x).

Similarly, source coding has theoretical limits as well. Specifically, when the

source is discrete-time, discrete-valued, stationary and memoryless (i.e. its samples

are independently and identically distributed – i.i.d.), we identify a quantity called

entropy, denoted as H, which is the least rate at which the output of the source can

be described with no error, i.e. losslessly (for a detailed discussion on entropy see

Chapters 2 and 4 in [2]). Here, rate is measured by the number of bits per source

symbol, and small rates are desirable. The entropy H of such a source, X, is given

by,

H(X) =
∑

x

p(x) log2

1

p(x)
,

where p(x) is the probability of the source symbol x. Note that this, in fact, is the

entropy of a random variable that has a probability mass function p.

In general, for stationary sources we define the N th order entropy, denoted HN ,

to be the joint entropy of N source samples divided by N . Namely,

HN(X) =
1

N
H(X1, X2, . . . , XN)

=
1

N

∑
x1,x2,...,xN

p(x1, x2, . . . , xN) log2

1

p(x1, x2, . . . , xN)
, (1.1)

where p(x1, x2, . . . , xN) is the probability of the N -tuple of source symbols

(x1, x2, . . . , xN). Finally, (1.1) can be extended in a natural way by considering

infinite order entropy, which is called entropy-rate and denoted H∞. It is given by

H∞(X) = lim
N→∞

HN(X) . (1.2)

Let us further define for two discrete random variables X and Y with joint distribu-
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tion p(x, y), the conditional entropy of Y given X to be

H(Y |X) =
∑

x

H(Y |X = x) p(x) =
∑
x,y

p(x, y) log2 p(y|x) .

This definition extends straightforwardly to conditional entropies that condition on

more than one random variable. We comment that conditioning never increases

entropy. We comment further that for stationary processes the limit in (1.2) equals

limN→∞ H(XN |XN−1, XN−2, . . . , X1).

The entropy of a source is a measure of its uncertainty. That is, the larger

the entropy the greater the uncertainty, and hence the greater the rate required to

describe the source output. It is not hard to see that continuous-valued sources

cannot be described losslessly. For example, it would take an infinite number of bits

to describe the number
√

2, when it is a possible outcome of a source that is equally

likely to assume any number in the interval (0, 2).

Since continuous-valued sources cannot be described losslessly, the question that

naturally arises is: What is the least rate with which a continuous source can be de-

scribed given a permitted level of fidelity? In fact, this question is valid for discrete-

valued sources as well. This type of source coding is known as lossy source coding,

whereas when sources are described exactly with perfect fidelity, the coding is called

lossless source coding. To analyze lossy source coding, fidelity is quantified by a

nonnegative function from the source alphabet crossed with the reconstruction al-

phabet (notice that these need not be the same) to [0,∞). This function is called

a distortion measure, and is denoted by d(x, x̂), where x represents a source symbol

and x̂ a reconstruction symbol.

The answer to the above question comes in the form of rate-distortion theory [3].

Specifically, for a given source, R(D) is the least rate of any encoding scheme that



7

achieves on average distortion D or less for this source. R(D) is called the rate-

distortion function (also referred to as Shannon’s rate-distortion function). Different

sources have different rate-distortion functions. For example, the rate-distortion

function for a memoryless Gaussian source with variance σ2 and squared error dis-

tortion measure [4] (p. 477) is

R(D) =





1
2
log2

σ2

D
, 0 ≤ D ≤ σ2

0, D > σ2

.

The focus of this dissertation is on the source coding part of the communication

system, hence we shall restrict our attention to that. Source coding comes in various

flavors. For example, a discrete-time and discrete-valued source may be coded by

encoding a fixed length block of source symbols into a fixed length block of code

symbols. This is called fixed-length to fixed-length block coding (FFB). Similarly,

one may use FVB, VFB or VVB coding.

The next section is concerned with lossy source coding, and specifically, with a

particular kind of lossy source coding known as quantization, which is the main focus

of this dissertation.

1.2 Quantization

A quantizer consists of four parts, as illustrated in Figure 1.3. A countable (finite

or infinite) partition of the source space Rk, k ≥ 1 (sometimes referred to as a lossy

encoder), a lossless encoder, a lossless decoder and a codebook (sometimes referred

to as a lossy decoder). k is called the dimension of the quantizer and is the number

of source samples that are jointly quantized. The partition and lossless encoder are

sometimes referred to as the encoder of the quantizer. The lossless decoder and the

codebook are often referred to as the decoder of the quantizer. The elements of the
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collection of subsets of Rk that form the partition of Rk, (which are disjoint and whose

union equals Rk) are called quantization cells and are denoted S1, S2, . . . SM , where

M may be infinite. The codebook consists of M points in Rk called codevectors.

The input to the partition is a sequence of blocks of k source samples, each of

which represents a point in Rk. The output of the partition is a sequence of inte-

gers called quantization indices, which represent the quantization cells in which the

corresponding blocks of source samples lie. The input to the lossless encoder is the

sequence of quantization indices that are encoded (either individually or in blocks)

into bits, which are the output of the lossless encoder. These bits are the input to

the lossless decoder, whose output are the corresponding quantization indices. Fi-

nally, these quantization indices are the input to the codebook, which are mapped

(either individually or in blocks) into codevectors that are the output of the code-

book. We will not consider the case that the codebook maps block of quantization

indices into codevectors, but rather assume throughout that each quantization index

is mapped individually into a codevector. In such a case the codevectors are called

reconstruction vectors, the set of which is denoted Y = {y1, y2, . . . , yM}.

The quantization rule is a mapping q : Rk → Y , k ≥ 1. where Y is the countable

set of reconstruction vectors. Associated with each reconstruction vector, yi, is a

quantization cell, Si, which is its inverse image. Thus, q(x) = yi if and only if x ∈ Si.

When we refer to a quantizer, sometimes we shall refer only to the quantization rule,

i.e. to the partition and the reconstruction vectors, and allow for various lossless

encoders and decoders, which are jointly referred to as the lossless code. When

doing so, it will be clear from context.

Since the space Rk is uncountable, and since there are only a countable number of

reconstruction vectors, it follows that quantization is a lossy source coding technique.
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Figure 1.3: A quantizer scheme – consisting of a partition, lossless encoder, lossless
decoder, and a codebook.

We thus refer to the partition part of the quantizer as a lossy encoder. Consequently,

the encoder of the quantizer can be viewed as having two cascaded encoders. First, a

lossy encoder that maps real-valued source inputs into quantization indices, followed

by a lossless encoder that encodes quantization indices into bits.

The performance of a quantizer with quantization rule q, is measured by its rate

and distortion, where rate is the average number of bits per source sample, and

distortion is given by

D(q) = E
[
dk(x, q(x))

]
=

∑
i

∫

Si

dk(x, yi)f(x) dx ,

where dk(·, ·) is a distortion measure, and f is the probability density function (pdf)

of the source. The most commonly used distortion measure is per sample squared-

error: dk(x, x̂) = 1
k

∑k
j=1(xj − x̂j)

2. The distortion, of course, is only due to the

partition and the codebook, i.e. due to the first encoder and the second decoder,

which are lossy. The rate, on the other hand, depends on the design of both the

lossy and lossless encoders. Low rate and low distortion are desirable.



10

The rate of a quantizer, as mentioned, is the average number of bits per source

input, or equivalently, the average number of bits needed to encode a quantization

index. Two main methods for encoding quantization indices are fixed-length and

variable-length coding (also referred to as fixed-rate and variable-rate coding, re-

spectively). The former allots a fixed number of bits to each quantization index.

Clearly, such a method requires a finite number of reconstruction vectors. The lat-

ter, assigns a variable number of bits to each quantization index, thus permitting an

infinite number of reconstruction vectors.

The rate of an M level quantizer with fixed-length coding is R = 1
k
dlog2 Me, where

dlog2 Me is the number of bits needed to represent M different outcomes. The rate

of a quantizer with variable-length coding is R = 1
k

∑
i LiPi, where Li is the length

of the string of bits representing the ith quantization index, and Pi =
∫

Si
f(x) dx is

the probability of the ith quantization cell.

When using variable-length coding, it is often the case that blocks of quantization

indices are jointly encoded. If the size of the block is N , then we say that the encoder

is of order N . In such a case, the rate is given by R = 1
k

1
N

∑
i LiPi, where i is an

N -tuple of quantization indices, Li is the length of the string of bits representing

this N -tuple, and Pi is the N -tuple’s probability.

A scheme that utilizes variable-rate coding is often called quantization with en-

tropy coding, since variable-rate encoders can be designed so as to achieve rate close

to the entropy of the quantizer output, i.e. the entropy of the quantization indices

(e.g. an encoder that uses a Huffman code [5]). Thus, a quantizer with N th order

entropy coding is a quantizer whose lossless encoder encodes blocks of N quantiza-

tion indices into a number of bits that is close to the joint entropy of a block of N

indices.



11

The operational rate-distortion function of a family of quantizers is defined to

be the the least rate for a given distortion attainable by the given family. Thus,

for example, one may choose to consider the operational rate-distortion function of

quantizers of dimension 5 that use variable rate-coding and have a finite number of

cells. When we describe a family of quantizers, we will specify its limitations; for

example, we shall specify that the quantizers in the family use fixed-rate coding if

only fixed-rate coding is considered. If both variable-rate and fixed-rate coding are

considered there would be no reference to either. In comparison to the operational

rate-distortion function, the Shannon rate-distortion function is the least rate for a

given distortion, attainable by any source coding scheme whatsoever.

Optimizing the performance of a quantizer involves minimizing both the distor-

tion of the lossy encoder and the rate of the lossless encoder that follows. When using

quantization with entropy coding, it is often the case that the quantizer is designed

subject to a constraint on its output entropy. This is known as entropy-constrained

quantization.

When using fixed-rate quantization, optimizing performance reduces to minimiz-

ing quantizer distortion (since rate is fixed). In 1957 Lloyd [6] established necessary

and sufficient conditions for local optimality of quantization with fixed-rate coding,

i.e. so that small perturbations to the partition or reconstruction vectors would re-

sult in distortion increase. Clearly these conditions are necessary for globally optimal

quantizers as well. The conditions insure that the quantizer partition is optimal for

the given reconstruction vectors and vice versa. For mean-squared error distortion

the first condition translates to the nearest neighbor condition, i.e. a source sample

should be mapped to the closest reconstruction vector, and the second condition

becomes the centroid condition, i.e. the reconstruction vector of a cell should be its
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centroid, where the centroid of a cell is the expected value of the source given that

it lies in the specified cell, which in turn equals the minimum mean-squared error

estimator of the source sample given that it lies in the given cell. (Another way of

viewing the cell centroid is as the center of gravity of the cell, where the source pdf

is the weighing function). It is well-known that having reconstruction vectors at cell

centroids minimizes the mean-squared error induced by the quantizer.

For the case of variable-rate quantization, i.e. entropy-constrained quantization,

Lloyd’s centroid condition is still necessary for the quantizer to be optimal, that

is, given a partition the reconstruction vectors must be the cell centroids. The

condition for the partition, however, is somewhat more complicated as shown in [7].

Specifically, the partition must satisfy for all x ∈ Rk and 1 ≤ j ≤ M

dk(x, q(x))− λ log2 Pi ≤ dk(x, q(yj))− λ log2 Pj ,

where λ > 0 may be chosen arbitrarily. The choice of λ determines the tradeoff

between rate and distortion. If, however, we choose λ = 0, then this reduces to the

fixed-rate case. We observe that although the above is well defined as an optimality

condition, it is circular in terms of designing the partition.

When k > 1 the quantizer is called a vector quantizer. Figure 1.4 illustrates the

quantization rule of a two-dimensional vector quantizer, whose cells are represented

by polygons or open polygons, and the reconstruction vector associated with a given

cell is denoted by a dot within the cell.

When k = 1, the quantizer is called a scalar quantizer, for which single real-valued

inputs are quantized separately. Thus, the quantization rule of a scalar quantizer

is a mapping q : R → Y , where Y = {y1, y2, . . . , yM} is the set of reconstruction

levels, and is a subset of R. The cells of such a quantizer are usually intervals, whose
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Figure 1.4: The quantization rule of a two-dimensional vector quantizer.

endpoints are called thresholds. We sometimes denote the left threshold of the ith

cell by ti, and its right threshold by ti+1. The reconstruction levels normally lie

inside the cells that map to them, and can be chosen in various ways. The two most

common choices for reconstruction levels are cell midpoints or cell centroids. While,

as mentioned, the latter minimizes mean-squared error, the former is the simplest

and most common choice of reconstruction levels.

A scalar quantizer that has infinitely many cells, all of which are of equal size

(i.e. length), is called an infinite-level uniform threshold scalar quantizer. The quan-

tization rule of such a quantizer is characterized by three parameters: The size of its

cells, which is often called its step size and denoted by ∆, the set of reconstruction

levels, and a number between zero and one, which we call offset. The offset is the

fractional position of the origin within its quantization cell. Thus, the left threshold

of the ith cell is given by ti = (i − θ)∆, where θ denotes the offset. Figure 1.5 il-

lustrates the quantization rule of an infinite-level uniform threshold scalar quantizer

with step size ∆, offset zero, and reconstruction levels at cell midpoints.

A well-known result, first shown by Bennett in 1948 [8], is that the mean-squared

error of a uniform scalar quantizer with small step size ∆, relative to the source vari-
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Figure 1.5: The quantization rule of an infinite-level uniform threshold scalar quan-
tizer with step size ∆, offset zero, and reconstruction levels at cell mid-
points.

ance, is approximately ∆2/12. When cells are small relative to the source variance,

as is the case when the approximate formula for distortion holds, the quantizer is

called high resolution. (Note that high resolution quantizers need not be scalar only;

they may be vector quantizers as well.) Such quantizers play an important role and

we shall consider them later in more detail.

Since scalar quantization is a special case of vector quantization, the latter is at

least as good as the former. The question is how much better and why. Clearly, if

the source has memory, scalar quantization with fixed-rate coding cannot exploit it

to improve performance. (Notice that if variable-rate coding is used memory can be

exploited by jointly encoding blocks of quantization indices. We shall return to this

point shortly.) However, surprisingly, even for memoryless sources, fixed-rate vector

quantization outperforms fixed-rate scalar quantization.

When operating in high resolution, it is possible to quantify the performance

gain of vector quantizers relative to scalar quantizers, by comparing distortions of

optimal quantizers of each type at a common large rate. There are three factors

that contribute to the superior performance of vector quantizers, when considering
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fixed-rate coding and stationary memoryless sources, as follows from [9, 10, 11, 12],

and discussed in the extensive review [13].

The first is space-filling loss, which represents the amount by which the nor-

malized moment of inertia of a cube is larger than that of a sphere. The second is

oblongitis loss, which represents the amount of loss incurred due to larger normalized

moments of inertia of rectangular cells relative to cubic cells. (The more oblong a

cell, the higher its oblongitis loss.) The product of these two factors is collectively

referred to as cell-shape loss. The third factor is the point-density loss, which rep-

resents the loss due to suboptimal distribution of cells, namely, due to not having

the proper numbers of cells in the proper places. One can trade oblongitis loss for

point-density loss, but cannot minimize both simultaneously.

As an example consider an i.i.d. Gaussian source and compare the best high

resolution scalar quantizer with fixed-rate coding versus the best high resolution

fixed-rate vector quantizer with arbitrarily large dimension. The space-filling loss in

this case is 1.53 dB, the oblongitis loss is 0.94 dB, and the point density loss is 1.88

dB. Combining these gives a total loss of 4.35 dB.

When using variable-rate quantization, i.e. quantization with entropy coding,

the scalar quantizer can be uniform, thus eliminating the oblongitis loss, while the

entropy coder in effect eliminates the point-density loss. Furthermore, if the lossless

encoder of the scalar quantizer is of sufficiently high order, then no memory loss is

incurred either, when the source has memory. Therefore, variable-rate quantization

incurs only space-filling loss, which can only be reduced by increasing the dimension

of the quantizer.

As far as complexity is concerned, clearly, the higher the order of the entropy

coder the greater its complexity. Similarly, the higher the dimension of a vector
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quantizer the greater its complexity. However, these complexities can be traded,

even to the extreme – e.g. using a scalar quantizer with high order entropy coding,

or using a high dimensional vector quantizer with fixed-rate coding. Note that the

latter will have smaller space-filling loss, but for sufficiently small vector quantizer

dimensions, this difference is not significant. In general, when dimension is large,

variable-rate quantization does not significantly outperform fixed-rate quantization.

We comment that the same sort of analysis as above can be used to compare

vector quantizers of different dimensions, rather than comparing a vector quantizer

to a scalar quantizer.

Finally, we conclude this section by commenting that most of the analysis of

quantization theory is for high resolution (i.e. high rate). This is not surprising,

since in high resolution the source density can often be approximated as constant

over quantization cells, which in turn makes the analysis tractable. Low resolution

results, e.g. [14], are quite sparse since such approximations are not available. A

comparison of high resolution theory to rate-distortion theory shows that they are

complementary in the sense that the former is valid for high rates and any dimension,

while the latter is valid for large dimension and any rate. When both dimension and

rate are large these two theories agree, namely, they predict the same performance.

1.3 Sensor Networks

Wireless sensor networks have recently been attracting a growing interest among

researchers. With the advancements in technology, specifically, in miniaturized elec-

tronic devices, it has become possible to envision situations where a large number of

small and cheap sensing devices, e.g. sensors, are deployed over an area of interest.

Such deployment, referred to as a sensor network. could serve various purposes.
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For example, sensor networks can be used for monitoring [15, 16], field-gathering

[17, 18, 19, 20, 21, 22], target tracking and classification [23, 24, 25, 26, 27] and

more. For an extensive review of a broad range of applications that sensor networks

can and may in the future be used for, see [28, 29].

In this dissertation we focus on field-gathering. Specifically, consider the case

where it is desirable to measure a physical phenomenon, e.g. temperature, humidity

level, light intensity, radiation, etc., over some area and monitor its change over time

and space. Wireless sensor networks can potentially provide the means to achieve

this goal. The idea is to deploy many sensors over a region of interest, and let each

measure/sample the desired phenomenon at its location, and transmit its measure-

ment to some central location, referred to as the collector, where a reconstructed

snapshot of the phenomenon, over the whole region of interest, is produced.

It is reasonable to model the measured phenomenon as a two-dimensional random

field. Moreover, since real world phenomena are usually analog, it is often assumed

that the random field is continuous-valued. We observe further, that in practice sen-

sors cannot sample the field with infinite precision, instead they must use some kind

of quantization, which invariably introduces distortion. Therefore, a field-gathering

sensor network cannot produce an exact reproduction of the measured field, but

rather an approximation thereof.

Clearly, the better the quality of the reconstructed field, i.e. the smaller its dis-

tortion relative to the original field values, the finer the quantizers that the sensors

must use and/or the more sensors are needed. Consequently, the rate (i.e. average

number of bits per sensor per unit time) to be transmitted by the network increases.

This leads to a rate-distortion type of question, namely, what is the smallest rate

for the network to produce a reconstruction of the field that is within a prescribed
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distortion? This is the equivalent of the source coding problem in point-to-point

communication systems. Similarly, one can ask the equivalent of the channel coding

problem of point-to-point communication systems, namely, what is the capacity of

a sensor network, where capacity may be measured in various ways. One measure

of capacity, which is used in this work, is the many-to-one transport capacity, which

is the average number of bits a sensor can send to the collector per unit time, not

including relay bits. Another measure of capacity, which we also use, is the total

many-to-one transport capacity, which is the total number of bits the collector can

receive from the sensors per unit time. For a communication model similar to that

given in the seminal work of Gupta and Kumar [30], Duarte-Melo and Liu [20] have

shown that the former capacity scales as θ( 1
N

), where N is the number of sensors in

the network, and the latter capacity remains essentially constant with respect to the

number of sensors in the network.

A separation theorem like the one showed by Shannon for point-to-point commu-

nication, has not been demonstrated for the sensor network setting. However, one

may consider the sensor network equivalent problems of source coding and channel

coding separately, as was done, for example, in [18], where Slepian-Wolf distributed

coding [31] was used to consider the source coding problem. When doing so, one runs

the risk of designing a suboptimal sensor network. There has been work done with

regard to these two problems. By considering various transmission models, various

capacity results have been shown, e.g. [30, 20, 32, 33, 34]. Similarly, results have

been derived regarding network source coding, for example, [35, 36, 37].

When designing a field-gathering sensor network, there are tradeoffs to be con-

sidered. On the one hand, few number of bits to be transmitted is an obvious

requirement (which translates to low power). On the other hand, low reconstruction
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distortion is also desirable, which can be attained by means of having a denser net-

work and finer quantization. Thus, the smaller the required distortion the more bits

will be transmitted. An equivalent problem is to maximize the frequency, equiva-

lently throughput, with which snapshots can be transported to the collector, subject

to a distortion constraint, thus producing a “video” like representation of the field.

Finally, one of the major ideas behind field-gathering sensor networks is to have

them be dense, so as to be able to reconstruct the sensed field at various distortion

levels and obtain high robustness to sensor failures (a common assumption is that

individual sensors might be unreliable). Therefore, a key question, which is the main

focus of Chapter V, is how frequently can snapshots be transported to the collector,

subject to a distortion constrained, as the density of the sensors in the network

increases? The answer to this question depends on the behavior of the number of bits

per sensor per unit time that need to be transmitted by each sensor, combined with

the behavior of the many-to-one transport capacity of the network, as the density of

the sensors increases. It will be shown that under certain relatively general scenarios,

increasing the density of the network without bound is not a good strategy in the

sense that it makes the frequency with which snapshots can be transported to the

collector go to zero.

1.4 Contributions

Following is a description of the contributions of the main four chapters of this

dissertation, Chapters II – V. Each of the first three of these chapters examines a

different aspect of asymptotic scalar quantization. Chapter V considers applications

to sensor networks.

In Chapter II high resolution infinite-level uniform scalar quantization is consid-
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ered. A uniform scalar quantizer with small step size, large support and reconstruc-

tion levels at cell midpoints is frequently modeled as adding orthogonal noise to the

quantizer input (c.f. [38] (pp. 193ff.) [39] (pp. 753ff.) and [40], to name a few). This

is known as the additive noise model, which is illustrated in Figure 1.6 and whose

validity has never been rigorously shown.

In this chapter we rigorously demonstrate the asymptotic validity of the addi-

tive noise model when the input pdf is continuous and satisfies several other mild

conditions. Specifically, as step size decreases, the correlation between input and

quantization error becomes asymptotically negligible relative to the mean-squared

error. The model is even valid when the input density has a discontinuity (of any

kind) at the origin, but discontinuities elsewhere, specifically jump discontinuities of

finite height, can prevent the correlation from being negligible. Though this invali-

dates the additive model, an asymptotic formula for the correlation is found in terms

of the step size and the heights and positions of the jump discontinuities.

For an input density with finite support, such as uniform, it is shown that the

support of the uniform quantizer can be matched to that of the density in ways that

make the correlation approach a variety of limits.

The derivations in this chapter are based on an analysis of the asymptotic con-

vergence of cell centroids to cell midpoints. This convergence is fast enough that the
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centroids and midpoints induce the same asymptotic mean-squared error, but not

fast enough to induce the same correlations.

In contrast to Chapter II, Chapter III analyzes asymptotic low resolution scalar

quantization. Specifically, it examines the performance of scalar quantization for

stationary memoryless Gaussian sources. The goal is to find the rate at which the

operational rate-distortion function of scalar quantization approaches zero as distor-

tion goes to the source variance. This is illustrated in Figure 1.7, where both the

operational and Shannon rate-distortion functions are plotted (the former is plotted

qualitatively). Notice, that the operational rate-distortion function is not known at

low rates, and all that is known is that it equals zero when distortion equals the source

variance. Thus, this work is important in that it adds additional understanding of

the operational rate-distortion function of scalar quantization.

To find this rate of convergence, uniform and binary quantizers with entropy

coding are analyzed. It is shown that for a stationary memoryless Gaussian source,
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as distortion D, approaches its variance, the least entropy of such quantizers with

mean-squared error D or less approaches zero with slope − log2 e
2σ2 . Since, as can be

seen from (1.3), the Shannon rate-distortion function also approaches zero with the

same slope, it follows that in low resolution scalar quantization is asymptotically

optimal, i.e. it is as good as any coding technique.

We notice that since this result is demonstrated using uniform and binary quan-

tizers, it not only shows that scalar quantization can be optimal in general, but

rather it provides specific quantizers that achieve such optimality.

Motivated by the need to analyze dense sensor networks, in Chapter IV we con-

sider a somewhat different setting than that considered in the previous two chapters.

There are two main thrusts in this chapter.

The first examines the case that a stationary random process is sampled over some

finite interval, and each sample is separately quantized with arbitrary, yet identical,

scalar quantizers. It is shown that if the random process crosses some quantization

threshold with positive probability, then the joint entropy of the quantized samples

tends to infinity as the sampling interval goes to zero. This is not a trivial result

since the joint entropy can be viewed as the product of the number of samples and

the average number of bits needed to describe a quantized sample, where the first

quantity tends to infinity, while the second tends to zero, as the sampling interval

goes to zero. Thus, it is not a priori clear what this product might be. Much work

has been done with regard to oversampling and quantization, e.g. [41, 42, 43, 44, 45,

46, 47, 48, 49, 50], however, the analysis in some of this work is for deterministic

signals and does not address the question posed here.

Having established that the joint entropy above tends to infinity as the sampling

interval goes to zero, it is of interest to find the rate at which this happens. In general,
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this is a difficult problem. Instead the second result of Chapter IV provides an upper

bound to the rate at which the joint entropy tends to infinity, by considering the

conditional entropy of one quantized sample conditioned on a neighboring quantized

sample. This, too however, is a difficult problem in its own right. For it is clear that as

the correlation between neighboring samples tends to one, the entropy of the output

of one quantizer conditioned on the output of a neighboring quantizer tends to zero,

but it is not clear how rapidly it does so, which is what we seek. Therefore, to make

this problem tractable, we consider the case that the scalar quantizers are infinite-

level uniform threshold, and the random process is stationary and Gaussian such

that its mean lies at a midpoint of some quantization cell. Under these assumptions,

the following simple asymptotic formula for the conditional entropy is derived.

lim
ρ→1

H(I2|I1)

−Mλ

√
1− ρ log

√
1− ρ

= 1 ,

where ρ is the correlation coefficient, λ is the ratio of quantization step size to source

variance, and Mλ is a constant that depends on λ. The rate of convergence of

conditional entropy is evident from this formula. It is intuitively apparent that the

higher the resolution of the quantizers (i.e. the smaller their step size), the larger

the conditional entropy should be, for a given value of ρ. This effect is quantified

by the multiplicative constant Mλ. When considering asymptotically high resolution

quantizers, it is shown that Mλ ≈ 2√
π

1
λ
, which shows that the increase in conditional

entropy is of the order of 1
λ
, i.e. it is exactly inversely proportional to the ratio of

step size to source variance.

Finally in Chapter V, we consider field-gathering sensor networks. Specifically,

we examine their behavior as their density increases to infinity. We assume a network

communication model similar to that given in [30] and use the result concerning the
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many-to-one transport capacity shown in [20] for such networks. We further assume

that the sensors utilize identical scalar quantizers, and that the field is stationary

and crosses some quantization threshold with positive probability. Furthermore, our

analysis is for one-dimensional fields, although we have no doubt that it extends to

two-dimensions as well (see the Future Work Section of Chapter VI).

Under these assumptions, combining the many-to-one transport capacity result,

together with the first result shown in Chapter IV, namely, that the joint entropy

of the quantized samples over a finite interval tends to infinity as the sampling

interval goes to zero, we obtain that as the density of the network tends to infinity,

the frequency, equivalently throughput, with which snapshots of the field can be

transported to the collector goes to zero. Using the second result of Chapter IV,

namely, the rate at which conditional entropy of jointly Gaussian random variables

tends to zero as their correlation goes to one, we upper bound the rate at which the

throughput of such networks degrades to zero, for the case of a stationary Gaussian

random field.

This analysis shows that under the considered scenario, making sensor networks

too dense is not a good strategy, regardless of the scheme used by the lossless encoders

of the quantizers. It implies further, that given a desired fidelity, there is some

optimal sensor density (in terms of maximizing throughput) that should be used.
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CHAPTER II

The Validity of the Additive Noise Model for

Uniform Scalar Quantizers1

2.1 Introduction

In his pioneering 1948 paper, Bennett [1] argued that the quantization error of

a uniform scalar quantizer with small cells, reproduction levels at the cell midpoints

and large support region can be approximately modeled as being orthogonal to the

quantizer input. That is, with X and Y denoting the quantizer input and output,

respectively,

EX(Y −X) ≈ 0 . (2.1)

It follows that, as illustrated in Figure 2.1a, the quantizer output Y can be modeled

as the sum of X plus orthogonal quantization error N = Y −X. This is the additive

noise model. Since EY 2 = EX2 + D + 2EX(Y −X), where D = E(Y −X)2 is the

mean-squared error (MSE), an equivalent property is

EY 2 ≈ EX2 + D , (2.2)

1This work was supported by NSF Grant ANI-0112801. This chapter was submitted as a paper
for publication with co-author David L. Neuhoff to the IEEE Transactions on Information Theory.
Portions of this work were published in the proceedings of the IEEE International Symposium on
Information Theory, Yokohama, Japan, July 2003.
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Figure 2.1: Additive models of uniform scalar quantization. (a) The levels are mid-
points and the quantization error is orthogonal to the input. (b) The
levels are centroids and the quantization error is orthogonal to the out-
put.

i.e. the output power approximately equals the input power plus the MSE. Though

the additive noise model is very widely used (c.f. [2] (pp. 193ff.), [3] (pp. 753ff.), [4]),

its validity has never been rigorously demonstrated. The principal goal of this paper

is to do this and, in addition, to discover the correlation structure when the additive

noise model is not valid.

It is easy to see that the left and right-hand sides of (2.1), respectively (2.2), tend

to the same values as ∆ → 0. This, however, is not sufficient to validate the additive

noise model. Instead, we assert that the additive noise model is asymptotically valid

when and only when

EX(Y −X) = o(D) ,

where o(z) denotes a quantity such that o(z)/z → 0 as z → 0. Equivalently, it

is asymptotically valid when and only when EY 2 = EX2 + D + o(D). In other

words, the discrepancies in the approximations (2.1) and (2.2) must be asymptotically

negligible relative to the MSE. Equivalently, using the well known approximation

D = ∆2

12
+ o(∆2), where ∆ denotes the width of a quantization cell, the errors must

be asymptotically negligible relative to ∆2.

With this definition in mind, our principal result, Corollary 12, shows that the

additive noise model is asymptotically valid when, in addition to satisfying several
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mild technical conditions, the probability density function (pdf) of X is continuous,

except possibly for tending to infinity at the origin or having a finite jump discon-

tinuity at the origin. If, on the other hand, there are finite jump discontinuities not

at the origin, then Corollary 11 shows that

EX(Y −X)

∆2
=

1

12

N∑

k=1

tkek

(
1− 6α∆(tk)(1− α∆(tk))

)
+ o(1) ,

where t1, . . . , tN are the positions of the jumps in the pdf, e1, . . . , eN are their heights,

α∆(tk) is the fractional position of tk within its quantization cell, and o(1) denotes a

quantity that approaches 0 as ∆ → 0. It would be nice if the right-hand side of the

above converged to some function of the tk’s and ek’s, with no dependence on the

α∆(tk)’s. In this case one could easily estimate the correlation, even in the presence

of jumps. However, Theorem 13 shows that this is not possible. We conclude that

when there are jumps in the pdf, the correlation structure depends intimately on the

positions of such jumps within quantization cells.

To avoid overload issues, we focus on uniform quantizers with infinitely many

levels, i.e. with infinite support. However, the results have significance for uniform

quantizers with finitely many levels. Specifically, since the performance of a uniform

quantizer with n levels approaches that of an infinite uniform quantizer as n tends

to infinity, the results indicate conditions under which the additive noise model is

asymptotically valid when ∆ is sufficiently small and n is sufficiently large.

In deriving our results, we find it necessary to explore and exploit relations be-

tween quantization cell midpoints and centroids that yield insight into the behavior of

uniform quantizers. It is well known that for a given ∆, MSE is minimized when cen-

troids rather than midpoints are used as levels. Not surprisingly, as can be deduced

from the results of [5] (p. 15), the MSE with centroids is again well approximated by
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∆2/12 when ∆ is small. Thus, asymptotically, midpoints and centroids induce the

same distortion. On the other hand, midpoints and centroids lead to rather different

correlation structures. Specifically, with centroids, it is well known that for any ∆,

the quantization error is exactly orthogonal to the quantizer output Y , rather than

the quantizer input X, i.e.

EY (Y −X) = 0 , (2.3)

or equivalently,

EY 2 = EX2 −D, (2.4)

i.e. the output power equals the input power minus the MSE. Thus, instead of the the

usual additive noise model, we have the additive model illustrated in Figure 1b. This

is somewhat surprising in light of the fact that the cell centroids approach the cell

midpoints as ∆ decreases. (This intuitive fact is shown in [6].) Clearly, there is subtle

behavior here. In this paper, we strengthen previous results on the convergence of

cell centroids to midpoints, and we show that this convergence happens fast enough

to account for the fact that the MSE with centroids is asymptotically the same as

that with midpoints. However, it is not fast enough to cause them to have the

same asymptotic correlation structure. We also note that the proofs of the principal

theorems are based on a measure of the difference between the values assumed by

EY 2 when centroids are used vs. midpoints.

For completeness, we mention that Widrow [7], and Sripad and Snyder [8] found

conditions, on ∆ and the pdf, involving zeros of the characteristic function, under

which the quantizer input and error are exactly orthogonal. Note, however, that

these results are not asymptotic and that the conditions are rather restrictive. We

also mention that Bennett’s paper [1] argued that in addition to being orthogonal to

the input, the quantization errors of a uniform scalar quantizer are, approximately,
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white. A rigorous demonstration of this was given in [9].

The remainder of the paper is organized as follows. Section 2.2 introduces infinite

uniform scalar quantizers and the framework for considering such with step size ∆

decreasing to zero, as well as notation and other essential background material. Sec-

tion 2.3 shows that centroids approach the midpoints rapidly enough to account for

the fact that the MSE due to centroids is asymptotically the same as for midpoints.

Section 2.4 discusses the additive noise model and introduces a key functional r(f)

measuring the closeness of cell midpoints and centroids, whose value determines the

validity of the additive noise model. Section 2.5 evaluates r(f) and states the main

results regarding the correlation of input and quantization error and the asymptotic

validity of the additive noise model. Section 2.6 discusses alternative noise models

for uniform quantizers whose support is matched to that of a pdf with finite sup-

port. Section 2.7 proves the principal results. Section 2.8 offers concluding remarks.

Finally, the Appendix contains proofs of certain lemmas.

2.2 Background

An infinite level uniform scalar quantizer is characterized by a step size ∆ > 0,

an offset θ, 0 ≤ θ < 1, and a set of (reconstruction) levels . . . < y−2 < y−1 < y0 <

y1 < y2 < . . .. The thresholds of such a quantizer are . . . < x−2 < x−1 < x0 <

x1 < x2 < . . ., where xi = (i− θ)∆, and the ith (quantization) cell is Si = [xi, xi+1).

Note that θ is the fractional position of the origin within its quantization cell. Given

an input x, the quantizer outputs q(x) = yi when x ∈ Si. The quantization error

is q(x) − x, and when the input is a random variable X with pdf f , the MSE is

D = E(q(X)−X)2 =
∫∞
−∞(q(x)− x)2f(x) dx .

We focus on two choices for the levels: midpoints and centroids. In the former
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case, yi = xi + ∆/2 = (i − θ + 1/2)∆. In the latter, yi = E[X|xi ≤ X < xi+1] =
∫ xi+1

xi
xf(x) dx∫ xi+1

xi
f(x) dx

, where f is the pdf of X.2 Let m∆,θ(x), c∆,θ(x) and u∆,θ(x) denote

the midpoint, centroid and left threshold, respectively, of the quantization cell in

which x lies. These functions are constant on quantization cells. Let M∆,θ and C∆,θ

denote the output random variable Y = q(X) when midpoints and centroids are

used, respectively. In addition, let m∆,u = u+∆/2 and c∆,u = E[X|u ≤ X < u+∆]

denote, respectively, the midpoint and centroid of the interval [u, u + ∆).3 For

brevity, we usually omit the subscript θ and frequently omit the subscript ∆ from

m∆,θ(x), c∆,θ(x), etc., when they are clear from context. When we wish to emphasize

dependence on the pdf, we add a superscript, as in cf
∆,θ(x).

In most of the results in later sections, we consider limiting characteristics of

families of uniform quantizers in which the step size ∆ goes to zero and the offset

θ varies arbitrarily. That is, the offset θ is an arbitrary function of ∆, denoted

θ(∆). It can be shown that if g(∆, θ) is a function and c is a constant such that

lim∆→0 g(∆, θ(∆)) = c for any function θ : R → [0, 1), then the convergence is

uniform over all such functions θ.

Throughout this paper we focus on continuous input random variables X with

finite first and second moments, whose pdf’s are either continuous or have finite jump

discontinuities, or have points at which f goes to infinity from the left or right. (f

is said to have a finite jump discontinuity at t if the following limits exist, and are

finite and different: f(t−)
∆
= limx↗t f(x), limx↘t f(x)

∆
= f(t+).) Other conditions on

f will be specified as needed. It should be noted that for any result in this paper that

is concerned with expected values, if f1 and f2 are pdf’s such that f1 = f2 almost

2When a cell [xi, xi+1) has zero probability, the value of E[X|xi ≤ X < xi+1] is of no conse-
quence. However, for concreteness, we take it to be the midpoint of the cell.

3When Pr(u ≤ X < u + ∆) = 0, we let c∆,u = u + ∆/2.
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everywhere (a.e.) and f2 satisfies the specified conditions for the result, then the

result applies to f1 as well. If a density f has finite support, then an infinite uniform

quantizer has, effectively, finitely many levels.

We will occasionally introduce a symbol like f or g to represent a function that

is like a pdf, but may lack the property of integrating to one. Accordingly, in all

statements of results where f is required to be a pdf, we will explicitly specify such.

Where there is no specification, f denotes an arbitrary function.

Finally, a function f is said to be piecewise differentiable if there exists a countable

collection of disjoint open intervals {Bi} such that (a) f is differentiable on each Bi,

(b) R = (∪iBi) ∪ E, where E is the set of interval endpoints (not including −∞

and ∞), and (c) any finite interval contains at most a finite number of Bi’s. We let

B
∆
= ∪iBi.

2.3 Mean-Squared Error

As mentioned earlier, when ∆ is small, the MSE when using midpoints, denoted

Dm,∆, is approximately ∆2/12. Linder and Zeger [10] showed rigorously that this

holds for any pdf. The precise statement is:

lim
∆→0

Dm,∆

∆2/12
= 1 , (2.5)

or equivalently, Dm,∆ = ∆2

12
+ o(∆2). Although the authors did not claim such, their

proof is sufficient to show that (2.5) holds for any offset function θ(∆).

It is quite intuitive that M and C become closer as ∆ → 0. The question is how

fast. The following two lemmas, whose proofs are left to the Appendix, provide some

answers.
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Lemma 1. If f is continuous and positive at x, then for any offset function

lim
∆→0

m∆(x)− c∆(x)

∆
= 0 ,

or equivalently, c∆(x) = m∆(x) + o(∆).

Lemma 2. If f is a continuous a.e. pdf, then for any offset function

lim
∆→0

E(M∆ − C∆)2

∆2
= 0 ,

or equivalently, E(M∆ − C∆)2 = o(∆2).

Remark: Notice that while quantities such as m∆(x), c∆(x), u∆(x),M∆(x) and

C∆(x) depend on the offset function, limit expressions, such as in these two lem-

mas, usually do not. Whenever appropriate, such insensitivity to the offset function

will be explicitly stated in future lemmas and theorems. In their proofs, an arbitrary

fixed offset function will be assumed. However, it will not appear explicitly therein.

Instead, its influence on m∆(x), c∆(x), etc. is implicit.

It is well known that centroids minimize MSE. The following theorem uses the

convergence of centroids to midpoints demonstrated in Lemma 2 to show that the

MSE induced by centroids, denoted Dc,∆, is asymptotically the same as that induced

by midpoints. This result can also be deduced from the results of [5] (p. 15) without

reference to the closeness of midpoints and centroids and without requiring the pdf

to be continuous a.e..

Theorem 3. If f is a continuous a.e. pdf, then for any offset function

Dc,∆ = Dm,∆ + o(∆2) =
∆2

12
+ o(∆2) . (2.6)
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Proof:

Dm,∆ = E[(X − C∆) + (C∆ −M∆)]2

= E(X − C∆)2 + 2E(X − C∆)(C∆ −M∆) + E(C∆ −M∆)2

= Dc,∆ + E(C∆ −M∆)2 = Dc,∆ + o(∆2) ,

where the first equality is by definition of Dm,∆, the second is trivial, the third is

by the orthogonality principle, and the last is due to Lemma 2. The last equality in

(2.6) is from (2.5). ¤

2.4 Additive Noise Model

Our primary goal is to determine when the additive noise model is asymptotically

valid for uniform scalar quantizers with infinitely many levels located at the mid-

points. With M denoting the quantizer output with midpoints levels, we consider

the additive noise model to be asymptotically valid when and only when for any

offset function

EX(M −X) = o(∆2) , (2.7)

or equivalently,

EM2 = EX2 + Dm + o(∆2) . (2.8)

We focus on the latter condition. To determine when it holds, we write

EM2 = EM2 + EX2 − EC2 −Dc

= EX2 −Dm + (EM2 − EC2) + o(∆2) ,

where C and Dc denote the output and MSE, respectively, of a quantizer with cen-

troid levels, and where the first equality follows from (2.4) applied to a quantizer

with centroid levels and the second follows from Theorem 3, assuming the pdf is
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continuous a.e.. It is now clear that the relationship between EM2, EX2 and Dm

depends on the quantity EM2 − EC2. This motivates us to define a functional r

that captures the behavior of this quantity.

Definition 4. Given a pdf f ,

r∆(f)
∆
=

EM2 − EC2

∆2/6
=

∫ ∞

−∞
G∆(x) dx , (2.9)

where G∆(x)
∆
=

m2
∆(x)−c2∆(x)

∆2/6
f(x). When the limit of r∆(f) exists and is the same for

all offset functions,

r(f)
∆
= lim

∆→0
r∆(f) . (2.10)

Using the above definition, we obtain the following lemma.

Lemma 5. If f is a continuous a.e. pdf, then for any offset function

EM2 = EX2 + (2r∆(f)− 1)
∆2

12
+ o(∆2) . (2.11)

Proof:

EM2 − EX2

∆2/12
=

EM2 − EC2

∆2/12
−EX2 − EC2

∆2/12
= 2r∆(f)− Dc

∆2/12
= 2r∆(f)−1+

o(∆2))

∆2
,

where the second equality uses (2.4) and the definition of r∆(f), and the last uses

Theorem 3. ¤

We now consider the ramifications of this lemma.

Corollary 6. If the input pdf f is continuous a.e., then for any offset function

EX(M −X) =
∆2

12
(r∆(f)− 1) + o(∆2) , (2.12)

and

EM(M −X) =
∆2

12
r∆(f) + o(∆2) . (2.13)
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Proof: The first relation is

EX(M −X) =
1

2

[
EM2 − EX2 −Dm

]
=

1

2

[
(2r∆(f)− 1)

∆2

12
+ o(∆2)−Dm

]

= (r∆(f)− 1)
∆2

12
+ o(∆2) ,

where the first equality is elementary, the second is from Lemma 5, and the third is

from (2.5).

The second relation is:

EM(M −X) = EM2 − EX2 − EX(M −X)

= (2r∆(f)− 1)
∆2

12
+ o(∆2)− (r∆(f)− 1)

∆2

12
+ o(∆2)

= r∆(f)
∆2

12
+ o(∆2) ,

where the first equality is elementary, the second comes from Lemma 5 and the first

part of this proof, and third comes from (2.5). ¤

By comparing (2.11) to (2.8) and using (2.5), or equivalently comparing (2.12)

to (2.7), we obtain the following:

Theorem 7. If midpoints are used and the input pdf is continuous a.e., then the

additive noise model is asymptotically valid if and only if r(f) exists and equals one.

2.5 Evaluating r(f)

In this section we give the main results of the paper, which characterize the

behavior of r(f), and consequently, determine the validity or invalidity of the the

additive noise model. We begin with a definition. Proofs are given in Section 2.7.
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Definition 8. A pdf f is nice if each of the following holds:

1. f has finite second moment.

2. limx→0 xf(x) = 0.

3. There exists ε > 0 such that limx→−∞
x∈B

|x|2+εf ′(x) = 0 and limx→∞
x∈B

x2+εf ′(x) = 0,

where f ′ is the derivative of f and B is the set over which f is differentiable.

4. f is continuous, bounded and piecewise differentiable with bounded derivative,

except perhaps at a finite set of exceptional points {s1, . . . , sn} such that any

of the following might hold:

(a) |f ′(x)| → ∞ as x → si from left and/or right

(b) f has a finite jump discontinuity at si

(c) si = 0 and f(x) →∞ as x → 0 from left and/or right

and if at any si, |f ′| goes to infinity from left (right), it does so monotonically

in some left (right) neighborhood of si.

Remark: The class of densities of the form b|x|βe−a|x|α , β > −1 and α > 0, which in-

cludes Gaussian, Laplacian, gamma, and one-sided versions of these, such as Rayleigh

and exponential, are nice pdf’s.

Theorem 9. If f is a nice pdf with no exceptional points, then r(f) = 1.

Theorem 10. If f is a nice pdf, and T = {t1, . . . , tN} is the set of exceptional points

where f has discontinuities, then for any offset function,

r∆(f) = s∆(f) + o(1) , (2.14)

where

s∆(f) = 1 +
N∑

k=1

tkek

[
1− 6α∆(tk)(1− α∆(tk))

]
, (2.15)
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where ek = f(t+k ) − f(t−k ) is the height of the discontinuity at tk, where α∆(tk)
∆
=

tk−u∆(tk)
∆

is the fractional position of tk within its cell, and where the summand is

taken to be zero when tk = 0, even if f(t+k ) and/or f(t−k ) are infinite.

From the above theorem, Lemma 5 and Corollary 6, we obtain the following

corollaries:

Corollary 11. If f is a nice pdf, then for any offset function

EX(M −X) =
∆2

12
(s∆(f)− 1) + o(∆2) ,

EM(M −X) =
∆2

12
s∆(f) + o(∆2) ,

EM2 = EX2 +
∆2

12
(2s∆(f)− 1) + o(∆2) .

Corollary 12. If f is a nice pdf with no discontinuities, except perhaps at 0, then

s∆(f) = 1 for all ∆, and consequently r(f) = 1 and the additive noise model is

asymptotically valid.

On the one hand, when f is a nice pdf with no discontinuities except possibly

at the origin, Corollary 12 shows that the additive noise model is asymptotically

valid, i.e. for small values of ∆. On the other hand, when there are discontinuities

elsewhere, Corollary 11 permits one to determine the validity of the additive noise

model for any given ∆ by computing s∆(f). It is conceivable that s∆(f) converges to

some value depending on the tk’s and ek’s, but not on the offset function θ(∆). In this

case for small values of ∆, it would be sufficient to know this value, so one would not

have to be concerned about the detailed calculation of s∆(f) for the specific values

of ∆ and θ(∆) being used. Unfortunately, the following theorem shows that this is

not possible.
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Theorem 13. If f is a nice pdf, and the set of exceptional points T = {t1, . . . , tN}

where there are discontinuities is not comprised of only the single point 0, then

there exists an offset function θ(∆) such that lim∆→0 s∆(f) does not exist. Thus,

r(f) = lim∆→0 r∆(f) does not exist, and consequently, the additive noise model is

not asymptotically valid.

The effect of jump discontinuities: In light of Corollary 12 and Theorem 13,

we observe that jump discontinuities have a determining effect on the correlation

between quantizer input and error and the existence of r(f). To see why, consider

the case that f has a single finite jump discontinuity at t, and rewrite r∆(f) as

r∆(f) =

∫ u∆(t)

−∞
G∆(x) dx +

∫ u∆(t)+∆

u∆(t)

G∆(x) dx +

∫ ∞

u∆(t)+∆

G∆(x) dx .

The methods used in the proof of Theorem 10 can be easily used to show that the

left and right terms in the above converge to finite values. Therefore, the existence

of r(f) is determined by whether or not the middle term, which we now rewrite in

greater detail, has a limit.

∫ u∆(t)+∆

u∆(t)

G∆(x) dx = 6

[
m∆(t) + c∆(t)

] [
1

∆

∫ u∆(t)+∆

u∆(t)

f(x) dx

][
m∆(t)− c∆(t)

∆

]
,

(2.16)

where we used the fact that m∆(x) and c∆(x) are constant on quantization cells.

On the one hand, if f were continuous at t, it is easy to see that the right-hand

side of the above tends to zero. Specifically, the first term in brackets approaches 2t,

the second approaches f(t), and either f(t) > 0 in which case Lemma 1 implies that

the third term goes to zero, or f(t) = 0 in which case the second term approaches 0,

while the third has magnitude no larger than 1/2.

On the other hand, when f has a finite jump discontinuity at t 6= 0, as illustrated

in Figure 2.2, m∆(t)−c∆(t)
∆

no longer goes to zero, necessarily, as ∆ → 0, as we will
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f(t-)

f(t+)

f(x)

xt

Figure 2.2: The pdf f , having a jump discontinuity at x = t, can be viewed as being
approximately constant on the left and right parts of the cell containing
t.

shortly demonstrate. In fact, it can be made to converge to different values depending

on how ∆ approaches zero. Furthermore, neither does 1
∆

∫ u∆(t)+∆

u∆(t)
f(x) dx converge.

The important question is whether the product of these two terms converges. We

will show that it does not. Therefore, r(f) does not exist.

For example, fix θ(∆) = 0 for all ∆ and suppose ∆n is a sequence going to zero as

n →∞ in such a way that t always lies in the center of its cell; i.e. t = u∆n(t)+α∆n

for all n, where α = 1/2. Assume further that f is constant in neighborhoods to the

right and left of t, as will approximately be the case when ∆n is small. Then the first

term in (2.16) converges to 2t, the second term converges to (f(t−)+f(t+))/2, and the

third term can be straightforwardly shown to converge to 1
4

f(t−)−f(t+)
f(t−)+f(t+)

. It follows that

the right-hand side of (2.16) converges to 3
2
t[f(t−)−f(t+)]. (A careful derivation, not

assuming f is constant in neighborhoods, is given later in the derivation of (2.26).)

On the other hand, if ∆′
n → 0 in such a way that t = u∆′n(t) + α∆′

n for all n, with

α 6= 1/2, then the right-hand side of (2.16) converges to some other value. This

implies that r(f) does not exist.

We comment that although the contribution of the cell containing t is non-
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vanishing, this fact alone is insufficient to invalidate the additive noise model, since

it is conceivable that this substantial non-vanishing contribution might combine with

the sum of vanishing contributions of all other cells (where f is continuous), which is

substantial as well, so as to make r∆(f) converge to 1. However, as mentioned, the

fact that the contribution of the cell containing t does not converge, while the sum

of contributions of all other cells does converge, ultimately causes r∆(f) not to exist.

Finally, one might imagine that if there were several jump discontinuities, then their

non-converging contributions might perhaps cancel each other so that r∆(f) would

still converge. This, however, cannot happen as shown by Theorem 13.

2.6 Uniform densities and quantizers with matched support

Consider a uniform pdf. It has discontinuities at each end of its support. Thus

according to Theorem 13, the additive noise model is not asymptotically valid. While

the discontinuities cause r(f) not to exist, i.e. there are offset functions for which

neither s∆(f) nor r∆(f) have limits, the simple fact that the midpoints are centroids

(ignoring the cells containing the endpoints of the support of the pdf, for which

midpoints might not equal centroids) would already lead one to suspect that r(f) does

not equal 1. Instead, in view of (2.3), one would more likely expect the quantization

error to be approximately orthogonal to the output rather than the input, and from

Corollaries 6 and 11, one would expect r∆(f) ≈ s∆(f) ≈ 0. Indeed, Theorem 10

shows this will be true if the endpoints of the pdf support are close to the thresholds

of the quantizer, in which case the α’s for the endpoints will be nearly zero or one,

and the tkek’s will sum to -1.

In view of the above discussion, for pdf’s with finite support, such as uniform,

it is interesting to consider the limiting characteristics of uniform quantizers in an
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alternative framework. Specifically, if a pdf has support (a, b), consider the sequence

of uniform quantizers such that the nth quantizer partitions (a, b) into n cells of width

∆n = (b − a)/n, with thresholds exactly at a and b.4 Such quantizers are said to

have matched support.

Though we do not expect the usual additive noise model to be valid for quantizers

with matched support, there can nevertheless be a well-defined asymptotic correla-

tion structure, i.e. asymptotic formulas for the second moment of the output, and the

correlations between input, output and quantization error. These are characterized

by modified versions of r∆(f) and r(f), namely,

r̃n(f)
∆
=

∫ ∞

−∞
G(b−a)/n(x) dx ,

and when r̃n(f) has a limit,

r̃(f)
∆
= lim

n→∞
r̃n(f) ,

which are just like r∆(f) and r(f) except we now require that ∆n = (b − a)/n

and that there be thresholds at a and b. With r̃(f) replacing r(f), one may easily

check that Lemma 5 and Corollary 6 apply for pdf’s with finite support and uniform

quantizers with matched support. Moreover, slightly modified versions Theorems of

9, 10 and Corollaries 11, 12 hold. The following is an example of what is possible.

Theorem 14. Let f be a nice pdf with finite support (a, b) with no discontinuities

except, possibly, jump discontinuities at a, b and the origin. Then for uniform quan-

4Note that the offsets of the quantizers change with n.
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tizers with matched support,

EM2 = EX2 + (2r̃n(f)− 1)Dm,∆ + o(∆2
n) ,

EX(M −X) =
∆2

n

12
(r̃n(f)− 1) + o(∆2

n) ,

EM(M −X) =
∆2

n

12
r̃n(f) + o(∆2

n) ,

r̃(f) = 1 + af(a+)− bf(b−) . (2.17)

Proof: The first three relations are derived just as in Lemma 5 and Corollary 6.

The last relation follows by deriving a modified version Theorem 10, and then using

the facts that α∆n(a) = α∆n(b) = 0 and that the corresponding tiei terms sum to

af(a+)− bf(b−). ¤

This theorem shows that for matched quantizers a variety of different correlations

are possible, i.e. a variety of alternative noise models are possible. For a uniform

source, r̃(f) = 0 and the theorem predicts the additive noise model illustrated in

Figure 2.1b. However, for nonuniform pdf’s, (2.17) indicates that appropriate choices

of a, b, f(a+) and f(b−) can make r̃(f) attain any value whatsoever, making possible

a broad range of alternative noise models.

When the pdf has jump discontinuities within (a, b) that are not at the origin,

r̃ will not exist, for reasons like those that cause r not to exist in Theorem 13. For

such cases, one may develop a generalization of Theorem 10. Or one may try a

more complicated matching such that all jump discontinuities occur at quantizer

thresholds. This, however, is not always possible.

As a final set of options, we mention that one could also consider the family of

uniform quantizers whose supports are matched to (a, b) in the sense of having cell

midpoints at a and b, rather than boundaries at a and b. In this case, for a uniform

pdf, Theorem 10 shows that the modified version of r(f), again denoted r̃(f), would
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equal 3/2. More generally, for a uniform pdf on (a, b) and any α1, α2 ∈ [0, 1), one

could consider the family of uniform quantizers that are matched in the sense that

a = u∆n(a) + α1∆n and b = u∆n(b) + α2∆n. In this case, Theorem 10 implies

that r̃(f) = 6
b−a

(
bα2(1 − α2) − aα1(1 − α1)

)
. Thus, one could obtain a wide range

of modified r(f) values. One might even attempt to obtain r̃(f) = 1, so that the

additive noise model would be valid.

2.7 Proofs

Proof of Theorem 9:

Let f be nice with no exceptional points. Let θ(∆) be an arbitrary offset function,

let (a, b) be some finite interval, and let us write

r∆(f) =

∫ a

−∞
G∆(x) dx +

∫ b

a

G∆(x) dx +

∫ ∞

b

G∆(x) dx . (2.18)

The proof follows by taking the limit of the above, while using Facts 2 and 3 below.

Fact 1: For all x ∈ B, lim∆→0 G∆(x) exists and equals −xf ′(x).

Fact 2: (a) lim∆→0

∫ b

a
G∆(x) dx =

∫ b

a
lim∆→0 G∆(x) dx.

(b)
∫ b

a
lim∆→0 G∆(x) dx = af(a) +

∫ b

a
f(x) dx− bf(b).

Fact 3: lim∆→0

∫ a

−∞ G∆(x) dx =
∫ a

−∞ f(x) dx − af(a) and lim∆→0

∫∞
b

G∆(x) dx =

bf(b) +
∫∞

b
f(x) dx.

Proof of Fact 1: lim∆→0 G∆(x) = −xf ′(x), for x ∈ B.

We will use the following lemma, proved in the Appendix, which provides a

stronger statement than that of Lemma 1, under stronger conditions. A similar

result was shown in [6]. However, the conditions set here are less restrictive and the

statement of this lemma is more precise.
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Lemma 15. If f is positive and differentiable at x, then for any offset function

c∆(x) = m∆(x) +
∆2

12

f ′(x)

f(x)
+ o(∆2) ,

or equivalently,

lim
∆→0

m∆(x)− c∆(x)

∆2
= − f ′(x)

12f(x)
.

To prove Fact 1, we begin by considering some x ∈ B, and expanding G∆(x):

G∆(x) =
m2

∆(x)− c2
∆(x)

∆2/6
f(x) = 6

[
m∆(x)− c∆(x)

∆2

]
[m∆(x) + c∆(x)] f(x) .

If f(x) > 0, then Lemma 15 shows that the first bracketed term converges to − f ′(x)
12f(x)

as ∆ → 0. The second bracketed term goes to 2x as ∆ → 0. Therefore,

lim
∆→0

G∆(x) = − xf ′(x) . (2.19)

If f(x) = 0, then G∆(x) = 0 for any ∆. Also, f ′(x) = 0 (otherwise we could move in

the direction that would make f negative). Thus (2.19) holds again, which completes

the proof of Fact 1.

Proof of Fact 2a: lim∆→0

∫ b

a
G∆(x) dx =

∫ b

a
lim∆→0 G∆(x) dx.

We will use the bounded convergence theorem [11] (p. 210) to show that the

limit and integral can be swapped. Fact 1 showed that the limit of the integrand

G∆(x) exists almost everywhere. The bounded convergence theorem also requires

that |G∆(x)| be uniformly bounded, which we now show. Since f is nice with no

exceptional points, there exists S < ∞ such that |f ′| ≤ S wherever f ′ exists. For

any x ∈ (a, b), Lemma A2 of the Appendix shows that for all sufficiently small ∆,

|G∆(x)| ≤ 12(|x|+ ∆)S < 24 max{|a|, |b|}S ,
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where we used the fact that for all sufficiently small ∆, (|x|+∆) < 2 max{|a|, |b|}. It

follows that |G∆(x)| is uniformly bounded for x ∈ (a, b). Finally, since the integration

is over a set of finite measure, the bounded convergence theorem5 implies

lim
∆→0

∫ b

a

G∆(x) dx =

∫ b

a

lim
∆→0

G∆(x) dx .

Proof of Fact 2b:
∫ b

a
lim∆→0 G∆(x) dx = af(a) +

∫ b

a
f(x) dx− bf(b).

Fact 1 implies
∫ b

a
lim∆→0 G∆(x) dx =

∫ b

a
−xf ′(x) dx. Since f is piecewise differ-

entiable, and B is the union of disjoint open intervals on each of which f ′ exists, we

have that there exists some K such that B∩ (a, b) = ∪K
i=1(yi, yi+1), where y1 = a and

yK+1 = b. Applying integration by parts to each open interval (yi, yi+1), we obtain

∫ b

a

lim
∆→0

G∆(x) dx =
K∑

i=1

∫ yi+1

yi

−xf ′(x) dx

=
K∑

i=1

(
yif(yi) +

∫ yi+1

yi

f(x) dx− yi+1f(yi+1)

)

= af(a) +

∫ b

a

f(x) dx− bf(b) . (2.20)

Proof of Fact 3: lim∆→0

∫ a

−∞ G∆(x) dx =
∫ a

−∞ f(x) dx − af(a) and

lim∆→0

∫∞
b

G∆(x) dx = bf(b) +
∫∞

b
f(x) dx.

We will show lim∆→0

∫∞
b

G∆(x) dx = bf(b)+
∫∞

b
f(x) dx. The result for the other

integral follows in a similar way. We decompose the integral, lim∆→0

∫∞
b

G∆(x) dx

into lim∆→0

∑∞
k=0

∫ bk+1

bk
G∆(x) dx, where bk

∆
= b + k. Our main goal is to show that

the limit and sum can be swapped. To do so we shall make use of the following

version of the Weierstrass M-test [11] (p. 543).

5It is easily shown that the theorem applies when the integrand is parameterized by some t
converging continuously to some to, rather than some integer n converging to ∞.
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Lemma 16. Let Φk(∆), k ∈ Z be a sequence of functions such that lim∆→0 Φk(∆)

exists, |Φk(∆)| ≤ Mk for 0 < ∆ < δ, for some δ > 0, and
∑∞

k=−∞ Mk < ∞. Then

∑∞
k=−∞ Φk(∆) exists for 0 < ∆ < δ, and

lim
∆→0

∞∑

k=−∞
Φk(∆) =

∞∑

k=−∞
lim
∆→0

Φk(∆) .

Define Φk(∆)
∆
=

∫ bk+1

bk
G∆(x) dx and write,

∫ ∞

b

G∆(x) dx =
∞∑

k=0

∫ bk+1

bk

G∆(x) dx =
∞∑

k=0

Φk(∆) . (2.21)

We would like to apply Lemma 16 to the right-hand term of (2.21). By Fact 2,

lim∆→0 Φk(∆) exists. We now find a sequence Mk, whose sum is finite, that dominates

the sequence |Φk(∆)|. We begin by bounding |Φk(∆)|. Let S < ∞ be the uniform

bound on the derivative of f . Fix δ, 0 < δ < 1 and consider throughout 0 < ∆ < δ.

Recalling that f is piecewise differentiable, let Wk
∆
= B ∩ (bk − δ, bk+1 + δ) denote

the subset of the interval (bk − δ, bk+1 + δ) over which f is differentiable. Let Sk
∆
=

supx∈Wk
|f ′(x)|. Since f is a nice pdf, limx→∞

x∈B
x2+εf ′(x) = 0 for some ε > 0. Thus,

there exists a nonnegative integer N , N > 4 − b (i.e. N ≥ 0 and bN > 4) such that

x2+ε|f ′(x)| < 1, or equivalently, |f ′(x)| < 1
x2+ε for all x ∈ [bN − 1,∞)∩B. Therefore,

when k ≥ N , Sk ≤ 1
(bk−δ)2+ε < 1

(bk−1)2+ε . Using this we obtain

∣∣Φk(∆)
∣∣ ≤

∫ bk+1

bk

|G∆(x)| dx
(a)

≤ 12Sk(|bk|+ 1 + δ)
(b)
< 12Sk(|bk|+ 2)

(c)
<





12S(|b|+ N + 2), 0 ≤ k < N

24 1
(bk−1)1+ε , k ≥ N

∆
= Mk ,

where (a) follows from Lemma A2, (b) uses δ < 1, and (c) is due to having |bk| <

|b|+ N for 0 ≤ k < N , and |bk|+ 2 < 2(bk − 1) for k ≥ N .
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Next, we need to show that
∑∞

k=0 Mk < ∞, which can be seen as follows:

∞∑

k=0

Mk =
N−1∑

k=0

12S(|b|+ N + 2) +
∞∑

k=N

24

(bk − 1)1+ε

< 12S(|b|+ N + 2)N + 24
∞∑

k=3

1

k1+ε
< ∞ ,

where the first inequality is due to bN − 1 > 3. Thus, taking the limit as ∆ → 0 in

(2.21) we obtain

lim
∆→0

∫ ∞

b

G∆(x) dx = lim
∆→0

∞∑

k=0

Φk(∆)
a
=

∞∑

k=0

lim
∆→0

Φk(∆)

=
∞∑

k=0

lim
∆→0

∫ bk+1

bk

G∆(x) dx

b
=

∞∑

k=0

(
bkf(bk) +

∫ bk+1

bk

f(x) dx− bk+1f(bk+1)

)

= lim
N→∞

N∑

k=0

(
bkf(bk) +

∫ bk+1

bk

f(x) dx− bk+1f(bk+1)

)

= bf(b) + lim
N→∞

∫ bN+1

b

f(x) dx− lim
N→∞

bN+1f(bN+1)

c
= bf(b) +

∫ ∞

b

f(x) dx ,

where (a) follows from Lemma 16, (b) follows from applying Fact 2 to intervals of the

form (bk, bk+1), and (c) is obtained by applying Lemma A5 of the Appendix, which

shows limx→∞ xf(x) = 0, since f is a pdf with finite mean and limx→∞ xf ′(x) = 0.

¤.

Proof of Theorem 10:

Let {s1, ..., sn} be the exceptional points of f , let {v0, v1, . . . , vn} be chosen so

that −∞ < v0 < s1 < v1 < s2 < . . . < vn−1 < sn < vn < ∞, and let us write

∫ ∞

−∞
G∆(x) dx =

∫ v0

−∞
G∆(x) dx +

n∑
i=1

∫ vi

vi−1

G∆(x) dx +

∫ ∞

vn

G∆(x) dx . (2.22)
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It follows from Fact 3 in the proof of Theorem 9, which applies even if f has excep-

tional points, that the first and third integrals on the right-hand side above converge

to
∫ v0

−∞ f(x) dx − v0f(v0) and vnf(vn) +
∫∞

vn
f(x) dx, respectively, as ∆ → 0. We

further decompose each integral in the sum term above as follows:

∫ vi

vi−1

G∆(x) dx =

∫ u∆(si)−2∆

vi−1

G∆(x) dx+

∫ u∆(si)+3∆

u∆(si)−2∆

G∆(x) dx+

∫ vi

u∆(si)+3∆

G∆(x) dx .

(2.23)

Since the treatment of the first and last terms above is similar, we will only consider

the first. With the above decomposition in mind, the proof will derive from following

two facts.

Fact 1: (a) lim∆→0

∫ u∆(si)−2∆

vi−1
G∆(x) dx =

∫ si

vi−1
lim∆→0 G∆(x) dx.

(b)
∫ si

vi−1
lim∆→0 G∆(x) dx = vi−1f(vi−1) +

∫ si

vi−1
f(x) dx− sif(s−i ).

Fact 2: (a)
∫ u∆(si)+3∆

u∆(si)−2∆
G∆(x) dx = o(1), when f is continuous at si or when si = 0.

(b)
∫ u∆(si)+3∆

u∆(si)−2∆
G∆(x) dx = 6si[f(s−i )−f(s+

i )]α∆(si)[1−α∆(si)]+o(1), when

f has a finite jump discontinuity at si and si 6= 0.

Combining (2.22), the discussion right after it, (2.23), and the above two facts,

it follows that

∫ ∞

−∞
G∆(x) dx =

∫ v0

−∞
f(x) dx− v0f(v0)

+
n∑

i=1

(
vi−1f(vi−1) +

∫ si

vi−1

f(x) dx− sif(s−i ) + sif(s+
i )

+

∫ vi

si

f(x) dx− vif(vi)

)

+
n∑

i=1

(
6si

[
f(s−i )− f(s+

i )
]
α∆(si)

[
1− α∆(si)

])

+ vnf(vn) +

∫ ∞

vn

f(x) dx + o(1) .
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Therefore, recalling that T = {t1, . . . , tN} is the set of exceptional points where there

are discontinuities in f , we may rewrite the above as

r∆(f)
∆
=

∫ ∞

−∞
G∆(x) dx = 1+

N∑

k=1

tk(f(t+k )−f(t−k ))
[
1−6α∆(tk)(1−α∆(tk))

]
+o(1) ,

which will conclude the proof of the theorem. We now prove the two facts.

Proof of Fact 1a: lim∆→0

∫ u∆(si)−2∆

vi−1
G∆(x) dx =

∫ si

vi−1
lim∆→0 G∆(x) dx.

To simplify notation, we write v for vi−1 and s instead of si. We begin with

∫ u∆(s)−2∆

v

G∆(x) dx =

∫ s

v

G∆(x)I(v,u∆(s)−2∆)(x) dx ,

where IF (x) denotes the indicator function of the event F . Observe that for any

x ∈ (v, s), lim∆→0 G∆(x)I(v,u∆(s)−2∆)(x) = lim∆→0 G∆(x). We will use the bounded

and dominated convergence theorems to show that when taking the limit of the

right-hand side, the integral can be swapped with the limit.

There are four cases to consider, depending on the behavior of f and f ′ on (v, s):

Case (i): f is continuous and bounded, and f ′ is bounded wherever it exists,

Case (ii): f is continuous and bounded, and f ′ ↗ ∞ monotonically as x ↗ s in

some left neighborhood of s,

Case (iii): f is continuous and bounded, and f ′ ↘ −∞ monotonically as x ↗ s in

some left neighborhood of s,

Case (iv): s = 0, and on (v, s), f(x) →∞ as x ↗ s, and f ′(x) ↗∞ monotonically

as x ↗ s in some left neighborhood of s.

Case (i): (On (v, s), f is continuous and bounded, and f ′ is bounded wherever

it exists.) The proof, which uses the bounded convergence theorem, is similar to

that of Fact 2a in the proof of Theorem 9. Let S < ∞ be such that |f ′(x)| ≤ S for
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all x ∈ B ∩ (v − δ, s) for some δ > 0. Then for ∆ < δ and x ∈ (v, u∆(s) − 2∆),

Lemma A2 shows that

|G∆(x)| ≤ 12(|x|+ ∆)S < 12(max{|v|, |s|}+ δ)S .

Therefore, |G∆(x)|I(v,u∆(s)−2∆)(x) is uniformly bounded on (v, s). The

bounded convergence theorem then gives lim∆→0

∫ s

v
G∆(x)I(v,u∆(s)−2∆)(x) dx =

∫ s

v
lim∆→0 G∆(x) dx.

Case (ii): (On (v, s), f is continuous and bounded, and f ′ ↗∞ monotonically

as x ↗ s in some left neighborhood of s.) Let w be chosen so that v < w < s, f ′

exists everywhere and increases monotonically to infinity on (w, s), f ′(w) > 0, and

|f ′(x)| < f ′(w) for x ∈ B ∩ (v, w). Then

∫ s

v

G∆(x)I(v,u∆(s)−2∆)(x) dx =

∫ w

v

G∆(x)I(v,u∆(s)−2∆)(x) dx

+

∫ s

w

G∆(x)I(v,u∆(s)−2∆)(x) dx . (2.24)

Since f ′(x) is bounded, wherever it exists on (v, w), the same argument as that

in Fact 2a in the proof of Theorem 9 yields, lim∆→0

∫ w

v
G∆(x)I(v,u∆(s)−2∆)(x) dx =

∫ w

v
lim∆→0 G∆(x) dx .

To justify swapping the limit and integral in the second term of (2.24), we use

the dominated convergence theorem6 [11] (p. 209), which requires us to find an

integrable function G̃(x) that dominates |G∆(x)|I(v,u∆(s)−2∆)(x) for all x ∈ (w, s)

and all ∆. With M
∆
= max{|w|, |s|}, we choose

G̃(x) = 24Mf ′
(x + s

2

)
, w < x < s .

To show that G̃ dominates |G∆|I, we first observe that for w < x < u∆(s)− 2∆, the

positivity and monotonicity of f ′ on (w, s) implies |f ′(x)| = f ′(x) ≤ f ′(u∆(x) + ∆) .

6As with the bounded convergence theorem, the integrands index parameter is allowed to ap-
proach 0 continuously.
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Then Lemma A2 implies that for all sufficiently small ∆ and for w < x < u∆(s)−2∆

|G∆(x)| ≤ 12(|x|+ ∆)f ′(u∆(x) + ∆) ≤ 24Mf ′(u∆(x) + ∆)

≤ 24Mf ′(x + ∆) ≤ 24Mf ′
(x + s

2

)
= G̃(x) ,

where the third inequality uses the monotonicity of f ′ on (w, s), and the fourth

inequality derives from the fact that x < u∆(s) − 2∆ implies x < s − 2∆, which

in turn implies ∆ < s−x
2

. It follows that |G∆(x)|I(v,u∆(s)−2∆)(x) ≤ G̃(x) for all

x ∈ (w, s).

We now check that G̃(x) is integrable over (w, s):

∫ s

w

G̃(x) dx = 24M

∫ s

w

f ′
(x + s

2

)
dx = 24M

∫ s

w+s
2

2f ′(y) dy

= 48M
(
f(s)− f

(w + s

2

))
< ∞ ,

where the inequality follows from the fact that f is bounded. Applying the dominated

convergence theorem yields lim∆→0

∫ s

w
G∆(x)I(w,u∆(s)−2∆) dx =

∫ s

w
lim∆→0 G∆(x) dx,

which concludes Case (ii). Case (iii) is proved in the same manner.

Case (iv): (s = 0, and on (v, s), f(x) → ∞ as x ↗ s, and f ′(x) ↗ ∞

monotonically as x ↗ s in some left neighborhood of s.) This case is similar to Case

(ii), up to a point. Let w be chosen so that v < w < s = 0, f ′ exists everywhere

and increases monotonically to ∞ on (w, 0), f ′(w) > 0, and |f ′(x)| < f ′(w) for

x ∈ B ∩ (v, w). Then,

∫ 0

v

G∆(x)I(v,u∆(0)−2∆)(x) dx =

∫ w

v

G∆(x)I(v,u∆(0)−2∆)(x) dx

+

∫ 0

w

G∆(x)I(v,u∆(0)−2∆)(x) dx . (2.25)

Since f ′(x) is bounded, wherever it exists on (v, w), the same argument as that

in Fact 2a in the proof of Theorem 9 yields, lim∆→0

∫ w

v
G∆(x)I(v,u∆(0)−2∆)(x) dx =

∫ w

v
lim∆→0 G∆(x) dx .
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To justify the swapping of limit and integral in the second term of (2.25), we use

the dominated convergence theorem. As the function that dominates

|G∆(x)|I(v,u∆(0)−2∆)(x), we choose

G̃(x) = 18|x|f ′(x

2

)
, w < x < 0 .

To show that this is indeed a dominating function, recall that Lemma A2 shows that

for w < x < u∆(0)− 2∆

|G∆(x)| ≤ 12(|x|+ |∆|)f ′(u∆(x) + ∆) ,

where we used the positivity and monotonicity of f ′ on (w, 0). Now if w < x <

u∆(0)−2∆, then x < −2∆, or equivalently, ∆ < −x/2. Using these and using again

the positivity and monotonicity of f ′ yields for w < x < u∆(0)− 2∆

|G∆(x)| < 12(|x|+ |x|/2)f ′(u∆(x)+∆) ≤ 18|x|f ′(x+∆) ≤ 18|x|f ′(x

2

)
= G̃(x) .

This in turn implies, |G∆(x)|I(v,u∆(0)−2∆)(x) < G̃(x), for all x ∈ (w, 0).

We now check the integrability of G̃:

∫ 0

w

G̃(x) dx = − 18

∫ 0

w

xf ′(
x

2
) dx = − 72

∫ 0

w
2

yf ′(y) dy

= − 72 lim
x→0

xf(x) + 72wf(w) +

∫ 0

w

f(x) dx

= 0 + 72wf(w) +

∫ 0

w

f(x) dx < ∞ ,

where the third equality uses integration by parts, and the fourth equality derives

from the definition of a nice pdf. Applying the dominated convergence theorem

yields lim∆→0

∫ 0

w
G∆(x)I(w,u∆(0)−2∆) dx =

∫ 0

w
lim∆→0 G∆(x) dx, which concludes Case

(iv). This completes the proof of Fact 1a.
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Proof of Fact 1b:
∫ si

vi−1
lim∆→0 G∆(x) dx = vi−1f(v+

i−1) +
∫ si

vi−1
f(x) dx− sif(s−i ).

This follows in a similar way to Fact 2b in the proof of Theorem 9, where vi−1

and si play the role of a and b, respectively.

Proof of Fact 2a:
∫ u∆(si)+3∆

u∆(si)−2∆
G∆(x) dx = o(1), when f is continuous at si or when

si = 0.

The considered integral of G∆(x) is over five adjacent quantization cells. We will

show that the integral over each of these cells approaches 0 as ∆ → 0. To simplify

notation, we write s instead of si. There are two cases: s = 0 and s 6= 0.

If s = 0, then the integral over any one of the five quantization cells has the form

∫ u∆(0)−j∆+∆

u∆(0)−j∆

G∆(x) dx = 6

[
m∆(0− j∆)− c∆(0− j∆)

∆

] [
m∆(0− j∆) + c∆(0− j∆)

∆

]

×
[∫ u∆(0)−j∆+∆

u∆(0)−j∆

f(x) dx

]
,

for some j ∈ {−2,−1, 0, 1, 2}. The magnitude of the first bracketed term is at

most one half, the magnitude of the second bracketed term is easily seen to be no

larger than 6, and the third bracketed term goes to zero as ∆ → 0. Therefore,

∫ u∆(0)−j∆+∆

u∆(0)−j∆
G∆(x) dx = o(1), and since this holds for the integral over each of the

five adjacent cells, the result follows in the case s = 0.

Next, if s 6= 0, then f is continuous at s. In this case

∫ u∆(s)−j∆+∆

u∆(s)−j∆

G∆(x) dx = 6

[
m∆(s− j∆)− c∆(s− j∆)

∆

] [
m∆(s− j∆) + c∆(s− j∆)

]

×
[

1

∆

∫ u∆(s)−j∆+∆

u∆(s)−j∆

f(x) dx

]
.

Suppose f(s) = 0. Then the magnitude of the first bracketed term is at most one

half, the second bracketed term tends to 2s as ∆ → 0, and due to the continuity of f

at s the third bracketed term tends to f(s) = 0. Therefore, the product of the three
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bracketed terms approaches zero. Now suppose f(s) 6= 0. By Lemma A1, which is

a slightly strengthened version of Lemma 1, the first bracketed term approaches 0.

The second and third terms approach 2s and f(s), respectively, as before. Therefore,

again the product of the three bracketed terms approaches zero. This completes the

proof of Fact 2a.

Proof of Fact 2b:
∫ u∆(si)+3∆

u∆(si)−2∆
G∆(x) dx = 6si[f(s−i )−f(s+

i )]α∆(si)[1−α∆(si)]+o(1),

when f has a finite jump discontinuity at si and si 6= 0.

As before, to simplify notation, we write s instead of si. We shall also write α∆

instead of α∆(s). First observe that having a discontinuity at s has no effect on the

integral over the four non middle cells. Thus, the integral over these cells tends to

zero as ∆ → 0 as shown in Fact 2a. It remains to consider the integral over the

middle cell, which contains the discontinuity at s. Specifically, it needs to be shown

that

∫ u∆(s)+∆

u∆(s)

G∆(x) dx = 6s[f(s−)− f(s+)]α∆(1− α∆) + o(1) . (2.26)

We decompose the integral above as follows:

∫ u∆(s)+∆

u∆(s)

G∆(x) dx =

[
m∆(s)− c∆(s)

∆/6

] [
m∆(s)+c∆(s)

]
[

1

∆

∫ s+∆(1−α∆)

s−∆α∆

f(x) dx

]
.

(2.27)

The three terms in (2.27) converge as follows:

1

∆

∫ s+∆(1−α∆)

s−∆α∆

f(x) dx = α∆f(s−) + (1− α∆)f(s+) + o(1) , (2.28)

m∆(s) + c∆(s) = 2s + o(1) , (2.29)

m∆(s)− c∆(s)

∆/6
= 6

α∆(1−α∆)
2

[f(s−)− f(s+)]

α∆f(s−) + (1− α∆)f(s+)
+ o(1) , (2.30)

where (2.28) is due to the continuity of f on (s − ∆α∆, s) and (s, s + ∆(1 − α∆)).

Equation (2.30) can be obtained by observing that m∆(s) = s + ∆(1
2
− α∆) and by
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noting that it can be shown that c∆(s) = γL,∆cL,∆(s) + γR,∆cR,∆(s), where γL,∆ =
∫ s

u∆(s) f(x) dx

γ∆
, γR,∆ =

∫ u∆(s)+∆
s f(x) dx

γ∆
, γ∆ =

∫ u∆(s)+∆

u∆(s)
f(x) dx and where cL,∆(s) is the

centroid of (u∆(s), s) and cR,∆(s) is the centroid of (s, u∆(s)+∆). Next, by Lemma 15

it follows that cL,∆(s) = mL,∆(s) + O(∆2) and cR,∆(s) = mR,∆(s) + O(∆2), where

mL,∆(s) = s − ∆α∆

2
is the midpoint of (u∆(s), s) and mR,∆(s) = s + ∆(1−α∆)

2
is the

midpoint of (s, u∆(s) + ∆). Thus, we have

m∆(s)− c∆(s)

∆
=

m∆(s)

∆
− γL,∆

(
mL,∆(s) + O(∆2)

)

∆
− γR,∆

(
mR,∆(s) + O(∆2)

)

∆

= γL,∆

(
m∆(s)−mL,∆(s) + O(∆2)

)

∆
+ γR,∆

(
m∆ −mR,∆(s) + O(∆2)

)

∆
.

Using the continuity of f on the intervals (u∆(s), s) and (s, u∆(s) + ∆), it is easily

seen that γL,∆ = α∆f(s−)
α∆f(s−)+(1−α∆)f(s+)

+ o(1) and γR,∆ = (1−α∆)f(s+)
α∆f(s−)+(1−α∆)f(s+)

+ o(1).

Plugging these into the above, together with some algebraic steps, establishes (2.30).

Finally, since α∆f(s−)+(1−α∆)f(s+), 2s and 6
α∆(1−α∆)

2
[f(s−)−f(s+)]

α∆f(s−)+(1−α∆)f(s+)
are bounded,

substituting (2.28), (2.29), (2.30) into (2.27) yields (2.26), which completes the proof

of Fact 2b and Theorem 10. ¤

Proof of Theorem 13:

We need to show that there exists some offset function θ(∆) for which lim∆→0 s∆(f)

does not exist. We begin by writing

s∆(f) = 1 +
N∑

k=1

tkek − 6
N∑

k=1

tkekα∆(tk)(1− α∆(tk))

= 1 +
N∑

k=1

tkek − 6〈λ, β∆〉 , (2.31)

where ek = f(t+k ) − f(t−k ) is the jump height at tk, α∆(tk) = tk−u∆(tk)
∆

is the offset

of tk within its cell, λ = (λ1, . . . , λN), λk = tkek, β∆ = (β1,∆, . . . , βN,∆), βk,∆ =

α∆(tk)(1 − α∆(tk)), and 〈u, v〉 =
∑N

k=1 ukvk is the usual inner product. We use

underbars throughout to denote vectors.



61

Since the first two terms of (2.31) do not depend on ∆, it suffices to find an

offset function θ(∆) such that lim∆→0〈λ, β∆〉 does not exist. To this end we will set

∆τ = 1
τ
, and let τ →∞. We will then show that there exists a fixed quantity τδ such

that for any τo > 0, there exists τ1 ≥ τo, a value θτ1 , and an interval (τ1, τ1 + 2τδ)

such that with θ(τ) = θτ1 in this interval, the above inner product varies by some

nonzero and known in advance amount. This will then imply that 〈λ, β(∆τ )〉 does

not converge, which is equivalent to lim∆→0〈λ, β∆〉 not existing.

We notice that if tk = 0, then by definition of s∆(f), the discontinuity at tk

contributes nothing to s∆(f). Thus, without loss of generality, we assume tk 6= 0

for all k ∈ {1, . . . , N}. Furthermore, without loss of generality we assume that the

components of t = (t1, . . . , tN) are ordered by magnitude, i.e. 0 < |t1| ≤ |t2| ≤ · · · ≤

|tN−1| ≤ tN , where we also assume without loss of generality that tN > 0. To simplify

matters, we change slightly our notation for the α’s and β’s. Specifically, let αφ
k(τ)

denote the α value at tk when ∆ = ∆τ and θ(∆) = φ. Similarly, let βφ
k (τ) denote

the corresponding β value. In this notation,

αφ
k(τ) =

(
tk + ∆τφ

)
mod ∆τ

∆τ

=
∆τ [

(
tk/∆τ + φ

)
mod 1]

∆τ

=
( tk
∆τ

+ φ
)

mod 1 =
(
tkτ + φ

)
mod 1 . (2.32)

In addition, from now on, we consider the offset to be a function of τ , namely

θ(τ), rather than a function of ∆. Our goal will be to find an offset function

θ(τ) for which we can show that limτ→∞〈λ, βθ(τ)(τ)〉 does not exist, where βθ(τ) =

(β
θ(τ)
1 (τ), . . . , β

θ(τ)
N (τ)).

Before going into the details of the proof, we give an intuitive view of the meaning

of α in light of (2.32), followed by an outline of the proof. We identify the unit interval

with the unit circle, with 0 located at 12 o’clock. As τ goes to ∞, we view α
θ(τ)
k (τ)



62

as rotating around the unit circle — clockwise when tk > 0, and counterclockwise

when tk < 0. If θ(τ) is constant over an interval of τ ’s, then we see from (2.32) that

each α
θ(τ)
k changes linearly with τ unless it passes through 0, in which case the mod

1 comes into effect — subtracting 1 from α if tk > 0, and adding 1 if tk < 0.

It is easy to see from (2.32) that if the offset were held constant, then no αk would

converge and consequently no βk and no product λkβk would converge. The difficulty

lies in showing that the inner product, which is the sum of products λkβk, does not

converge either. Essentially, one must show that nonconvergent terms in the sum

cannot somehow negate each other’s non convergence. We do this by choosing an

offset function that is piecewise constant rather than constant. Specifically, we show

that for any τo > 0 there exists τ1 ≥ τo, an interval [τ1, τ1 +2τδ), and a constant offset

in this interval that cause the following favorable property to hold. All αk’s, except

αN , do not pass through zero and, consequently, change linearly with τ over this

interval. αN , on the other hand, passes through zero in the middle of the interval

(but nowhere else). Thus, it changes linearly over the first half of the interval and

has a discontinuity as τ passes to the second half of the interval and the mod 1 comes

into effect.

Using this property, the inner product 〈λ, βθ(τ)(τ)〉 turns out to be a parabolic

function of τ , Aτ 2 + Bτ + C, in the first half of the interval. If A is not zero or B is

bounded away from zero for large values of τo, then it is easily shown that the inner

product must change by some nonzero amount that can be specified in advance.

Otherwise, we use the discontinuity in αN at the halfway point of the interval to

lower bound the amount of change.

To keep notation short, we will assume throughout the proof that k ∈ {1, . . . , N},

unless otherwise specified. We set µ = mink∈{1,...,N−1} tN − tk and δ = µ
32NtN

, which
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remain fixed for the rest of the proof. Let W denote the set of all τ ≥ 0 such that

∣∣α0
N(τ)− α0

k(τ)
∣∣
L
≥ 4δ , for all k 6= N , (2.33)

where |a − b|L denotes Lee distance, i.e., |a − b|L = min{(a − b) mod 1, 1 − ((a −

b) mod 1)}. The following lemma asserts that W is unbounded.

Lemma 17. For any τo > 0 there exists τ ≥ τo such that τ ∈ W .

Proof: The proof is constructive. If τo ∈ W , there is nothing to show. From now on,

assume τo /∈ W . Consider first τ1 = τo + 8δ
µ

. For every k such that |α0
N(τ)−α0

k(τ)|L <

4δ, we have

∣∣α0
N(τ1)− α0

k(τ1)
∣∣
L

=
∣∣α0

N(τo) +
8δ

µ
tN − α0

k(τo)− 8δ

µ
tk

∣∣
L

=
∣∣α0

N(τo)− α0
k(τo) +

8δ

µ
(tN − tk)

∣∣
L

. (2.34)

Combining (2.34) and the facts that 8δ
µ

(tN − tk) ≥ 8δ and |α0
N(τ)− α0

k(τ)|L < 4δ, it

follows straightforwardly that |α0
N(τ1)− α0

k(τ1)|L > 4δ.

We have shown that |α0
N(τ1) − α0

k(τ1)|L > 4δ for those k’s considered above.

However, now that τ has been increased from τo to τ1, it is possible that other αk’s

no longer satisfy (2.33). We can “fix” these by increasing τ , yet again, to τ2 = τ1+ 8δ
µ

.

Since tN has largest magnitude, the distance between αN and previously fixed α’s will

only increase, and so a fixed α need not be fixed again. Thus repeating this process

at most N − 1 times will guarantee that all αk’s are fixed, i.e. (2.33) is satisfied for

all k 6= N , provided we make one additional check.

From a geometrical point of view, the process of fixing some αk involves sufficient

advancement of αN in clockwise direction, thus letting αN gain sufficient distance

from αk. We observe, however, that the assertion that “repeating this process at

most N − 1 times will guarantee that all αk’s are fixed” is correct if the distance
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between a previously fixed αk and αN cannot become small again due to having

αN getting close to αk from the “other” direction as τ is increased. This, however,

cannot happen, since in N − 1 steps, τ increases from τo to τN−1 = τo + (N − 1)8δ
µ

=

τo+(N−1) 8
µ

µ
32NtN

< τo+
1

4tN
. Consequently, αN advances less than 1

4tN
tN = 1

4
. Since

tN has largest magnitude, all other αk’s advance less than 1
4
. Therefore, α0

N(τN−1)

is at least 1
2

away in clockwise direction from any α0
k(τN−1) that was fixed using the

above process. ¤

Now, we use Lemma 17 to show that for any τo there exists τ1 ≥ τo, an interval

[τ1, τ1+2τδ) and a choice of constant offset in this interval with the favorable property

discussed in the proof outline described earlier.

Let τo > 0 be given. It follows from Lemma 17 that there exist τ1 ≥ τo for which

|α0
N(τ1) − α0

k(τ1)|L ≥ 4δ for all k 6= N . Fix θτ1 =
(
1 − δ − α0

N(τ1)
)

mod 1, and let

θ(τ) = θτ1 for τ1 ≤ τ < τ + 2τδ, where τδ
∆
= δ

tN
= µ

32Nt2N
. This choice of τ1 and θτ1

makes

α
θτ1
N (τ1) = (tNτ1 + θτ1) mod 1 =

(
α0

N(τ1) + 1− δ − α0
N(τ1)

)
mod 1 = 1− δ .

Moreover, since tNτδ = δ, we deduce from (2.32) and the above that α
θτ1
N (τ) increases

linearly from its value 1−δ at τ = τ1, and passes through zero precisely at τ = τ1+τδ.

And since δ = mink∈{1,...,N−1} tN − tk/(32NtN) ≤ 1/(16N), it will not pass through

zero anywhere else in the interval [τ1, τ1 + 2τδ). It follows that

α
θτ1
N (τ1 + s) =





α
θτ1
N (τ1) + stN , 0 ≤ s < τδ

α
θτ1
N (τ1) + stN − 1, τδ ≤ s < 2τδ

, (2.35)

Next, for any k 6= N , the facts that α
θτ1
N (τ1) = 1 − δ, |αθτ1

N (τ1) − α
θτ1
k (τ1)|L =

|α0
N(τ1)−α0

k(τ1)|L ≥ 4δ, and |tN | ≥ |tk| imply that α
θτ1
k (τ) cannot pass through zero
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in the interval [τ1, τ1 + 2τδ). Therefore,

α
θτ1
k (τ1 + s) = α

θτ1
k (τ1) + stk, 0 ≤ s < 2τδ and k 6= N , (2.36)

Having established (2.35) and (2.36) we are now ready to express 〈λ, βθ(τ)(τ)〉 as

a parabolic function of τ , when τ ∈ [τ1, τ1 + τδ). To do so, we observe that for all

s ∈ [0, τδ) and for all k,

β
θτ1
k (τ1 + s) = (α

θτ1
k (τ1) + stk)(1− α

θτ1
k (τ1)− stk)

= α
θτ1
k (τ1)

(
1− α

θτ1
k (τ1)

)
+ tk

(
1− 2α

θτ1
k (τ1)

)
s− t2ks

2

= β
θτ1
k (τ1) + tk

(
1− 2α

θτ1
k (τ1)

)
s− t2ks

2 . (2.37)

Using the above we evaluate 〈λ, βθτ1 (τ1 + s)〉 for s ∈ [0, τδ) as follows,

〈λ, βθτ1 (τ1 + s)〉 =
N∑

k=1

λkβ
θτ1
k (τ1) +

[
N∑

k=1

λktk
(
1− 2α

θτ1
k (τ1)

)
]

s +

[
−

N∑

k=1

λkt
2
k

]
s2

= As2 + Bτ1s + Cτ1 , (2.38)

where A
∆
= −∑N

k=1 λkt
2
k, Bτ1

∆
=

∑N
k=1 λktk

(
1−2α

θτ1
k (τ1)

)
and Cτ1

∆
=

∑N
k=1 λkβ

θτ1
k (τ1).

We proceed by showing how to lower bound the amount of change in the inner

product. To keep notation short, we set Yτ (s)
∆
= 〈λ, βθτ (τ + s)〉. If A 6= 0, then

(2.38) shows that Yτ1(s) is a parabolic function. Therefore,

∣∣Yτ1(
τδ

4
)− Yτ1(0) ≥ |A|(τδ

4

)2
and/or

∣∣Yτ1(
τδ

2
)− Yτ1(

τδ

4
)
∣∣ ≥ |A|(τδ

4

)2
, (2.39)

which derives from the fact that if y(x) = ax2 + bx+ c and a 6= 0, then for any t ∈ R,

|y(t) − y(0)| ≥ |a|t2 and/or |y(2t) − y(t)| ≥ |a|t2. This fact can be seen as follows.

y(0) = c, y(t) = at2 + bt+ c and y(2t) = 4at2 +2bt+ c. Thus, |y(t)−y(0)| = |at2 + bt|

and if |at2+bt| ≥ |a|t2, then the fact is shown. Otherwise, |y(2t)−y(t)| = |3at2+bt| =

|(at2 + bt) + 2at2| > |2at2 − at2| = |a|t2, which shows the fact.
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Thus, for the case A 6= 0, we have established a lower bound to the change of the

inner product 〈λ, βθ(τ)(τ)〉 as τ ranges over the interval [τo,∞).

Suppose next that A=0. Then (2.38) reduces to

Yτ1(s) = Bτ1s + Cτ1 , when s ∈ [0, τδ) . (2.40)

If limτ→∞
τ∈W

Bτ 6= 0 (in particular the limit need not exist), then for any τo > 0,

there exists τ1 ∈ W such that τ1 ≥ τo and |Bτ1| > u
∆
= 1

2
lim supτ→∞

τ∈W
|Bτ | > 0.

Consequently,

∣∣Yτ1(
τδ

2
)− Yτ1(0)

∣∣ = |Bτ1|
τδ

2
> u

τδ

2
= u

δ

2tN
. (2.41)

This establishes a lower bound to the change of the inner product 〈λ, βθ(τ)(τ)〉 for

the case A = 0 and limτ→∞
τ∈W

Bτ 6= 0.

It remains to consider the case that A = 0 and limτ→∞
τ∈W

Bτ = 0. For any τo > 0,

there exists τ1 ∈ W such that τ1 ≥ τo and |Bτ1| < |λN |δ
τδ

. Using (2.35) we obtain that

for τδ ≤ s < 2τδ,

β
θτ1
N (τ1 + s) = (α

θτ1
N (τ1) + stN − 1)(2− α

θτ1
N (τ1)− stN)

= β
θτ1
N (τ1) + tN

(
1− 2α

θτ1
N (τ1)

)
s− t2Ns2 − 2

[
1− α

θτ1
N (τ1)− stN

]
.

(2.42)

Using (2.42) and observing that the expression in (2.37) holds for s ∈ [τδ, 2τδ) and

1 ≤ k ≤ N − 1, it follows via a derivation similar to that of (2.40), that for all

s ∈ [τδ, 2τδ),

Yτ1(s) =
(
Bτ1s + Cτ1

)
+

(− 2λN [1− α
θτ1
N (τ1)] + 2λN tNs

)
. (2.43)

Consequently,

∣∣Yτ1(
7τδ

4
)− Yτ1(

5τδ

4
)
∣∣ =

∣∣Bτ1

τδ

2
+ λN tNτδ

∣∣ >
|λN |δ

2
, (2.44)
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where the inequality follows from having |Bτ1| < |λN |δ
τδ

. This establishes a lower bound

to the change of the inner product 〈λ, βθ(τ)(τ)〉 for the case A = 0 and limτ→∞
τ∈W

Bτ = 0.

Combining (2.39), (2.41) and (2.44) we have shown that for any τo > 0 there

exist τb > τa ≥ τo such that

∣∣〈λ, β(τb)〉 − 〈λ, β(τa)〉
∣∣ > |A|( δ

4tN

)2
+

δ

2|tN |V1 +
|λN |δ

2
V2 ,

where V1 is a quantity that equals 0 if A 6= 0, or if A = 0 and limτ→∞
τ∈W

Bτ = 0.

Otherwise, V1 = u. And V2 is a quantity that equals 0 if A 6= 0, or if A = 0 and

limτ→∞
τ∈W

Bτ 6= 0. Otherwise, V2 = 1. This shows that 〈λ, βθ(τ)(τ)〉 does not converge

and concludes the proof of the theorem. ¤

Remark: There is a simple way to prove Theorem 13 for almost all vectors t ∈ RN .

Specifically, for the cases that t is rationally independent (i.e. for t’s such that for

all nonzero h ∈ ZN , 〈t, h〉 /∈ Z), which is almost all of RN . The following is a brief

sketch. Fix θ(∆) = 0 and set ∆n = 1
n

for n ∈ Z+. From (2.32) we have that αk,n =

tkn mod 1. Since t is rationally independent, it follows via a theorem of Kronecker

[12] (c.f. [13] (p. 158), which also cites [14]) that the sequence {α1,n, . . . , αN,n}∞n=1 is

dense in [0, 1)N and so the sequence {β1,n, . . . , βN,n}∞n=1 is dense in [0, 1
4
]N . Therefore,

there exists a subsequence nl of n, such that βk,nl
is arbitrarily small for all k ∈

{1, . . . , N−1} and βN,nl
is dense in [0, 1

4
]. Finally, 〈λ, βnl

〉 =
∑N

k=1 λkβk,nl
≈ λNβN,nl

.

Since βN,nl
is dense in [0, 1

4
], it follows that 〈λ, βnl

〉 does not converge (in fact it has

an uncountable number of limit points) and consequently 〈λ, βn〉 does not converge.

2.8 Conclusions

Corollary 12 rigorously establishes that the widely used additive noise model for

uniform scalar quantization is, as one would hope, valid in an asymptotic sense when-

ever the input pdf is continuous and also satisfies certain other benign conditions.
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Specifically, the correlation between input and quantization error is asymptotically

negligible relative to the MSE, or equivalently, to the square of the quantizer level

spacing ∆. The model is even valid when there is a discontinuity at the origin. On

the other hand, Theorem 13 shows that discontinuities elsewhere can cause the cor-

relation between the input and quantization error to no longer be negligible relative

to the MSE. In such cases, the additive noise model is not asymptotically valid.

Nevertheless, Theorem 10 permits one to estimate the correlation when ∆ is small,

in terms of the heights of the discontinuities and their fractional positions within

quantization cells.

The derivation of these results is based on an analysis of the asymptotic con-

vergence of cell centroids to cell midpoints, as expressed in the functional r. This

convergence is shown to be fast enough to account for the fact that the distortion

induced by midpoints is asymptotically the same as that induced by centroids. But

it is not fast enough to cause the correlation induced by midpoints to be similar to

that induced by centroids.

For a pdf with finite support, such as a uniform pdf, we have also shown that

it is possible to design the uniform quantizer to be matched to the support in such

a way that the correlation has an asymptotic limit. Depending on the pdf and the

manner of matching, a wide variety of correlations may be possible.

Finally, it is interesting to consider that any discontinuous pdf can be well approx-

imated by a continuous pdf. For example, suppose a pdf with jump discontinuities

is approximated by a continuous pdf that replaces each jump with a ramp of width

δ. When ∆ << δ, r(f) ≈ 1 and the additive noise model is valid. On the other

hand, when ∆ ≥ δ, the value of r(f) can be quite far from 1, and consequently, the

correlation need not be small relative to the MSE.
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Appendix

Lemma 1:

We will prove the following slightly stronger version of Lemma 1.

Lemma A1. If f is continuous and positive at x, then for any offset function and

any integer j

lim
∆→0

m∆(x− j∆)− c∆(x− j∆)

∆
= 0 .

Proof: Suppose f is continuous and positive at x. Recall that u∆(x) denotes the left

boundary of the cell containing x. It follows from the definitions of m∆(x) and c∆(x)

that

m∆(x− j∆)− c∆(x− j∆)

∆
=

1
∆2

∫ u∆(x−j∆)+∆

u∆(x−j∆)
(u∆(x− j∆) + ∆

2
− t)f(t) dt

1
∆

∫ u∆(x−j∆)+∆

u∆(x−j∆)
f(t) dt

. (A1)

Since f is continuous at x, the denominator of the above converges to f(x). Now

consider the numerator:

1

∆2

∫ u∆(x−j∆)+∆

u∆(x−j∆)

(u∆(x− j∆) +
∆

2
− t)f(t) dt

=
1

∆2

∫ ∆
2

0

(
∆

2
− y)f(x + (u∆(x− j∆)− x + y)) dy

+
1

∆2

∫ ∆

∆
2

(
∆

2
− y)f(x + (u∆(x− j∆)− x + y)) dy .

Let ε > 0 be given. Since f is continuous at x, there exists δ > 0 such that

|f(x + t) − f(x)| < ε for all t ∈ (−δ, δ). Therefore, when ∆ < δ
j+2

and 0 <

y < ∆, we have |u∆(x − j∆) − x + y| < (j + 2)∆ < δ, which in turn implies

|f(x + (u∆(x − j∆) − x + y)) − f(x)| < ε. Using this in the right hand side of the

above, we have that for all sufficiently small ∆,

1

∆2

∫ ∆
2

0

(
∆

2
− y)f(x + (u∆(x− j∆)− x + y)) dy <

f(x) + ε

8
,
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and

1

∆2

∫ ∆

∆
2

(
∆

2
− y)f(x + (u∆(x− j∆)− x + y)) dy <

ε− f(x)

8
.

Thus, 1
∆2

∫ ∆

0
(∆

2
− y)f(u∆(x − j∆) + y) dy < ε

4
for all sufficiently small ∆. In much

the same way, it can be shown that 1
∆2

∫ ∆

0
(∆

2
− y)f(u∆(x− j∆) + y) dy > − ε

4
. Since

ε is arbitrary, we obtain that lim∆→0
1

∆2

∫ ∆

0
(∆

2
− y)f(u∆(x− j∆)+ y) dy = 0, i.e. the

numerator of (A1) converges to zero. Since the denominator converges to f(x) 6= 0,

we conclude that lim∆→0
m∆(x−j∆)−c∆(x−j∆)

∆
= 0, which completes the proof of the

lemma. ¤

Proof of Lemma 2:

Let f be a continuous a.e. pdf. Let us define W∆(x)
∆
= [c∆(x)−m∆(x)]2

∆2 . We may

then write,

lim
∆→0

E(C∆ −M∆)2

∆2
= lim

∆→0

∫ ∞

−∞
W∆(x)f(x) dx . (A2)

To show that the limit above is zero, we will swap the limit and the integral

using the bounded convergence theorem. We may view the integration as being with

respect to the measure µ(E)
∆
=

∫
E

f(x) dx [11] (p. 214), and then the integration is

over a set of finite measure. Furthermore, since |c∆(x)−m∆(x)| ≤ ∆
2

for all x and ∆,

it follows that 0 ≤ W∆(x) ≤ 1
4

for all x and ∆. Hence, W∆(x) is uniformly bounded

for all x and ∆. Therefore, using the bounded convergence theorem,

lim
∆→0

∫ ∞

−∞
W∆(x)f(x) dx =

∫ ∞

−∞
lim
∆→0

W∆(x)f(x) dx =

∫

S

lim
∆→0

W∆(x)f(x) dx = 0 ,

where S denotes the set over which f is continuous and positive, and where the last

equality follows from Lemma 1. ¤
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Proof of Lemma 15:

Suppose f is positive and differentiable at x. As in the proof of Lemma A1,with

j = 0,

m∆(x)− c∆(x)

∆2
=

1
∆3

∫ ∆

0
(∆

2
− y)f(u∆(x) + y) dy

1
∆

∫ ∆

0
f(u∆(x) + y) dy

, (A3)

where the limit as ∆ → 0 of the denominator of (A3) equals f(x), since f is contin-

uous at x.

We consider then the numerator of (A3). We begin by expressing f(x + z) using

the derivative:

f(x + z) = f(x) + zf ′(x) + zδx(z) , (A4)

where δx(z) is a quantity that goes to zero as z → 0. (Note that z may be either

positive or negative.) Using (A4) to evaluate the numerator of (A3), we obtain

1

∆3

∫ ∆

0

(
∆

2
− y)f(u∆(x) + y) dy =

1

∆3

∫ ∆

0

(
∆

2
− y)f(x + (u∆(x)− x + y)) dy

=
1

∆3

∫ ∆

0

(
∆

2
− y)f(x) dy +

1

∆3

∫ ∆

0

(
∆

2
− y)(u∆(x)− x + y)f ′(x) dy

+
1

∆3

∫ ∆

0

(
∆

2
− y)(u∆(x)− x + y)[δx(u∆(x)− x + y)] dy

= 0− f ′(x)

12
+

1

∆3

∫ ∆

0

(
∆

2
− y)(u∆(x)− x + y)[δx(u∆(x)− x + y)] dy

= − f ′(x)

12
+

1

∆3

∫ ∆

0

(
∆

2
− y)(u∆(x)− x)[δx(u∆(x)− x + y)] dy

+
1

∆3

∫ ∆

0

(
∆

2
− y)y[δx(u∆(x)− x + y)] dy , (A5)

It remains to show that the last two integrals in (A5) converge to zero as ∆ → 0. Let

ε > 0 be given. Since (u∆(x)−x+y) ∈ (−∆, ∆] when y ∈ [0, ∆], and since δx(z) → 0

as z → 0, it follows that for all sufficiently small ∆, |δx(u∆(x)−x+y)| < ε for all y ∈

[0, ∆]. Since −∆ < (u∆(x)−x) ≤ 0, it is not hard to see that 1
∆3

∣∣ ∫ ∆

0
(∆

2
−y)(u∆(x)−

x)[δx(u∆(x) − x + y)] dy
∣∣ < ε

4
and that 1

∆3

∣∣ ∫ ∆

0
(∆

2
− y)y[δx(u∆(x) − x + y)] dy

∣∣ < ε
8
.
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Since ε is arbitrary, it follows that

lim
∆→0

1

∆3

∫ ∆

0

(
∆

2
− y)f(u∆(x) + y) dy = − f ′(x)

12
.

By combining this with the fact that the limit of the denominator of (A3) equals

f(x), we obtain that lim∆→0
m∆(x)−c∆(x)

∆2 = − f ′(x)
12f(x)

. ¤

Lemma A2. Let f , x, ∆ > 0 and S ≥ 0 be such that f is a continuous and piecewise

differentiable function on (x−∆, x + ∆) and |f ′(x)| ≤ S for all x ∈ (x−∆, x + ∆)

where f ′ exists. Then for any offset function

|G∆(x)| ≤ 12(|x|+ ∆)S ,

where G∆(x) is as given in Definition 4.

Proof: First note that if S = 0, then the lemma holds trivially, since G∆(x) = 0

(even if f = 0 over the interval (x − ∆, x + ∆), since we recall that by convention

c∆(x) = 0). Suppose then that S > 0. We begin by writing

|G∆(x)| =
|m2

∆(x)− c2
∆(x)|

∆2/6
f(x) = 6|m∆(x) + c∆(x)| |m∆(x)− c∆(x)|

∆2
f(x)

≤ 12(|x|+ ∆)
|m∆(x)− c∆(x)|

∆2
f(x) . (A6)

It remains to show |m∆(x)−c∆(x)|
∆2 f(x) ≤ S. We do this assuming c∆(x) ≤ m∆(x). The

proof is essentially the same when the reverse inequality holds. There are two cases

to consider:

1. f(u∆(x)) < S∆: Since f is piecewise differentiable and |f ′(y)| ≤ S for almost

all y ∈ (u∆(x), u∆(x) + ∆), we have f(x) ≤ f(u∆(x)) + S∆ < 2S∆, and

consequently,

|m∆(x)− c∆(x)|
∆2

f(x) <
∆/2

∆2
2S∆ = S .
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2. f(u∆(x)) ≥ S∆: Define g(y)
∆
= f(u∆(x))−S(y−u∆(x)) for y ∈ (u∆(x), u∆(x)+

∆). From Lemma A3, which appears next, it follows that cg
∆(x) ≤ cf

∆(x). Thus

|m∆(x)− cf
∆(x)|

∆2
f(x) ≤ |m∆(x)− cg

∆(x)|
∆2

f(x) .

cg
∆(x) can be simplified to

cg
∆(x) = u∆(x) +

∆

2
−

S∆2

12

f(u∆(x))− S∆
2

.

It follows that

|m∆(x)− cg
∆(x)|

∆2
f(x) =

S

12

1

f(u∆(x))− S∆
2

f(x) ≤ S

12

f(u∆(x)) + S∆

f(u∆(x))− S∆
2

=
S

12

k + 1

k − 1/2
≤ S

12
4 < S , (A7)

where k
∆
= f(u∆(x))

S∆
≥ 1 implies (k + 1)/(k− 1/2) ≤ 4. This completes the proof

that |m∆(x)−c∆(x)|
∆2 f(x) ≤ S and, consequently, the proof of the lemma. ¤

Lemma A3. Let f be a continuous and piecewise differentiable function on (u, u +

∆). Let also f(u) ≥ S∆ and |f ′(x)| ≤ S for all x ∈ W∩(u, u+∆) for some S > 0 and

∆ > 0, where W is the set over which f is differentiable. Let g(x)
∆
= f(u)−S(x−u).

Then cg
∆,u ≤ cf

∆,u.

Proof: First note that g(u) = f(u) and g decreases as fast as possible among functions

that satisfy the derivative constraint. If g = f on (u, u+∆) the lemma holds trivially.

Suppose then that g 6= f on a subset of (u, u + ∆) with positive measure. Let

h
∆
= f − g, or equivalently, f = g + h. Observe that for x ∈ W ∩ (u, u + ∆), the fact

that |f ′(x)| ≤ S implies h′(x) ≥ 0 and h(x) ≥ 0. From the definition of centroid we

may write

cf
u = cg

u

∫ u+∆

u
g(x) dx∫ u+∆

u
f(x) dx

+ ch
u

∫ u+∆

u
h(x) dx∫ u+∆

u
f(x) dx

.



74

Thus, cf
u is a weighted average of cg

u and ch
u. Since g is a strictly decreasing function

and h is an increasing function (though not necessarily strictly increasing), it is easy

to see that cg
u < u + ∆

2
< ch

u. It follows that cf
u > cg

u since cf
u is the average of cg

u and

something larger. ¤

Lemma A4. Let f be a nonnegative, continuous and piecewise differentiable function

such that limx→−∞
x∈W

f ′(x) = 0 and limx→∞
x∈W

f ′(x) = 0, where W denotes the set over

which f is differentiable. Let also
∫∞
−∞ f(x) dx < ∞. Then, limx→−∞ f(x) = 0 and

limx→∞ f(x) = 0.

Proof: We will show that limx→∞ f(x) = 0. The other case follows in a similar way.

Let M
∆
=

∫∞
−∞ f(x) dx < ∞. Let ε > 0 be given. Set m = ε2

8M
. There exists T1 > 0

such that |f ′(x)| ≤ m for all x ∈ (T1,∞) ∩W . Since
∫∞
−∞ f(x) dx < ∞, it follows

that there exists T2 > T1 such that f(T2) ≤ ε
2
. Suppose there exists T3 > T2 such

that f(T3) ≥ ε. Then,

f(x) ≥





m(x− T3) + ε, T3 − ε
2m
≤ x ≤ T3

0, T2 ≤ x < T3 − ε
2m

,

Note that T3 − T2 ≥ ε
2m

. It now follows that

∫ T3

T2

f(x) dx ≥
∫ T3

T3− ε
2m

[m(x− T3) + ε] dx =

∫ ε
2m

0

(ε−my) dy =
3ε2

8m
= 3M ,

where the last equality follows from recalling that m = ε2

8M
. The above contradicts

the fact that
∫∞
−∞ f(x) dx = M . Therefore, f(x) < ε for all x > T2. Since ε is

arbitrary, it follows that limx→∞ f(x) = 0. ¤
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Lemma A5. Let f be a nonnegative, continuous and piecewise differentiable function

such that limx→−∞
x∈W

xf ′(x) = 0 and limx→∞
x∈W

xf ′(x) = 0, where W denotes the set over

which f is differentiable. Let also
∫∞
−∞ f(x) dx < ∞ and

∫∞
−∞ |x|f(x) dx < ∞. Then,

limx→−∞ xf(x) = 0 and limx→∞ xf(x) = 0.

Proof: limx→−∞
x∈W

xf ′(x) = 0 and limx→∞
x∈W

xf ′(x) = 0 imply that limx→−∞
x∈W

f ′(x) = 0

and limx→∞
x∈W

f ′(x) = 0. Thus, applying Lemma A4 to the function f , we obtain that

limx→−∞ f(x) = 0 and limx→∞ f(x) = 0. Next, define

g(x)
∆
=





xf(x), x ≥ 0

−xf(x), x < 0

,

and obtain

g′(x) =





f(x) + xf ′(x), x ∈ [0,∞) ∩W

−f(x)− xf ′(x), x ∈ (−∞, 0) ∩W

.

Since limx→−∞ f(x) = 0, limx→∞ f(x) = 0, limx→−∞
x∈W

xf ′(x) = 0 and limx→∞
x∈W

xf ′(x) =

0, it follows that limx→−∞
x∈W

g′(x) = 0 and limx→∞
x∈W

g′(x) = 0. Finally, since g is

also nonnegative, continuous, piecewise differentiable and integrable, we may apply

Lemma A4 to it, and obtain that limx→−∞ g(x) = 0 and limx→∞ g(x) = 0, which is

equivalent to limx→−∞ xf(x) = 0 and limx→∞ xf(x) = 0. ¤
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CHAPTER III

Asymptotic Low Resolution Scalar Quantization1

3.1 Introduction

This paper analyzes the low resolution performance of scalar quantization with

entropy coding for stationary, memoryless Gaussian sources. Let R(D) denote the

operational rate-distortion function of such scalar quantization for a given source

with respect to mean-squared error distortion. That is, R(D) equals the least out-

put entropy of any scalar quantizer with mean-squared error D or less. While an

asymptotic formula for R(D) is well known in the high resolution (i.e. small dis-

tortion) region, there is no analogous formula in the low resolution (i.e. small rate)

region. Specifically, the high resolution formula is (c.f. [1])

R(D) = h− 1

2
log(12 D) + o

D→0
, (3.1)

where h denotes the differential entropy of the source being quantized, and o
D→0

denotes a quantity that goes to zero as D → 0. In contrast, the principal result of

this paper is that for a Gaussian source with variance σ2, in the low resolution region

R(D) =
log2 e

2

(
1− D

σ2

) [
1 + o

D→σ2

]
, (3.2)

1This work was supported by NSF Grant ANI-0112801, and was submitted for publication as
joint work with co-author David L. Neuhoff in the IEEE Transactions on Information Theory.
Portions of this work were published in the proceedings of the IEEE International Symposium on
Information Theory, Chicago, Illinois, USA, July 2004.
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Figure 3.1: The dotted line is a qualitative representation of the operational rate-
distortion curve of scalar quantization. The dashed line indicates the
section of the curve that is well described by (3.1). The solid line, which
shows the tangent of the curve at D = σ2, indicates the low resolution
performance given by (3.2).

where o
D→σ2 denotes a quantity that tends to zero as 2 D → σ2. In other words, as

D increases to σ2, the entropy approaches 0 with slope − log2 e
2σ2 . As a result, for a

Gaussian source, we now have accurate approximations to the performance of optimal

scalar quantization with entropy coding in both the high and low resolution regions,

as illustrated in Figure 3.1.

Interestingly the Shannon rate-distortion function of a memoryless Gaussian

source, R(D) = 1
2
log2

σ2

D
, also approaches 0 with slope − log2 e

2σ2 as D → σ2. Thus,

in the low resolution region, scalar quantization for such a source is asymptotically

as good as any quantization technique – scalar, vector or otherwise. In contrast, in

the high resolution region, R(D) exceeds the Shannon rate-distortion function by

1
2
log2

πe
6

= 0.255 bits/sample.

We note that scalar quantization with fixed-rate coding does not attain the rate-

2The assumption throughout the paper is that when D → σ2 it does so from below.
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distortion performance described in (3.2). This is because with fixed-rate coding,

the smallest nonzero rate is at least 1, which implies that for any D < σ2, the least

rate of any fixed-rate scalar quantizer with mean-squared error D or less is at least

1. Consequently, the discussion throughout the paper refers to variable-rate coding,

i.e. scalar quantization with entropy coding.

To derive the principal result (3.2), we focus on uniform threshold quantizers with

infinitely many cells, optimal reconstruction levels, and increasingly large step sizes

∆. While it is easy to see that under ordinary conditions, D ≈ σ2 and H ≈ 0 when

∆ is large, the slope at which H approaches 0 as D → σ2 is not obvious. (H denotes

the quantizer output entropy.) Nevertheless, we find accurate approximations to D

and H from which it is straightforwardly shown that the low resolution performance

of such quantizers is given by (3.2). Since this matches the Shannon rate-distortion

function as D → σ2, no scalar quantizer could do better. Therefore, the performance

of the best possible scalar quantizer is also given by (3.2). We also analyze binary

quantization and show that it too has performance characterized by (3.2).

Whereas the high resolution formula (3.1) is based on the fact that the source

density can be approximated as being constant on most sufficiently small cells, the

low resolution formula (3.2) is based on the fact that when the cells are large, the

tail of the source probability density decays sufficiently fast that only a few of the

cells contribute materially to distortion and rate. This is where Gaussianity enters.

For completeness, we mention the other analytical results on low rate quantiza-

tion of which we are aware. In [2, 3], the low resolution performance of fixed-rate

transform codes is analyzed for Gaussian sources with memory. In this case, low

rate is attained with large block lengths. In [4] and [5], upper bounds are found to

the mean-squared error of dithered scalar quantization. Since these bounds apply
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to all rates, they give some indication of low resolution, as well as high resolution

performance.

In the remainder of the paper, Section 3.2, introduces and analyzes uniform

scalar quantization. Section 3.3 does the same for binary quantizers. Section 5.5

offers concluding remarks.

3.2 Uniform Threshold Quantizers

An infinite-level uniform threshold scalar quantizer with step size ∆ and offset 0 <

α < 1 is a scalar quantizer with partition having cells Sk = [(k−α)∆, (k +1−α)∆),

k ∈ Z, and with reconstruction levels rk ∈ Sk, k ∈ Z. Its quantization rule is

q(x) = rk, when x ∈ Sk. The offset α indicates the fraction of cell S0 that lies to

the left of the origin. For example, when α = 1/2, cell S0 is centered at the origin,

whereas when α = 0, cell S0 begins at the origin. Let ᾱ
∆
= 1− α.

We assume throughout that the source to be quantized is stationary, memory-

less and Gaussian with mean zero and variance σ2 (ordinarily we do not mention

stationarity or memorylessness). The entropy of this quantizer on such a source is

H(α, ∆, σ2) = −
∞∑

k=−∞
Pk log Pk ,

where Pk denotes the probability of the kth cell, and all logarithms in this paper have

base 2. Since the source is Gaussian

Pk = Q
(
(k − α)

∆

σ

)
−Q

(
(k + 1− α)

∆

σ

)
,

where Q(x) =
∫∞

x
1√
2π

e−
t2

2 dt. The mean-squared error of this quantizer on such a

source is

D(α, ∆, σ2) =

∫ ∞

−∞
(x− q(x))2f(x) dx ,
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where f is the Gaussian density. Except where stated otherwise, we take the recon-

struction levels to be the centroids of their respective cells; i.e., rk =
∫

Sk
xf(x)

Pk
dx.

As is well known, this choice minimizes distortion for a given partition. The opera-

tional rate-distortion function of infinite-level uniform threshold quantization is the

function

RU,σ2(D) = inf
0<α<1,∆>0:D(α,∆,σ2)≤D

H(α, ∆, σ2) ,

which specifies the least entropy of any such quantizer with mean-squared error D or

less. Let Rσ2(D) = 1
2
log σ2

D
denote the Shannon rate-distortion function of a Gaus-

sian source with variance σ2. Note that we sometimes use D to denote the distortion

function D(α, ∆, σ2) and sometimes to denote a constant or variable representing a

target distortion, as in the argument of a rate-distortion function.

It is easy to see that H(α, ∆, σ2) = H(α, ∆/σ, 1), i.e. it depends only on α

and λ
∆
= ∆/σ. Therefore, we will frequently use the notation H(α, λ). Similarly,

D(α, ∆, σ2) = σ2D(α, ∆/σ, 1) = σ2D(α, λ, 1) . It follows from these remarks that

RU,σ2(D) = RU,1

(
D
σ2

)
. Finally, Pk also depends only on α and λ, and for emphasis,

we will sometimes denote it Pk(α, λ).

Subsections 3.2.1 and 3.2.2 find asymptotic low resolution formulas for H(α, λ)

and σ2−D(α, ∆, σ2), respectively, and Subsection 3.2.3 uses these to find an asymp-

totic expression for RU,σ2(D) as D → σ2. Subsection 3.2.4 relaxes the requirement

that reconstruction levels be cell centroids, and provides necessary and sufficient con-

ditions on the reconstruction levels so that the low resolution performance asymp-

totically remains the same as in the case of centroid levels.

We comment that in order for H(α, λ) → 0, it is necessary that αλ → ∞ and

ᾱλ →∞, which in turn implies that σ2D(α, λ, 1) → σ2. Thus we conclude that the

point (σ2, 0) on the operational rate-distortion curve can be approached if and only
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if αλ →∞ and ᾱλ →∞.

Before proceeding, we introduce notation and facts to be used later. Let G(x) =

1√
2π

e−
x2

2 denote the Gaussian density with mean zero and unit variance. Let the

entropy function be defined as H(. . . , a−1, a0, a1, . . .) = −∑∞
k=−∞ ak log ak, where

the ak’s are a finite or countably infinite set of positive numbers that need not sum

to one. Let ox→xo,y→yo denote a quantity that approaches zero as x → xo and y → yo,

where it will be clear from context whether x ↗ xo, x ↘ xo or simply x → xo, and

similarly for the variable y. Although this quantity might depend on parameters

other than x and y, its convergence to zero is uniform in such parameters. To keep

notation short, when xo = ∞ (yo = ∞), it is omitted (which will usually be the

case). ox→xo is defined in an analogous fashion.

The following facts provide elementary bounds and approximations to the Q

function and closely related functions.

Fact 1: Q(x) ≤ √
π
2
G(x), x ≥ 0.

Fact 2: Q(x) < 1
x
G(x), x > 0.

Fact 3: Q(x) > 1
x
(1− 1

x2 ) G(x), x > 0.

Fact 4: Q(x) >





1
2x

G(x), x ≥ √
2

Q(
√

2), x <
√

2

.

Fact 5: Q(x) = 1
x
G(x)

[
1 + ox

]
, x > 0.

Fact 6: Q((x + 1)λ) = Q(xλ) oλ, x ≥ 0; i.e. Q((x+1)λ)
Q(xλ)

→ 0 as λ →∞, uniformly for

x ≥ 0.

Fact 7: For all sufficiently large λ, Q
(
(x + 1)λ

)
< 1

2
Q(xλ) for all x ≥ 0.

Fact 8: For all sufficiently large λ, Q(xλ)−Q((x+1)λ) >





1
4xλ

G(xλ), xλ ≥ √
2

Q(
√

2)
2

, 0 ≤ xλ <
√

2
.
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Fact 9: G2(x) = xG(x) ox.

Fact 10: C(x)
∆
=

∫∞
x

tG(t) dt = G(x).

Fact 11: V (x)
∆
=

∫∞
x

t2 G(t) dt = xG(x) + Q(x) = (when x > 0) xG(x) [1 + ox].

Fact 12: C((x + 1)λ) = C(xλ) oλ, x ≥ 0; i.e. C((x+1)λ)
C(xλ)

→ 0 as λ → ∞, uniformly

for x ≥ 0.

Fact 13: V ((x + 1)λ) = V (xλ) oλ, x ≥ 0; i.e. V ((x+1)λ)
V (xλ)

→ 0 as λ → ∞, uniformly

for x ≥ 0.

Facts 1, 2 and 3 are demonstrated in [6] (pp. 82-83). Fact 4 truncates the lower

bound of Fact 3. Fact 5 follows from Facts 2 and 3. Fact 6 is derived by upper

bounding Q((x+1)λ)
Q(xλ)

using Facts 1 and 4 when xλ <
√

2, and using Facts 2 and 4 when

xλ ≥ √
2. Fact 7 follows from Fact 6, and Fact 8 follows from Facts 4 and 7. Fact 9

is an immediate property of exponentials. Fact 10 and the first equality of 11 derive

from elementary integration. The second equality of 11 follows from Fact 5. Fact

12 follows from Fact 10 and simple manipulation of exponentials. Finally, Fact 13

is derived using Fact 11: by lower bounding V (xλ) using Fact 4 when xλ <
√

2 and

using xλ <
√

2 to upper bound V ((x + 1)λ), and by upper bounding V ((x + 1)λ)

using Fact 2 when xλ ≥ √
2.

3.2.1 Asymptotic Entropy

We begin with several lemmas that lead to the main result of this section, a low

resolution approximation for entropy.
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Lemma 1. Consider an infinite-level uniform threshold scalar quantizer with offset

0 < α < 1 and step size ∆ applied to a Gaussian source with mean zero and variance

σ2. When λ = ∆
σ

is sufficiently large,

A. Pk+1(α, λ) < Pk(α, λ)P1(α, λ) for all α and all k ≥ 1 ,

B. Pk−1(α, λ) < Pk(α, λ)P−1(α, λ) for all α and all k ≤ −1 .

Proof: We will show Part A; Part B follows by symmetry. To simplify notation, we

omit the parameters α and λ from Pk(α, λ). Consider k ≥ 1. First, Fact 8, with

(k − α) playing the role of x, shows that for all sufficiently large λ, the following

lower bound to Pk holds for all k ≥ 1:

Pk = Q
(
(k−α)λ

)−Q
(
(k+1−α)λ

)
>





1
4

1
(k−α)λ

G((k − α)λ), (k − α)λ ≥ √
2 (a)

Q(
√

2)
2

, (k − α)λ <
√

2 (b)

.

(3.3)

Next, we upper bound Pk+1 using Fact 2.

Pk+1 = Q
(
(k + 1− α)λ

)−Q
(
(k + 2− α)λ

)
<

1

(k + 1− α)λ
G((k + 1− α)λ) .

Combining the lower bound to Pk with the upper bound to Pk+1, we obtain

Pk+1

Pk

<





4e−
(2(k−α)+1)λ2

2 , (k − α)λ ≥ √
2 (a)

2 G((k+1−α)λ)

Q(
√

2)(k+1−α)λ
, (k − α)λ <

√
2 (b)

. (3.4)

It now suffices to show that for all sufficiently large λ, the above upper bound

to Pk+1

Pk
is smaller than the lower bound to P1 obtained from (3.3). We do so by

considering two cases.

Case 1 ((k − α)λ <
√

2): In this case, (1 − α)λ <
√

2. Thus, by (3.3b), P1 >

Q(
√

2)
2

. Next, by (3.4b), Pk+1

Pk
< 2 G((k+1−α)λ)

Q(
√

2)(k+1−α)λ
< 2 G(λ)

Q(
√

2)λ
, where the last inequality uses
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k +1−α > 1. Since P1 > Q(
√

2)
2

and Pk+1

Pk
< 2 G(λ)

Q(
√

2)λ
→ 0 as λ →∞, we conclude that

for all sufficiently large λ, Pk+1

Pk
< P1, for all k, α such that (k − α)λ <

√
2.

Case 2 ((k − α)λ ≥ √
2): We consider two subcases. First, suppose (1 − α)λ <

√
2. Then by (3.3b), P1 > Q(

√
2)

2
. Next, by (3.4a), Pk+1

Pk
< 4e−

(2(k−α)+1)λ2

2 < 4e−
λ2

2 .

We conclude that for all sufficiently large λ, Pk+1

Pk
< P1, for all all k, α such that

(k − α)λ ≥ √
2 and (1 − α)λ <

√
2. Next, suppose (1 − α)λ ≥ √

2. Then by

(3.3a), P1 > 1
4

1
(1−α)λ

G((1 − α)λ) > 1
4

1
λ

G(λ), using 1 − α < 1. By (3.4a), Pk+1

Pk
<

4e−
(2(k−α)+1)λ2

2 < 4e−
λ2

2 e−
√

2λ, using (k − α)λ ≥ √
2. Since e−

√
2λ → 0 faster than

1
λ
→ 0, we conclude that for all sufficiently large λ, Pk+1

Pk
< P1, for all k, α such that

(k − α)λ ≥ √
2 and (1 − α)λ ≥ √

2. This completes the proof of Part A and the

lemma. ¤

Lemma 2.

lim
p→0

H(1− p + p op→0)

H(p)
= 0 .

Proof: We need to show that limp→0
−(1−p+p op→0) ln (1−p+p op→0)

−p ln p
= 0. It is well-known

that limx→0
ln(1−x)
−x

= 1, or equivalently, that ln(1−x)
−x

= 1+ ox→0. Using this we obtain

−(1− p + p op→0) ln (1− p + p op→0)

−p ln p

=

[−(1− p + p op→0) ln (1− p + p op→0)

(1− p + p op→0)(p + p op→0)

]
·
[
(1− p + p op→0)(p + p op→0)

−p ln p

]

=
[
1 + op→0

] ·
[(

1− p + p op→0

)1 + op→0

− ln p

]
−→ 0 as p → 0 ,

which proves the lemma. ¤

The next lemma shows that in the low resolution case, quantizer entropy is dom-

inated by the cells adjacent to the center cell.
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Lemma 3. Consider an infinite-level uniform threshold scalar quantizer with offset

0 < α < 1 and step size ∆ applied to a Gaussian source with mean zero and variance

σ2. Then

H(. . . , P−1(α, λ), P0(α, λ), P1(α, λ), . . .) = H(
P−1(α, λ), P1(α, λ)

) [
1 + oαλ,ᾱλ

]
,

where λ = ∆
σ
.

Proof: For brevity, we omit the parameters α and λ from Pk(α, λ). The proof is

composed of two main steps. In Step 1, we show that H(. . . , P−1, P0, P1, . . .) can be

asymptotically approximated by the three middle terms; that is,

H(. . . , P−1, P0, P1, . . .) = H(
P−1, P0, P1

)[
1 + oαλ,ᾱλ

]
. In Step 2, it is shown that

these three terms can be asymptotically approximated by only two terms; that is,

H(
P−1, P0, P1

)
= H(

P−1, P1

)[
1 + oαλ,ᾱλ

]
.

Step 1: We first show that for all sufficiently large αλ and ᾱλ,

1 <
H(. . . , P−1, P0, P1, . . .)

H(P−1, P0, P1)
< 1 + 6P1 + 6P−1 . (3.5)

The left inequality is trivial. We upper bound the middle term in the following way:

∑∞
k=−∞−Pk log Pk∑1
k=−1−Pk log Pk

= 1 +

∑−2
k=−∞−Pk log Pk +

∑∞
k=2−Pk log Pk∑1

k=−1−Pk log Pk(s)

< 1 +

∑−2
k=−∞−Pk log Pk

−P−1 log P−1

+

∑∞
k=2−Pk log Pk

−P1 log P1

. (3.6)

Consider the terms in the last summation. We claim that when αλ and ᾱλ are

sufficiently large, −Pk log Pk < −P k
1 log P k

1 for all k ≥ 2. This will follow from the

facts that −p log p increases monotonically when p < 1
e
, and that Pk < P k

1 < 1
e

for

all k ≥ 2, when αλ and ᾱλ are sufficiently large. When αλ is large, so is λ (since

α < 1), and Lemma 1 implies Pk+1 < PkP1 for all k ≥ 1, which in turn implies

Pk < P k
1 < P1, for all k ≥ 2. Next, Fact 1 implies that P1 < Q(ᾱλ) < 1

e
when ᾱλ
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is sufficiently large. Therefore, −Pk log Pk < −P k
1 log P k

1 for all k ≥ 2, when αλ and

ᾱλ are sufficiently large. Substituting this into the last summation of (3.6), we have

that when αλ and ᾱλ are sufficiently large,

∑∞
k=2−Pk log Pk

−P1 log P1

<

∑∞
k=2−P k

1 log P k
1

−P1 log P1

=
∞∑

k=2

kP k−1
1 =

2P1

(1− P1)2
− P 2

1

(1− P1)2

<
2P1

(1− P1)2
< 6P1 ,

where the last inequality derives from the fact that P1 < 1
e
. In much the same way

it follows that when αλ and ᾱλ are sufficiently large,
∑−2

k=−∞−Pk log Pk

−P−1 log P−1
< 6P−1. This

shows (3.5).

Substituting P−1 = oαλ and P1 = oᾱλ into (3.5), we obtain

H(. . . , P−1, P0, P1, . . .) = H(
P−1, P0, P1

) [
1 + o

αλ,ᾱλ

]
,

which completes Step 1.

Step 2: We will show that

H(
P−1, P0, P1

)
= H(

P−1, P1

) [
1 + oαλ,ᾱλ

]
.

This is done by showing H(P0) = H(P1, P−1) oαλ,ᾱλ. In order to show this, we find an

upper bound to H(P0) and show that it is asymptotically, as αλ →∞ and ᾱλ →∞,

negligible compared to H(P−1, P1).

Define Pt =
∑−2

k=−∞ Pk +
∑∞

k=2 Pk. Using the fact that for all sufficiently large

λ, Pk+1 < PkP1 for all k ≥ 1, we upper bound the second sum as

∞∑

k=2

Pk <

∞∑

k=2

P k
1 =

P 2
1

1− P1

< 2P 2
1 ,

where the last inequality is due to P1 < 1
e

for all sufficiently large ᾱλ. The first sum in

the definition of Pt can be upper bounded in much the same way, except that it holds
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for all sufficiently large αλ. Thus when αλ and ᾱλ are both sufficiently large, Pt <

2(P 2
−1+P 2

1 ). Therefore, P0 > 1−P−1−P1−2(P 2
−1+P 2

1 ) > 1−P−1−P1−2(P−1+P1)
2.

Since P−1 + P1 = oαλ + oᾱλ, it follows that when αλ and ᾱλ are sufficiently large,

P0 > 1−P−1−P1− 2(P−1 + P1)
2 > 1

e
, which since H(p) decreases monotonically for

p > 1
e
, implies that H(P0) < H(

1− P−1 − P1 − 2(P−1 + P1)
2
)
. Consequently,

H(P0)

H(
P−1, P1)

<
H(1− P−1 − P1 − 2(P−1 + P1)

2
)

H(P−1, P1)

<
H(

1− P−1 − P1 − 2(P−1 + P1)
2
)

H(P−1 + P1)

=
H(1− p− 2p2)

H(p)
,

where p
∆
= P−1 + P1, and where the second inequality follows from the fact that for

any a, b ∈ R+, H(a + b) < H(a, b). While this is a consequence of the concavity

of H, the direct proof is quite simple. Namely, it needs to be shown that −(a +

b) log (a + b) < −a log a − b log b, which after rearranging terms, is equivalent to

showing that a log a+b
a

+ b log a+b
b

> 0. This clearly holds since the arguments of the

logs are greater than one and hence the logs are positive as are a and b. We observe

that as αλ and ᾱλ tend to infinity, p goes to zero. Therefore, by Lemma 2 it follows

that H(1−p−2p2)
H(p)

→ 0 as p → 0. This shows that H(P0) = H(P1, P−1) oαλ,ᾱλ, which

completes the proof of Step 2 and the lemma. ¤

Lemma 4. Let a(s) and b(s) be positive functions on R such that lims→so

a(s)
b(s)

= c,

c ∈ {0, 1}, and for some ε > 0, |b(s)− 1| > ε for all s. Then

H(a(s)) = H(b(s))
[
c + os→so

]
.
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Proof: It is equivalent to show lims→so

H(a(s))
H(b(s))

= c. We have the following string of

equalities.

H(a(s))

H(b(s))
=

−a(s) log a(s)

−b(s) log b(s)
=

a(s)

b(s)

log
[

a(s)
b(s)

b(s)
]

log b(s)
=

a(s)

b(s)

[
1 +

log a(s)
b(s)

log b(s)

]

=
a(s)

b(s)
+

a(s)
b(s)

log a(s)
b(s)

log b(s)
.

Since |b(s)− 1| > ε for all s, it follows that either log b(s) > log(1 + ε) or log b(s) <

log(1 − ε) for all s. Therefore, log b(s) is bounded away from zero. Combining this

with the fact that a(s)
b(s)

→ c as s → so, and that a(s)
b(s)

log a(s)
b(s)

→ c log c as s → so, the

result follows. ¤

Lemma 5.

H(
Q(x)

)
=

log e

2
xG(x)

[
1 + ox

]
.

Proof: We begin with a string of equalities, the first of which is due to Fact 5.

H(
Q(x)

)
= H(1

x
G(x)

[
1 + ox

])
= − 1

x
G(x)

[
1 + ox

]
log

(1

x
G(x)

[
1 + ox

])

=
1

x
G(x)

[
1 + ox

] [
log

√
2πx +

x2

2
log e− log

[
1 + ox

]]
. (3.7)

Next, observing that
log

√
2πx+x2

2
log e−log

[
1+ox

]
x2

2
log e

= 1 + ox, it follows that H(
Q(x)

)
=

log e
2

xG(x)
[
1 + ox

]
, which completes the proof of the lemma. ¤

The following theorem gives the low resolution approximation to the entropy of

uniform quantization.

Theorem 6. For an infinite-level uniform threshold scalar quantizer with offset 0 <

α < 1 and step size ∆ applied to a Gaussian source with mean zero and variance σ2,

H(α, λ) =
log e

2

(
αλ G(αλ) + ᾱλG(ᾱλ)

) [
1 + oαλ,ᾱλ

]
, (3.8)
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where λ = ∆
σ

and H(α, λ) = H(. . . , P−1(α, λ), P0(α, λ), P1(α, λ), . . .) is the quantizer

entropy.

If one fixes α, this theorem shows the rate at which entropy converges to 0 as λ →∞.

However, the convergence is not uniform in α, and this theorem shows how entropy

depends on α as well as λ. In particular, it gives an accurate approximation to

quantizer entropy when both αλ and ᾱλ are large.

Proof: For brevity, we omit the parameters α and λ from Pk(α, λ). Lemma 3 shows

that

H(α, λ) = H(. . . , P−1, P0, P1, . . .) = H(
P−1, P1

) [
1 + oαλ,ᾱλ

]
. (3.9)

Since P−1 = Q(αλ) − Q
(
(1 + α)λ

)
, Fact 6 implies that limλ→∞

P−1

Q(αλ)
= 1. Since

|Q(αλ) − 1| > 1
2

for all λ (and all α), it follows from Lemma 4 that H(P−1) =

H(Q(αλ))
[
1 + oλ

]
. Next, applying Lemma 5, we obtain H(Q(αλ)) =

(
1
2
log e

)
αλ G(αλ)

[
1 + oαλ

]
, where αλ plays the role of x in the lemma. Combining

these yields H(P−1) =
(

1
2
log e

)
αλG(αλ)

[
1 + oαλ

]
.

In a similar way, limλ→∞ P1

Q(ᾱλ)
= 1, and since |Q(ᾱλ) − 1| > 1

2
for all λ (and all

ᾱ) , it follows via Lemma 4 that H(P1) = H(Q(ᾱλ))
[
1+oλ

]
, and further application

of Lemma 5 shows that H(P1) =
(

1
2
log e

)
ᾱλ G(ᾱλ)

[
1 + oᾱλ

]
.

Combining the expressions for H(P−1) and H(P1) together with (3.9) complete

the proof of the theorem. ¤

We now comment on the cell or cells that dominate entropy when it is small.

The entropy H(α, λ) will be small if and only if P0 ≈ 1 and Pk ≈ 0, k 6= 0, which

makes −Pk log Pk ≈ 0 for all k, and which happens if and only if αλ and ᾱλ are

both large. Lemma 3 shows that H(α, λ) is dominated by the cells, S−1 and S1,

immediately adjacent to the center cell. This is not coincidental; rather it follows
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Figure 3.2: The entropy function, −p log p.

from the fact, illustrated in Figure 3.2, that the entropy function, H(p) = −p log p,

has infinite slope at p = 0 and finite slope at p = 1. Thus, when entropy is nearly

zero, it is dominated by the largest of the nearly zero probabilities, which are P−1

and/or P1. Indeed the two terms within the large parentheses in (3.8) correspond

to H(P−1) and H(P1), respectively. If αλ << ᾱλ, e.g. if α < 1
2

and λ is very large,

then P−1 >> P1, and it is cell S−1 and the first term within the parentheses that

dominate the entropy. Conversely, if ᾱλ << αλ, then P1 >> P−1, and it is cell S1

and the second term within the parentheses that dominate. Finally, if αλ ≈ ᾱλ,

then the two dominating cells contribute roughly the same to the entropy.

3.2.2 Asymptotic Distortion

The following theorem provides the low resolution approximation to distortion.

Theorem 7. For an infinite-level uniform threshold scalar quantizer with offset

0 < α < 1, step size ∆, centroid reconstruction levels, and a Gaussian source with

zero mean and variance σ2,

σ2 −D(α, ∆, σ2)

σ2
=

(
αλG(αλ) + ᾱλ G(ᾱλ)

) [
1 + oαλ,ᾱλ

]
.

where λ = ∆
σ
.
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Like Theorem 6, this theorem gives an accurate approximation when both αλ

and ᾱλ are large. The proof will be structured in a way that makes evident which

cell or cells dominate σ2 −D.

Proof: For brevity we omit the arguments of D(α, ∆, σ2). Let σ2
k

∆
=

∫
Sk

x2f(x) dx =

σ2
(
V ((k−α)λ)−V ((k+1−α)λ)

)
, where f is the pdf of the Gaussian source and V (x)

is defined in Fact 11. Let Dk
∆
=

∫
Sk

(x− rk)
2f(x) dx = σ2

k − r2
kPk be the contribution

of the kth cell to the distortion (recalling that rk =
∫

Sk
xf(x)

Pk
dx). We observe that σ2

k

and Dk both depend only on α and λ = ∆
σ
. Moreover, σ2 =

∑
k σ2

k and D =
∑

k Dk.

We now write

σ2 −D =
(
σ2 −D0

)−D−1 −D1 −
∑

k 6=−1,0,1

Dk . (3.10)

We deal with these terms in reverse order. First, since Dk ≤ σ2
k,

∑

|k|≥2

Dk ≤
∑

|k|≥2

σ2
k =

∫ −(α+1)∆

−∞
x2f(x) dx +

∫ ∞

(2−α)∆

x2f(x) dx

(a)
= σ2V ((α + 1)λ) + σ2V ((2− α)λ)

(b)
= σ2V (αλ) oλ + σ2V ((1− α)λ) oλ

(c)
= σ2αλ G(αλ) oαλ + σ2ᾱλ G(ᾱλ) oᾱλ , (3.11)

where (a) and (c) follow from Fact 11, and (b) is obtained using Fact 13. Next,

D1 = σ2
1 − r2

1P1

= σ2(V ((1− α)λ)− V ((2− α)λ))

−
(

σC((1− α)λ)− σC((2− α)λ)

Q((1− α)λ)−Q((2− α)λ)

)2 (
Q((1− α)λ)−Q((2− α)λ)

)

(a)
= σ2V ((1− α)λ)

[
1 + oλ

]−
σ2

(
C((1− α)λ)

[
1 + oλ

])2

Q
(
(1− α)λ

) [
1 + oλ

]

(b)
= σ2ᾱλ G(ᾱλ) [1 + oᾱλ]−

σ2G2(ᾱλ)
[
1 + oλ

]
1

ᾱλ
G(ᾱλ)

[
1 + oᾱλ

] = σ2ᾱλ G(ᾱλ) oᾱλ , (3.12)
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where (a) follows from Facts 6, 12 and 13, and (b) follows from Facts 5,10 and 11.

In a similar manner, it can be shown that

D−1 = σ2αλ G(αλ) oαλ . (3.13)

Finally,

σ2 −D0 = (σ2 − σ2
0) + (σ2

0 −D0) , (3.14)

where as in (3.11) above

σ2 − σ2
0 =

∑

k 6=0

σ2
k = σ2V (αλ) + σ2V ((1− α)λ

)

= σ2αλG(αλ)
[
1 + oαλ

]
+ σ2ᾱλG(ᾱλ)

[
1 + oᾱλ

]
, (3.15)

where the second equality uses Fact 11, and where as in (3.12)

σ2
0 −D0 = r2

0P0 =

(
σC(αλ)− σC((1− α)λ)

1−Q(αλ)−Q((1− α)λ)

)2 (
1−Q(αλ)−Q(ᾱλ)

)

(a)
=

σ2
(
G(αλ)−G(ᾱλ)

)2

1 + oαλ + oᾱλ

(b)
=

σ2αλ G(αλ) oαλ + σ2ᾱλG(ᾱλ) oᾱλ − 2σ2 G(αλ) G(ᾱλ)

1 + oαλ + oᾱλ

(c)
=

σ2αλG(αλ) oαλ + σ2ᾱλ G(ᾱλ) oᾱλ − σ2αλ G(αλ) oαλ,ᾱλ − σ2ᾱλG(ᾱλ) oαλ,ᾱλ

1 + oαλ + oᾱλ

=
(
σ2αλ G(αλ) + σ2ᾱλ G(ᾱλ)

)
oαλ,ᾱλ , (3.16)

where (a) is due to Fact 10, (b) follows from Fact 9, and (c) is obtained by observing

that G(αλ) G(ᾱλ) = αλG(αλ) oᾱλ

αλ
= αλ G(αλ) oαλ,ᾱλ, and similarly G(αλ) G(ᾱλ) =

ᾱλ G(ᾱλ) oαλ,ᾱλ. Substituting (3.15) and (3.16) into (3.14) yields

σ2 −D0 =
(
σ2αλ G(αλ) + σ2ᾱλ G(ᾱλ)

) [
1 + oαλ,ᾱλ

]
. (3.17)

Substituting (3.11), (3.12), (3.13) and (3.17) into (3.10) yields

σ2 −D =
(
σ2αλG(αλ) + σ2ᾱλ G(ᾱλ)

) [
1 + oαλ,ᾱλ

]
.
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Dividing the above by σ2 gives the desired result. ¤

We now consider which cell or cells make the dominating contribution to σ2−D,

when the latter is very small. When D ≈ σ2, both αλ and ᾱλ are large. From

(3.17), we see that D0 ≈ σ2, and from (3.11), (3.12), and (3.13), we see that Dk ≈ 0

for k 6= 0. We are interested, however, in finding the cells that dominate the rate

at which distortion converges to variance. Since D0 → σ2 and Dk → 0, k 6= 0, it

makes most sense to compare σ2 − D0 and the Dk’s, k 6= 0. Comparing (3.17) to

(3.11), (3.12), and (3.13), reveals that
∑

k 6=0 Dk is asymptotically negligible relative

to σ2 −D0. We conclude that when D ≈ σ2, σ2 −D0 is the dominant component of

σ2 −D.

3.2.3 Asymptotic Rate-Distortion

Directly applying Theorems 6 and 7 yields the asymptotic low resolution rate-

distortion behavior of uniform threshold quantizers:

Lemma 8. For an infinite-level uniform threshold scalar quantizer with offset

0 < α < 1, step size ∆, centroid reconstruction levels, and a Gaussian source with

zero mean and variance σ2,

H(α, λ)

σ2 −D(α, ∆, σ2)
=

log e

2σ2

[
1 + oαλ,ᾱλ

]
,

where λ = ∆
σ
.

The following is the principal result of this paper.

Theorem 9. In the low resolution region, the operational rate-distortion function

of infinite-level uniform threshold scalar quantization for a Gaussian source with

variance σ2 is

RU,σ2(D) =
log e

2

(
1− D

σ2

) [
1 + o

D→σ2

]
. (3.18)
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Proof: We begin by rewriting the operational rate-distortion function as

RU,σ2(D) = inf
0<α<1

RU,σ2,α(D) , (3.19)

where RU,σ2,α(D)
∆
= inf∆>0:D(α,∆,σ2)≤D H(α, ∆

σ
). As a preliminary to showing (3.18),

we will show RU,σ2,α(D) satisfies (3.18).

Since RU,σ2(D) = RU,1

(
D
σ2

)
, it suffices to show

RU,1(D)

1−D
−→ log e

2
as D −→ 1 , (3.20)

and the corresponding result for RU,1,α(D). First,

lim sup
D→1

RU,1,α(D)

1−D

(a)
= lim sup

λ→∞

RU,1,α

(
D(α, λ, 1)

)

1−D(α, λ, 1)

(b)

≤ lim sup
λ→∞

H(α, λ)

1−D(α, λ, 1)

(c)
=

log e

2
,

(3.21)

where (a) derives from the fact that D(α, λ, 1) goes continuously to 1 as λ →∞, (b)

follows from the definition of RU,1,α

(
D(α, λ, 1)

)
, and (c) is obtained from Lemma 8.

Next,

lim inf
D→1

RU,1,α(D)

1−D

(a)

≥ lim inf
λ→∞

H(α, λ)

1−D(α, λ, 1)

(b)
=

log e

2
, (3.22)

where (a) follows from Lemma A1 of the Appendix, and (b) is obtained from Lemma 8.

It now follows from (3.21) and (3.22) that

lim
D→1

RU,1,α(D)

1−D
=

log e

2
. (3.23)

Finally, to obtain the result of the theorem we proceed as follows

lim sup
D→1

RU,1(D)

1−D

(a)
= lim sup

D→1

infα RU,1,α(D)

1−D

(b)

≤ inf
α

lim sup
D→1

RU,1,α(D)

1−D

(c)
=

log e

2
,

(3.24)

where (a) follows from the definition of RU,1(D), (b) is elementary, and (c) follows

from (3.23), and

lim inf
D→1

RU,1(D)

1−D

(a)

≥ lim inf
D→1

R1(D)

1−D

(b)
= lim inf

D→1

1
2
log 1

D

1−D

(c)
=

log e

2
, (3.25)
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where R1(D) is the Shannon rate-distortion function of a unit variance Gaussian

source, and where (a) follows from the converse rate-distortion theorem, (b) uses

the well-known formula for R1(D) [7] (p. 477), and (c) follows from taking the

limit, for example, using L’Hospital’s rule. Equation (3.20) and the theorem now

follow from (3.24) and (3.25). We note that (3.22) could have been shown us-

ing Shannon’s rate-distortion function as a lower bound, as was done in (3.25),

instead of using Lemma A1. However, the approach taken above, demonstrates that

limD→1
RU,1,α(D)

1−D
= limλ→∞

H(α,λ)
1−D(α,λ,1)

without using either Gaussianity or Shannon’s

rate-distortion function. It requires only that the latter limit exist. ¤

As is easy to see, Rσ2(D) = 1
2
log σ2

D
= log e

2

[
1− D

σ2

] [
1 + o

D→σ2

]
. Comparing this

to the theorem statement reveals that for a Gaussian source and the low resolution

region, the operational rate-distortion function of infinite-level uniform threshold

scalar quantization and the Shannon rate-distortion function approach 0 with the

same slope as D → σ2. Therefore in the low resolution region, such quantizers are

asymptotically as good as any quantization technique — scalar, block, or otherwise.

Additionally, from (3.23) and the relation between RU,σ2,α(D) and RU,1,α(D), one

concludes that for any α, the operational rate-distortion function RU,σ2,α(D) of uni-

form threshold quantization with offset α also approaches the Shannon rate-distortion

function, as does the operational rate-distortion function of scalar quantization of

any type. Finally, we note that from the dominance results presented previously, the

slope is approximately equal to H−1+H1

σ2−D0
, i.e. the distortion term is dominated by the

center cell and the entropy is dominated by the two adjacent cells.
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3.2.4 Asymptotically Optimal Reconstruction Levels

Theorem 7 assumed the reconstruction levels were centroids, which necessarily

yields the smallest possible distortion. Since distortion is a continuous function

of the levels, it is natural to expect that this assumption can be relaxed somewhat,

asymptotically in the low resolution region. That is, for the conclusion of the theorem

to hold, it should only be necessary for the reconstruction levels to be sufficiently close

to the centroids. As it turns out, there is very little sensitivity to the reconstruction

levels for k 6= −1, 0, 1, in the sense that the requirement that rk ∈ Sk insures they

contribute negligibly to σ2−D when αλ and ᾱλ are large. Moreover, for k = −1, 0, 1,

the centroids approximately equal −α∆, 0 and ᾱ∆, respectively, when αλ and ᾱλ are

large. Consequently, the next theorem shows that the result of Theorem 7 continues

to hold if and only if r−1 ≈ −α∆, r0 ≈ 0 and r1 ≈ ᾱ∆.

Theorem 10. For an infinite-level uniform threshold scalar quantizer with offset

0 < α < 1, step size ∆, reconstruction levels {r̃α,∆,k} that are not necessarily

centroids3, and a Gaussian source with zero mean and variance σ2, the distortion

D̃(α, ∆, σ2, {r̃α,∆,k}) satisfies

D̃(α, ∆, σ2, {r̃α,∆,k})−D(α, ∆, σ2)

σ2

= αλG(αλ)

[( r̃α,∆,−1 + α∆

α∆

)2[
1 + oαλ

]
+ oαλ,ᾱλ

]

+ ᾱλ G(ᾱλ)

[( r̃α,∆,1 − ᾱ∆

ᾱ∆

)2[
1 + oᾱλ

]
+ oαλ,ᾱλ

]

+ 2

[
G(ᾱλ)−G(αλ)

]( r̃α,∆,0

σ

) [
1 + oαλ,ᾱλ

]

+
( r̃α,∆,0

σ

)2 [
1 + oαλ,ᾱλ

]
, (3.26)

where λ = ∆
σ

and D(α, ∆, σ2) is the distortion induced by cell centroids.

3Recall that reconstruction levels are required to lie within their respective cells.
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Proof: Given an infinite-level uniform threshold quantizer with offset 0 < α < 1,

step size ∆ > 0, and reconstruction levels {r̃α,∆,k}, denoted {r̃k} for short, let D̃k

represent the contribution to distortion due to the kth cell. Let Dk represent the

contribution to distortion due to the same cell when the cell centroid, denoted rk, is

the reconstruction level. For brevity, let D̃ denote D̃(α, ∆, σ2, {r̃α,∆,k}). Also, let D

represent D(α, ∆, σ2), the distortion induced by cell centroids. We observe that

D̃ −D

σ2
=

σ2 −D

σ2
− σ2 − D̃

σ2
. (3.27)

The first term on the right hand side is known from Theorem 7. We focus on finding

the second term.

Since D̃k = Dk + (r̃k − rk)
2Pk and Dk = σ2

k − r2
kPk, we have

σ2 − D̃ =
∑

k

σ2
k −

∑

k

D̃k =
∑

k

r̃k(2rk − r̃k)Pk

= r̃0(2r0 − r̃0)P0 + r̃−1(2r−1 − r̃−1)P−1 + r̃1(2r1 − r̃1)P1 +
∑

|k|≥2

r̃k(2rk − r̃k)Pk .

(3.28)

We consider these terms in reverse order. First, it easy to see that for |k| ≥ 2,

|r̃k| ≤ 2|rk| and |2rk − r̃k| ≤ 2|rk|. Therefore,
∣∣∣∣∣∣
∑

|k|≥2

r̃k(2rk − r̃k)Pk

∣∣∣∣∣∣
≤

∑

|k|≥2

4 r2
kPk

(a)

≤ 4
∑

|k|≥2

σ2
k

(b)
= 4 σ2αλ G(αλ) oαλ + 4 σ2ᾱλ G(ᾱλ) oᾱλ , (3.29)

where (a) follows from the fact that σ2
k = Dk + r2

kPk and (b) follows from (3.11).

Next, Facts 5 and 6 imply that P1 = Q((1−α)λ)−Q((2−α)λ) = 1
ᾱλ

G(ᾱλ)
[
1 +

oᾱλ

]
. We also obtain an expression for r1 as follows.

r1 =
1

P1

∫ (2−α)λ

(1−α)λ

xf(x) dx(a) = −σ
[
C((1− α)λ)− C((2− α)λ)

]
1

ᾱλ
G(ᾱλ)

[
1 + oᾱλ

] (b) = ᾱ∆
[
1+oᾱλ

]
,
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where (a) is due to Fact 10 and (b) follows from Facts 10 and 12. Writing r̃1 =

ᾱ∆ + (r̃1 − ᾱ∆), we obtain, after some algebra,

r̃1(2r1 − r̃1)P1 = σ2ᾱλ G(ᾱλ)

[
1−

(
r̃1 − ᾱ∆

ᾱ∆

)2[
1 + oᾱλ

]
+ oᾱλ

]
. (3.30)

In a similar way we can write r̃−1 = −α∆ + (r̃−1 + α∆) and obtain

r̃−1(2r−1 − r̃−1)P−1 = σ2αλG(αλ)

[
1−

(
r̃−1 + α∆

α∆

)2[
1 + oαλ

]
+ oαλ

]
. (3.31)

Finally, from Fact 1 P0 = 1−Q(αλ)−Q(ᾱλ) = 1 + oαλ + oᾱλ, and from Fact 10

r0 = 1
P0

∫ (1−α)∆

−α∆
xf(x) dx = σ

(
G(αλ)−G(ᾱλ)

)[
1 + oαλ,ᾱλ

]
. Therefore,

r̃0(2r0−r̃0)P0 = 2σ2
[
G(αλ)−G(ᾱλ)

]( r̃0

σ

)[
1+oαλ,ᾱλ

]−σ2
( r̃0

σ

)2[
1+oαλ,ᾱλ

]
. (3.32)

Combining (3.28) – (3.32) gives

σ2 − D̃

σ2
= αλG(αλ)

[
1− ( r̃α,∆,−1 + α∆

α∆

)2[
1 + oαλ

]
+ oαλ

]

+ ᾱλ G(ᾱλ)

[
1− ( r̃α,∆,1 − ᾱ∆

α∆

)2[
1 + oᾱλ

]
+ oᾱλ

]

+ 2

[
G(αλ)−G(ᾱλ)

]( r̃0

σ

)[
1 + oαλ,ᾱλ

] −
( r̃0

σ

)2[
1 + oαλ,ᾱλ

]
. (3.33)

The theorem now easily follows from (3.33), (3.27) and Theorem 7. ¤

We observe that since σ2−D̃
σ2 = σ2−D

σ2 − D̃−D
σ2 , the distortion induced by general

reconstruction levels is asymptotically the same as the distortion induced by cell

centroids if and only if D̃−D
σ2 is asymptotically negligible relative to σ2−D

σ2 . Using

Theorem 7, the next theorem shows that this happens if and only if the first two

square bracketed terms in (3.26) go to 0 as αλ → ∞ and ᾱλ → ∞, and the last

two terms in (3.26) become small relative to αλG(αλ) + ᾱλG(ᾱλ) as αλ → ∞ and

ᾱλ → ∞. More precisely, the following theorem provides necessary and sufficient

conditions on r̃−1, r̃0, r̃1 so that the distortion is asymptotically the same as that

induced by centroids.



101

Theorem 11. Consider a family of infinite-level uniform threshold scalar quantizers

with offsets α∆ and reconstruction levels {r̃∆,k} parameterized by the step size ∆,

0 < ∆ < ∞, and with ∆ → ∞ implying α∆∆ → ∞ and (1 − α∆)∆ → ∞. Such

reconstruction levels are asymptotically low resolution optimal for a Gaussian source

with mean zero and variance σ2 if and only if the following hold:

A. r̃∆,−1 = − α∆∆
[
1 + o∆ + o(α∆− 1

2
)∆→0 Iα∆> 1

2

]
,

B. r̃∆,0 =
√

α∆λG(α∆λ) + (1− α∆)λG((1− α∆)λ o∆ ,

C. r̃∆,1 = (1− α∆)∆
[
1 + o∆ + o( 1

2
−α∆)∆→0 Iα∆< 1

2

]
,

where λ = ∆
σ
, IF denotes the indicator function of the event F , and by “asymptoti-

cally low resolution optimal” we mean lim∆→∞
σ2−D̃(α∆,∆,σ2,{r̃∆,k})

σ2−D(α∆,∆,σ2)
= 1,

with D̃(α∆, ∆, σ2, {r̃∆,k}) and D(α∆, ∆, σ2) denoting distortion assuming parametric

and centroid levels, respectively.

Theorem 11 can be interpreted as follows. Suppose ∆ is large. Then α∆ >> ᾱ∆

implies α > 1
2

and thus Iα∆< 1
2

= 0, from which it follows, using C above, that r̃∆,1

needs to be close to the centroid of S1. α∆ >> ᾱ∆ also implies that Iα∆> 1
2

= 1

and that (α∆ − 1
2
)∆ >> 0, from which it follows, using A above, that there is no

restriction on r̃∆,−1 (except for lying in S−1). Similarly, if α∆ << ᾱ∆, then r̃∆,−1

needs to be close to the centroid of S−1 and there is no restriction on r̃∆,1 (except

for lying in S1). Lastly, if α∆ ≈ ᾱ∆, then both r̃∆,−1 and r̃∆,1 need to be close to

the centroids of S−1 and S1, respectively. In all cases, r̃∆,0 needs to be sufficiently

small, as given in B.

Proof: For brevity we omit the subscript ∆ from α∆ and from r̃∆,k, and write D̃ and

D instead of D̃(α∆, ∆, σ2, {r̃∆,k}) and D(α∆, ∆, σ2), respectively. We will show that

the conditions given in the theorem are necessary and sufficient for (σ2−D̃)/σ2

(σ2−D)/σ2 → 1
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as ∆ → ∞ , or equivalently, for (D̃−D)/σ2

(σ2−D)/σ2 → 0 as ∆ → ∞. We note that since

for the considered family of quantizers, ∆ →∞ implies α∆ → ∞ and ᾱ∆ →∞, it

follows that expressions such as oα∆ and oᾱ∆ simply become o∆. We comment further

that since the variance of the source σ2 is fixed (as we are considering a family of

quantizers rather than of quantizer-source pairs), letting ∆ → ∞ is equivalent to

letting λ → ∞ (we will use the latter notation). Thus, expressions such as oαλ and

oᾱλ become oλ.

From Theorem 7 we have

σ2 −D

σ2
=

(
αλ G(αλ) + ᾱλG(ᾱλ)

) [
1 + oλ

]
. (3.34)

And from Theorem 10 we have

D̃ −D

σ2
= αλ G(αλ)

[( r̃−1 + α∆

α∆

)2[
1 + oλ

]
+ oλ

]

+ ᾱλG(ᾱλ)

[( r̃1 − ᾱ∆

ᾱ∆

)2[
1 + oλ

]
+ oλ

]

+ 2

[
G(ᾱλ)−G(αλ)

]( r̃0

σ

) [
1 + oλ

]
+

( r̃0

σ

)2 [
1 + oλ

]
. (3.35)

Using (3.34) and (3.35), sufficiency is easy to see. Therefore, we focus on necessity.

To show necessity, we need to show that if (3.35) is asymptotically negligible

relative to (3.34), then the conditions of the theorem are met. We observe that the

difficulty in showing this stems from the fact that not all terms in (3.35) need have

the same sign. Specifically, the third term may be either positive or negative, while

all other terms are always positive. In order to show necessity, we will show the

contrapositive, namely, if the conditions given in the theorem statement are not met,

then (3.35) is not asymptotically negligible relative to (3.34).

We begin by considering the condition on r̃0, i.e. condition B. Suppose this

condition is not satisfied. Then there exists ε > 0 such that for any λo there exists
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λ > λo for which

|r̃0/σ|√
αλ G(αλ) + ᾱλ G(ᾱλ)

> ε . (3.36)

We show below that lim supλ→∞
D̃−D
σ2−D

> 0, which implies that limλ→∞
(D̃−D)/σ2

(σ2−D)/σ2 6= 0,

which in turn implies that limλ→∞
(σ2−D̃)/σ2

(σ2−D)/σ2 6= 1, i.e. (3.35) is not asymptotically

negligible relative to (3.34). Dropping the terms in (3.35) involving r̃−1, r̃1 and using

(3.34), we have that for any λ0 there exists λ > λo such that

D̃ −D

σ2 −D
>

(
r̃0

σ

)2 [
1 + oλ

]
+ 2

[
G(ᾱλ)−G(αλ)

](
r̃0

σ

) [
1 + oλ

]
(
αλG(αλ) + ᾱλ G(ᾱλ)

) [
1 + oλ

]

>

(
r̃0

σ

)2
[
1− 2

(
G(αλ)+G(ᾱλ)

)
|r̃0/σ|

]

αλ G(αλ) + ᾱλG(ᾱλ)

[
1 + oλ

]

(a)
> ε2

[
1− 2

(
G(αλ) + G(ᾱλ)

)

ε
√

αλ G(αλ) + ᾱλ G(ᾱλ)

] [
1 + oλ

]

> ε2
[
1− 2

ε

√
G(αλ) + G(ᾱλ)

] [
1 + oλ

]
>

ε2

2
> 0 , (3.37)

where (a) follows from (3.36). Therefore, lim supλ→∞
D̃−D
σ2−D

> 0, which proves the

contrapositive, and consequently, shows the necessity of condition B.

Finally, given that condition B is satisfied, it is easy to see that conditions A and

C on r̃−1 and r̃1, respectively, are necessary as well. This concludes the proof of the

theorem. ¤

We observe that the result concerning entropy, i.e. Theorem 6, is not affected

by the choice of reconstruction levels. Therefore, we obtain the following corollary,

which is a direct consequence of Theorems 6, 7, 9 and 11.

Corollary 12. Consider a family of infinite-level uniform threshold scalar quantiz-

ers, as in Theorem 11, with offsets α∆ and reconstruction levels {r̃∆,k} parameter-

ized by the step size ∆, 0 < ∆ < ∞, and with ∆ → ∞ implying α∆∆ → ∞ and

(1−α∆)∆ →∞. For this family, the rate of the quantizers goes to 0 as D → σ2 with
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the same slope as that of the operational rate-distortion function of infinite-level uni-

form threshold quantization if and only if the reconstruction levels satisfy conditions

A,B and C of Theorem 11.

3.3 Binary Quantizers

A binary (two-level) scalar quantizer is characterized by three numbers: a thresh-

old t and two reconstruction levels r1 < t and r2 ≥ t. Let S1(t) = (−∞, t) and

S2(t) = [t,∞) be the two quantization cells, and let the quantization rule be q(x) = rk

when x ∈ Sk, k = 1, 2.

As in the previous section, the source considered is stationary, memoryless Gaus-

sian with mean zero and variance σ2, and the reconstruction levels r1 and r2 are taken

to be the cell centroids, unless otherwise specified. We let Pk or Pk(t, σ
2) denote the

probability of the source value lying in Sk, k = 1, 2.

Let H(t, σ2) = H(P1(t, σ
2), P2(t, σ

2)) denote the entropy of the quantizer output

with threshold t for the Gaussian source. Let D(t, σ2)
∆
=

∫∞
−∞(x − q(x))2f(x) dx

denote the mean-squared error distortion of this quantizer on this source. The oper-

ational rate-distortion function of binary quantization for this source is RB,σ2(D) =

inft:D(t,σ2)≤D H(t, σ2), which specifies the least entropy of any such quantizer with

mean-squared error D or less.

It is easy to see that P (t, σ2) = P ( t
σ
, 1), H(t, σ2) = H( t

σ
, 1), D(t, σ2) = σ2D( t

σ
, 1),

and RB,σ2(D) = RB,1(
D
σ2 ). Hence it is convenient to parameterize Pk and H by λ = t

σ
,

i.e. Pk(λ) and H(λ). Due to the symmetry of the Gaussian density, it suffices to

restrict attention to t ≥ 0.

As before, we will find asymptotic low resolution approximations to entropy and

distortion, and then combine these to determine the asymptotic low resolution ex-
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pression for RB,σ2(D). We also determine which cells dominate entropy and distortion,

and we relax the requirement that the levels be centroids. Since the derivations in

the binary case are similar in spirit to those in the uniform case, we will only state

the results and provide no proofs, so as to spare the reader repetitive details.

Theorem 13. For a binary scalar quantizer with threshold t applied to a Gaussian

source with mean zero and variance σ2

H(λ) =
log e

2
λG(λ)

[
1 + oλ

]
,

where as indicated earlier λ = t
σ
, H(λ) = H(P−1(λ), P1(λ)) and G(x) denotes a

zero-mean, unit-variance Gaussian density.

Theorem 14. For a binary scalar quantizer with threshold t and reconstruction levels

at cell centroids applied to a Gaussian source with mean zero and variance σ2

σ2 −D(t, σ2)

σ2
= λG(λ)

[
1 + oλ

]
,

where λ = t
σ
.

Theorem 15. In the low resolution region, the operational rate-distortion function

of binary scalar quantization for a Gaussian source with variance σ2 is

RB,σ2(D) =
log e

2

(
1− D

σ2

)[
1 + o

D→σ2

]
.

Notice that the expression given in this theorem for binary quantization is pre-

cisely the same as that given in Theorem 9 for infinite-level uniform threshold quan-

tization, which in turn matches the Shannon rate-distortion function in the low reso-

lution region. We conclude that binary quantization is another type of quantization

that is asymptotically optimal in the low resolution region.
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We now comment on the cells that dominate the entropy and distortion. As

before, when entropy is small, it is dominated by the cell that has largest probability

not close to one, which is S2. And just as with uniform quantizers, when distortion is

close to σ2, σ2−D is dominated by the cell whose probability is nearly one, namely,

S1. That is, σ2−D1

σ2−D
≈ 1.

As with uniform quantizers, the requirement for cell centroids can be relaxed

somewhat. The following two theorems and corollary are the direct equivalents of

Theorem 10, Theorem 11 and Corollary 12.

Theorem 16. For a binary scalar quantizer with reconstruction levels r̃t,1, r̃t,2 that

are not necessarily centroids, and a Gaussian source with mean zero and variance

σ2, the distortion D̃(t, σ2, r̃t,1, r̃t,2) satisfies

D̃(t, σ2, r̃t,1, r̃t,2)−D(t, σ2)

σ2
= λG(λ)

[( r̃t,2 − t

t

)2[
1 + oλ

]
+

( r̃t,2 − t

t

)
oλ + oλ

]

+ 2 G(λ)
( r̃t,1

σ

) [
1 + oλ

]
+

( r̃t,1

σ

)2 [
1 + oλ

]
,

where λ = t
σ

and D(t, σ2) is the distortion induced by cell centroids.

Theorem 17. Consider a family of binary scalar quantizers whose reconstruction

levels r̃t,1, r̃t,2 are parameterized by the threshold t, 0 < t < ∞. Such reconstruction

levels are asymptotically low resolution optimal for a Gaussian source with mean zero

and variance σ2 if and only if the following hold:

A. r̃t,1 =
√

λG(λ) ot ,

B. r̃t,2 = t
[
1 + ot

]
,

where λ = t
σ
, and by “asymptotically low resolution optimal” we mean

limt→∞
σ2−D̃(t,σ2,r̃t,1,r̃t,2)

σ2−D(t,σ2)
= 1, with D̃(t, σ2, r̃t,1, r̃t,2) and D(t, σ2) denoting distortion

assuming parametric and centroid levels, respectively.
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Corollary 18. Consider a family of binary scalar quantizers, as in Theorem 17,

whose reconstruction levels r̃t,1, r̃t,2 are parameterized by the threshold t, 0 < t < ∞.

For this family, the rate of the quantizers goes to 0 as D → σ2 with the same slope

as that of the operational rate-distortion function of binary scalar quantization if and

only if the reconstruction levels satisfy conditions A and B of Theorem 17.

3.4 Conclusions

We considered infinite-level uniform threshold and binary scalar quantizers in the

asymptotic case that the cell sizes go to infinity (for the uniform case) and that the

quantizer threshold goes to infinity (for the binary case). In both cases the source of

the quantizers was Gaussian. We derived simple formulas for the rate of convergence

of entropy to zero and of mean-squared error distortion to the source variance.

The convergence of entropy and distortion as λ →∞ for uniform quantization is

not uniform in the offset α. The derived formulas show how entropy and distortion

depend on α as well as λ. Specifically, they provide accurate approximations when

both αλ and ᾱλ are large.

Using these convergence formulas, the operational rate-distortion of infinite-level

uniform threshold and binary scalar quantization was shown to approach zero as

D → σ2 with the same slope as that of the Shannon rate-distortion function. This

shows that in the low resolution region scalar quantization is asymptotically optimal.

Finally, necessary and sufficient conditions on the reconstruction levels were pro-

vided, both in the uniform and binary cases, under which the entropy approaches

zero as D → σ2 with the same slope as the operational rate-distortion function of

scalar quantization, and in turn the Shannon rate-distortion function.
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Appendix

Lemma A1. For a unit variance continuous source with infinite support, the op-

erational rate-distortion function RU,1,α(D) of infinite-level uniform threshold scalar

quantization with a fixed offset 0 < α < 1 satisfies

lim inf
D→1

RU,1,α(D)

1−D
≥ lim inf

λ→∞
H(α, λ)

1−D(α, λ, 1)
.

Proof: To keep notation short, we omit the α and the σ2 = 1 from all quantities

except RU,1,α(D). For 0 ≤ D < 1, let

λ∗D
∆
= min

{
λ ≥ 0 : D(λ) ≤ D, and H(λ) = RU,1,α(D)

}
, (A1)

with the conventions that D(0) = 0 and H(0) = ∞. We need to show that the above

is well defined, and we will also show that D → 1 implies λ∗D → ∞, from which

the result of the lemma will easily follow. In order to do so, we first prove two facts

about RU,1,α(D).

We will use without proof the easily seen properties that for 0 ≤ λ < ∞, D(λ) <

1, H(λ) > 0, D(λ) and H(λ) are continuous functions of λ, limλ→∞ D(λ) = 1, and

limλ→∞ H(λ) = 0.

The first fact is that for D < 1, there exists λ ≥ 0 such that D(λ) ≤ D and

H(λ) = RU,1,α(D). This is because RU,1,α(D) is defined as the infimum of the contin-

uous function H(λ) over the set {λ ≥ 0 : D(λ) ≤ D}, which is not empty (because

D(0) = 0), closed (because D(λ) is continuous), bounded below by 0, and bounded

above (because D(λ) → 1 implies D(λ) > D for all sufficiently large λ).

The second fact is that D → 1 implies RU,1,α(D) → 0. To demonstrate this,

let λD
∆
= min{λ ≥ 0 : D(λ) = D}, which is well defined because the set {λ ≥ 0 :

D(λ) = D} is not empty (because D(λ) goes continuously from 0 to 1 as λ ranges
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from 0 to ∞), closed (because D(λ) is continuous), and bounded (because λ ≥ 0 and

D(λ) > D for all sufficiently large λ). It now follows straightforwardly from the facts

that D(λ) is continuous, D(λ) < 1 for all 0 ≤ λ < ∞, and limλ→∞ D(λ) = 1 that

D → 1 implies λD → ∞. Combining this with the property stated earlier, we have

that D → 1 implies H(λD) → 0. Therefore, D → 1 implies RU,1,α(D) ≤ H(λD) → 0.

Returning to λ∗D, the first of the two facts above shows that the set {λ ≥ 0 :

D(λ) ≤ D,H(λ) = RU,1,α(D)} is not empty. It is bounded because it is a subset

of {λ ≥ 0 : D(λ) ≤ D}, which was earlier shown to be bounded, and it is closed

because D(λ) and H(λ) are continuous functions. It follows that λ∗D is well defined.

Since by the definition of λ∗D, H(λ∗D) = RU,1,λ(D), it follows from the second

fact above that D → 1 implies H(λ∗D) → 0. As we now show, this implies that

λ∗D → ∞. To do so, we prove the contrapositive. Accordingly, if λ∗D 6→ ∞, then

there exists λo < ∞ such that for all D < 1 there exists D′, D ≤ D′ < 1 such

that λ∗D′ ≤ λo. Consequently, H(λ∗D′) ≥ γ
∆
= minλ≤λo H(λ) > 0, where the second

inequality follows from the fact H(λ) is continuous and positive on the closed set

{0 ≤ λ ≤ λo}. It follows that lim infD→1 H(λ∗D) ≥ γ. Therefore, λ∗D 6→ ∞ as D → 1

implies H(λ∗D) 6→ 0 as D → 1. The contrapositive together with the fact above that

D → 1 implies H(λ∗D) → 0 shows that D → 1 implies λ∗D →∞.

The statement of the lemma is now demonstrated as follows:

lim inf
D→1

RU,1,α(D)

1−D

(a)
= lim inf

D→1

H(λ∗D)

1−D

(b)

≥ lim inf
D→1

H(λ∗D)

1−D(λ∗D)

(c)
= lim inf

λ→∞
H(λ)

1−D(λ)
,

where (a) and (b) follow from the definition of λ∗D, and (c) follows from having D → 1

imply λ∗D →∞. ¤
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CHAPTER IV

Entropy of Highly Correlated Quantized Data

4.1 Introduction

This chapter considers the following question concerning quantization and en-

coding of oversampled data. The problem of oversampling and and quantization has

been widely addressed in the literature, for example [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. But

the question posed below has not been answered. Suppose a continuous-time station-

ary random process X is sampled from the interval [0, 1] every τ seconds, quantized

with some fixed scalar quantizer Q, and then encoded with an ideal entropy coder

at rate Hτ (Q(X)) bits/sample, where Q(X) denotes the quantized samples over the

interval [0, 1], and Hτ denotes the joint entropy of these quantized samples divided

by the number of samples (it is subscripted by τ to reflect that the statistics of the

quantized samples depend on τ).

As the sampling interval decreases to zero, what happens to the rate R (bits/second)

at which bits are produced by the entropy coder? Does it go to zero? Remain finite?

Tend to infinity? The answer is not obvious in that Rτ = 1
τ
Hτ (Q(X)) is the product

of 1/τ , which increases to infinity, and Hτ (Q(X)), which decreases to zero, due to the

fact that the samples (and consequently, the quantized samples) become increasingly

correlated as τ decreases. Essentially, the question asks if the increasing correlation

111
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can be sufficiently exploited to counteract the increasingly large number of samples.

The first result of this paper shows that under very mild conditions, the answer is

no. That is, Rτ tends to infinity. In other words, although Hτ (Q(X)) approaches

zero, it becomes large relative to τ .

This is not what was anticipated. Instead, it seemed plausible that Rτ would fol-

low the trend of ideal rate-distortion coding and approach a finite value. Specifically,

suppose that instead of a scalar quantizing and ideal entropy coding over the finite

interval [0, 1], the process were sampled over the interval (−∞,∞), and the samples

were lossy encoded with an ideal rate-distortion encoder with the same distortion as

the scalar quantizer. Then the encoder would produce 1
τ
Rτ (D) bits/sec, where D is

the distortion of the scalar quantizer, and Rτ (D) is the rate-distortion function (in

bits/sample) of the sampled random process (subscripted to reflect the dependence

of the discrete-time process on τ). In the Gaussian case, for example, it is well-

known that as τ decreases to zero, 1
τ
Rτ (D) approaches R(D), the rate-distortion

function of the continuous-time random process X [11, 12]. Since R(D) is ordinarily

finite, we see that restricting the lossy encoder to be a combination of a fixed scalar

quantizer and an ideal (sampling-rate adapted) entropy coder over the interval, in-

creases the limiting rate from finite to infinite. This may be surprising because one

generally expects scalar quantization with entropy coding to have rate that exceeds

the rate-distortion function by at most a constant (c.f. [13, 14, 15]). However, this

expectation applies to discrete-time processes, and if the rate Hτ (Q(X)) of scalar

quantization with entropy coding exceeds Rτ (D) by, say, c bits/sample, then when

τ is small, Rτ = 1
τ
Hτ (Q(X)) exceeds R(D) ≈ 1

τ
Rτ (D) by approximately c/τ , which

is large.
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We comment that it is not clear whether the restriction to a finite interval or

the use of fixed scalar quantization with entropy coding causes the rate to tend to

infinity as the sampling interval goes to zero. We believe that both play some role in

this behavior. Namely, if an infinite interval together with fixed scalar quantization

and entropy coding were considered, then there exist examples (see, for instance, the

example given by (6.1) in the Future Work Section of Chapter VI) for which the rate

does not tend to infinity, under the same conditions for which it does tend to infinity

when a finite interval is considered. However, requiring some additional conditions

may eliminate such examples and expose those cases where fixed scalar quantization

and entropy coding is the sole reason for the rate tending to infinity.

The question then arises as to how fast Rτ approaches infinity. In general, this

is a difficult question. To obtain a partial answer, we make the problem tractable

by considering Gaussian sources, uniform threshold quantization, and conditional

entropy coding that attains H
(
Q(Xτ ) |Q(X0)

)
instead of Hτ (Q(X)). The second

result of this paper (Theorem 7) can be applied so as to show that when τ is small

Rτ

∼≤ R̄τ
∆
=

1

τ
H

(
Q(Xτ ) |Q(X0)

) ≈ − 1

τ
M

√
1− ρ(τ) log2

√
1− ρ(τ) , (4.1)

where

M =
2
√

2

π

∞∑

k=0

e−
(k+1

2 )2∆2

2σ2 ,

∆ is the step size of the uniform quantizer, σ2 is the variance of X, and ρ(·) is

its normalized covariance function, i.e. ρ(τ) is the correlation coefficient between

adjacent samples of X. Note that the above expression for R̄τ depends only on the

behavior of ρ(τ) for τ near zero, where ρ(τ) ≈ 1. This means it does not depend on

spectral characteristics of X, such as whether the process is bandlimited or not.

For example, if ρ(τ) = e−|τ |, which implies X is Markov, and if τ is small, then
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√
1− ρ(τ)/σ2 ≈ √

τ , and

R̄τ ≈ − M

2

log2 τ√
τ

. (4.2)

Or if ρ(τ) = e−τ2
and τ is small, then

√
1− ρ(τ)/σ2 ≈ τ , and

R̄τ ≈ −M log2 τ . (4.3)

The organization of the chapter is as follows. The chapter is broken into two

main parts, each of which introduces relevant notation. The first part is composed

of Section 4.2 only, and shows that Rτ tends to infinity as τ goes to zero. The

second part, which consists of Sections 4.3 – 4.6, derives the asymptotic formula

for conditional entropy. Specifically, Section 4.3 states the result and a corollary,

Section 4.4 introduces necessary notation, Section 4.5 proves the result and its corol-

lary, and Section 4.6 provides proofs of lemmas that are used to show the result. In

Section 5.5 concluding remarks are offered. Finally, Appendix A contains proofs of

certain lemmas, and Appendix B contains a technical discussion regarding separa-

bility and measurability of random processes.

4.2 Joint entropy of quantized samples at high sampling
rates

Consider a continuous-time, stationary and continuous in probability1 random

process that is sampled every τ seconds. Each sample is quantized using an arbi-

trary, yet unchanging, scalar quantizer. This section addresses the question of what

happens to the joint entropy of the scalar quantized samples from some finite time

interval, as the sampling interval τ tends to zero? It will be shown that under a very

1Continuity in probability is a very mild technical condition that is needed to allow stationarity
to imply that the events {ω : Xt(ω) ≤ r, a < t < b} and {ω : Xt(ω) ≤ r, a + s < t < b + s} have
the same probability, and to ensure that when taking the expected value of the time integral of a
function of the random process, the expected value can be brought inside the integral.
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Xt

u

t0 2 Z 1

Figure 4.1: A sample path of the random process Xt on the interval [0, 1], which is
sampled and quantized. u is the quantization threshold considered, Z is
the first crossing time of u, and τ is the sampling interval.

mild condition the joint entropy tends to infinity as τ → 0. Specifically, we assume

that with positive probability the random process crosses (see Definition 2 below)

some quantization threshold. This will be our only additional assumption about the

random process, aside from stationarity. Next we provide a brief outline of the proof

and the issues involved in showing this result.

The key idea2 is showing that as τ → 0, one can obtain from the quantized

samples an increasingly accurate description of a quantity that has infinite entropy.

This in turn will imply that the joint entropy of the quantized samples tends to

infinity as τ → 0. More specifically, we consider the finite time interval [0, 1], and

let the approximated quantity be the time of the first crossing in [0, 1] of some quan-

tization threshold, which can be increasingly well approximated from the quantized

samples of the random process. It will follow that the joint entropy of the outputs

of the quantizers tends to infinity. This is illustrated in Figure 4.1. While the idea

is fairly simple, it does involve certain technical hurdles that need to be overcome.

Specifically, the following are needed:

2The author would like to thank Bruce Hajek for providing this idea.
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1. A useful definition of a crossing, whose time can be approximated.

2. A proof that with positive probability a first crossing indeed occurs.

3. The definition of a random variable that is a function of the quantization indices

that approximates the time of the first crossing, and a proof that it converges in

probability to the time of the first crossing.

4. A proof that the time of the first crossing has infinite entropy. In fact it is shown

that it has a property that is equivalent to absolute continuity on R.

5. A proof that 2, 3, and 4 above imply that the entropy of the approximating

random variable tends to infinity as the sampling interval goes to zero.

We proceed with some notation and the definition of a crossing, followed by a

formal statement of the result of this section and its proof.

Let {Xt, t ∈ T}, T = (−∞,∞), be a continuous-time random process, denoted

for short by X, which is defined over the probability space (Ω,F , P ). Let ω ∈ Ω

denote a point in Ω, which corresponds to a sample path denoted X(ω). We let

Xt(ω) denote the value of the sample path ω at time t.

We now discuss some technical regularity conditions that X must satisfy in order

that some basic operations are valid. Formal definitions and discussion are provided

in Appendix B. Sets of the form {ω : Xt(ω) ≤ r, a < t < b} need not be events

unless the process X is separable. Furthermore, given separability and stationarity,

one also needs to assume continuity in probability in order to have that the probability

of a shifted version of the above event, namely, {ω : Xt(ω) ≤ r, a+s < t < b+s}, s ∈

R, remains the same. Lastly, another property that is needed is measurability, which

ensures that when taking the expected value of the time integral of a function of the

random process, the expected value can be brought inside the integral. Thus, we
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observe that separability and measurability are technical regularity conditions that,

essentially, allow us to perform basic operations on random processes.

We note that for any process {Xt, t ∈ T}, there exists a process {X̃t, t ∈ T}

defined on the same probability space, which is separable and equivalent to the

original process Xt, i.e. whose finite dimensional distributions are the same as those

of Yt [16] (p. 42), [17] (pp. 89). Additionally, for any process {Xt, t ∈ T}, which

is continuous in probability, there exists a process {X̃t, t ∈ T} defined on the same

probability space, which is measurable and equivalent to Xt. Thus, by requiring

that the stationary random process Xt be continuous in probability, we may also

assume that it is separable and measurable (for if it is not, we can consider an

equivalent random process X̃t, which is). Consequently, we shall treat sets of the

form {ω : Xt(ω) ≤ r, a < t < b} as events whose shifts have the same probability.

For the benefit of those readers who are not well versed in these concepts, we provide

a more detailed discussion of separability and measurability in Appendix B.

Next, given some τ > 0, let τ denote a sampling interval and let Iτ
k (ω), k ∈ Z,

denote the quantization index of Xkτ (ω), when quantized by some scalar quantizer

q. We define the following.

Definition 1. Let u ∈ R, let δ > 0, and let h : R→ R be some function. Then

1. h has a u-crossing from below of size δ at t if (h(t− s) < u and h(t + s) ≥ u) or

(h(t− s) ≤ u and h(t + s) > u) for all 0 < s < δ.

2. h has a u-crossing from above of size δ at t if (h(t− s) ≥ u and h(t + s) < u) or

(h(t− s) > u and h(t + s) ≤ u) for all 0 < s < δ.

3. h has u-crossing of size δ at t if it has a u-crossing from below or from above of

size δ at t.
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Definition 2. Let u ∈ R and h : R → R be some function. h has a u-crossing at t

if there exists δ > 0 such that h has a u-crossing of size δ at t.

We now state the main result of this section.

Theorem 3. Let X be a continuous-time stationary and continuous in probability

random process defined over the probability space (Ω,F , P ). Let q be a quantizer

having a quantization threshold u such that Pr(X has a u-crossing in [0, 1]) > 0. Let

also 0 < τ < 1, and Nτ =
⌊

1
τ

⌋
. Then

lim
τ→0

H(Iτ
0 , Iτ

1 , . . . , Iτ
Nτ

) = ∞ .

Next, we provide some definitions and some lemmas that will be used to prove

Theorem 3. The following is a formal definition of first crossing mentioned earlier.

Zu
δ (ω) =





t, X(ω) has a first u-crossing in [0,1], it is at t, and it is of size δ

∞, else

.

Observe that Zu
δ is an extended-valued random variable. Note further that Zu

δ might

equal ∞ not only due to not having any u-crossing in [0, 1], but also due to having

an infinite number of crossings with no first crossing, e.g. sin 1
t
, with u = 0.

Let I(u) denote the quantization index with which u is associated. Let Kτ,u

denote the position, if there is one, of the first quantization index that is smaller

than I(u) such that the next quantization index is greater than or equal to I(u),

or vice versa, and if there is no such position, then Kτ,u equals some other value.

Specifically, if u is quantized to the cell that is to its right, namely, the cell containing

u is of the form [u, v), then given 0 < τ < 1 and Nτ =
⌊

1
τ

⌋
, we define

Kτ,u(ω) = smallest k ∈ {0, 1, . . . , Nτ − 1} such that
(
Iτ
k (ω) < I(u) and Iτ

k+1(ω) ≥ I(u)
)

or
(
Iτ
k (ω) ≥ I(u) and Iτ

k+1(ω) < I(u)
)
, or 2Nτ if no such k exists.
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If the cell containing u, is of the form (v, u], then change “ ≥ ” into “ > ” and “ < ”

into “ ≤ ” in the definition of Kτ,u above. Let also

Ẑτ,u(ω) = Kτ,u(ω) τ ,

which is the approximation of Zu
δ (ω) that can be determined from the quantized

samples.

We shall also need the following definitions:

Gu = {ω : X has a u-crossing in [0, 1]} ,

Gu
δ = {ω : X has a u-crossing of size δ in [0, 1]} ,

Gu
δ,t = {ω : X has a u-crossing of size δ at t} ,

Since u remains fixed throughout, for brevity we omit it from now on. We note that

the separability of X ensures that the above sets are events. We now proceed with

several lemmas.

Lemma 4. If P (G) > 0, then there exists δ > 0 such that

Pr
(
Zδ ∈

[δ

4
,
δ

2

])
> 0 .

Proof: Let us first observe that

Pr
(
Zδ ∈

[δ

4
,
δ

2

])
= Pr

(
X has a crossing of size δ in

[
δ
4
, δ

2

])
.

This follows from the fact that if X has a crossing of size δ in the interval
[

δ
4
, δ

2

]
,

then this crossing is the first crossing of size δ in [0, 1] and vice versa. We will show

that the probability of the right-hand term is positive, thus showing the lemma.

Let δn = 1
n
, n ∈ Z+. We observe that Gδn is an increasing sequence of sets whose

limit is G. Since P (G) > 0, there exists some no such that P (Gδno
) ≥ P (G)

2
. Next,
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set δ = δno = 1
no

, let Bi = [ i
4no

, i+1
4no

] = [ iδ
4
, (i+1)δ

4
] for 0 ≤ i ≤ 4no − 1, and define

Gδ(B) = {ω : X(ω) has a crossing of size δ in B} .

We now have that

P (G)

2
≤ P (Gδ) = P (

4no−1⋃
i=0

Gδ(Bi)) ≤
4no−1∑

i=0

P (Gδ(Bi)) .

It follows that there must exist i ∈ {0, 1, . . . , 4no − 1} for which

P (Gδ(Bi)) ≥ 1

4no

P (G)

2
=

δP (G)

8
.

Next, the stationarity of X implies that for any i, j ∈ {0, 1, . . . , 4no−1}, P (Gδ(Bi)) =

P (Gδ(Bj)). In particular, P (Gδ(B1)) ≥ δP (G)
8

> 0. Recalling that B1 = [ δ
4
, δ

2
] con-

cludes the proof of the lemma. ¤

Lemma 5. Let δ > 0. For any α > 0, there exists s > 0 such that

Pr(t− s < Zδ < t + s) < α ,

for any t.

Note that this lemma implies that Zδ is absolutely continuous on R. (In fact,

since probability spaces are finite measure spaces, this lemma is equivalent to absolute

continuity on R.)

Proof: The event that t − s < Zδ < t + s, i.e. that a first crossing of size δ occurs

in (t − s, t + s), is a subset of the event that any crossing of size δ occurs in that

interval (note that if t − s > 1 or t + s < 0, then Zδ = ∞ and, in particular, the

event t − s < Zδ < t + s has probability zero). We shall in fact upper bound the

probability of the latter. We begin by showing that for any t,

P (Gδ,t) = 0 . (4.4)
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To do so, we first make the following two definitions:

Φδ,t(ω) =





1, X(ω) has a crossing of size δ at t

0, else

,

and

A(ω) = {t : X(ω) has a crossing of size δ at t} = {t : Φδ,t(ω) = 1} . (4.5)

Since there can be at most countably many crossings of size δ, it follows that A(ω)

has Lebesgue measure zero. Thus, for any ω,
∫ 1

0
Φδ,t(ω) dt = 0, and therefore

E
[ ∫ 1

0
Φδ,t dt

]
= 0, where E denotes expectation. Consequently,

∫ 1

0

E[Φδ,t] dt = E
[ ∫ 1

0

Φδ,t dt
]

= 0 , (4.6)

where the swapping of integral and expectation is due to Fubini’s theorem [18]

(pp. 147-148), which can be used since X is measurable. The stationarity of X

implies that E[Φδ,t] is the same for all t. Combining this with (4.6), implies that

E[Φδ,t] = 0 for all t, which shows (4.4).

Next, define

Gδ,t,s = {ω : X(ω) has a crossing of size δ in (t− s, t + s)} .

We observe that for any t, as s → 0, Gδ,t,s is a decreasing collection of sets whose

limit is Gδ,t. Let α > 0 be given. Since, as shown, P (Gδ,t) = 0, it follows that there

exists some s for which P (Gδ,t,s) < α. Stationarity of X then implies that

P (Gδ,t,s) < α for any t . (4.7)

Finally, (4.7) implies that for any α > 0, there exists s > 0 such that for any t

Pr(t− s < Zδ < t + s) ≤ P (Gδ,t,s) < α ,

which concludes the proof of the lemma. ¤
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Lemma 6. Let B be an interval and let Z be a random variable such that Pr(Z ∈

B) > 0. Let Z also have the property that for any α > 0, there exists s > 0 such

that for any t, Pr(t− s < Z < t + s) < α. Finally, let {Zn} be a sequence of discrete

random variables such that for any ε > 0, limn→∞ Pr(|Z − Zn| < ε |Z ∈ B) = 1.

Then,

lim
n→∞

H(Zn) = ∞ .

Proof: We begin by writing

H(Zn) ≥ H(Zn|Z ∈ B) Pr(Z ∈ B) + H(Zn|Z ∈ Bc) Pr(Z ∈ Bc)

≥ H(Zn|Z ∈ B) Pr(Z ∈ B) = p̄
∑

k

p(zn,k|Z ∈ B) log
1

p(zn,k|Z ∈ B)
,

(4.8)

where {zn,k} are the values that Zn may assume, and p̄
∆
= Pr(Z ∈ B).

Let ε > 0 be given. Set An,ε = {|Z−Zn| < ε}. By assumption, limn→∞ Pr(An,ε |Z ∈

B) = 1 and limn→∞ Pr(Ac
n,ε |Z ∈ B) = 0, where c denotes set complement.

Next, let εm = 1
m

, m ∈ Z+. It follows from the fact that for any α > 0, there

exists s > 0 such that for any t, Pr(t − s < Z < t + s) < α, that there exists a

sequence {sm}∞m=1 such that for any m, Pr(t− sm < Z < t + sm) ≤ εm, for any t.

We now proceed by upper bounding p(zn,k |Z ∈ B).

p(zn,k |Z ∈ B) = Pr(Zn = zn,k, An,sm |Z ∈ B) + Pr(Zn = zn,k, A
c
n,sm

|Z ∈ B)

≤ Pr(Zn = zn,k, An,sm |Z ∈ B) + Pr(Ac
n,sm

|Z ∈ B)

=
Pr(Zn = zn,k, |Z − Zn| < sm, Z ∈ B)

Pr(Z ∈ B)
+ Pr(Ac

n,sm
|Z ∈ B)

≤ Pr(|Z − zn,k| < sm)

p̄
+ Pr(Ac

n,sm
|Z ∈ B)

≤ εm

p̄
+ Pr(Ac

n,sm
|Z ∈ B)

∆
= bn,m .
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Substituting the above into (4.8), we obtain

H(Zn) ≥ p̄

∞∑

k=1

p(zn,k |Z ∈ B) log
1

bn,m

= p̄ log
1

bn,m

.

We now observe that limn→∞ bn,m < 2εm

p̄
because Pr(Ac

n,sm
|Z ∈ B) → 0 as n →∞.

Therefore,

lim
n→∞

H(Zn) ≥ lim
n→∞

p̄ log
1

bn,m

> p̄ log
p̄

2εm

= p̄ log
mp̄

2
.

Finally, since m is arbitrary, it follows that limn→∞ H(Zn) = ∞, as we needed to

show. ¤

Proof of Theorem 3:

We claim the following three facts:

Fact A: There exists δo such that Pr
(
Zδo ∈

[
δo

4
, δo

2

])
> 0.

Fact B: For any α > 0, there exists s > 0 such that Pr(t − s < Zδo < t + s) < α,

for any t.

Fact C: For any ε > 0, limτ→0 Pr
(|Zδo − Ẑτ | < ε |Zδo ∈

[
δo

4
, δo

2

])
= 1.

Fact A follows from the fact that X has a crossing with positive probability, thus

stationarity implies that with positive probability it has a crossing in the interval

[0, 1]. Consequently, P (G) > 0 and applying Lemma 4 shows Fact A. Fact B is due

to Lemma 5. Fact C can be derived as follows: From the definition of a crossing of

size δo we have that if there is crossing from below (above) of size δo in [ δo

4
, δo

2

]
, then

all samples of X taken at times t ∈ [0, δo

4
) will lie below (above) u and all samples

of X taken at times t ∈ ( δo

2
, δo] will lie above (below) u. Thus, it follows that for

any ε > 0, if the sampling interval is sufficiently small, specifically, if τ < min{ δo

4
, ε},

then Pr(|Zδo − Ẑτ | < ε |Zδo ∈ [ δo

4
, δo

2
]) = 1, which implies Fact C.



124

Using these three facts, it now follows via Lemma 6, with B =
[

δo

4
, δo

2

]
in the

lemma, that

H(Iτ
1 , Iτ

2 , . . . , Iτ
Nτ

) ≥ H(Kτ ) ≥ H(Ẑτ ) −→∞ as τ −→ 0 , (4.9)

which concludes the proof of the theorem. ¤

4.3 Asymptotic formula for conditional entropy

The following is the main result of this section.

Theorem 7. Let X1 and X2 be jointly Gaussian random variables with zero mean,

variance σ2, and correlation coefficient ρ that are quantized with an infinite-level

uniform threshold quantizer with step size ∆, whose kth cell is [(k− 1
2
)∆, (k + 1

2
)∆).

Let λ = ∆
σ
. If I1 and I2 denote the integers representing the quantization indices

associated with X1 and X2, respectively, then

lim
ρ→1

H(I2|I1)

−Mλ

√
1− ρ log

√
1− ρ

= 1 ,

where

Mλ =
2
√

2

π

∞∑

k=0

e−
(k+1

2 )2λ2

2

is a positive constant that depends on the ratio ∆
σ
.

Corollary 8.

lim
λ→0

lim
ρ→1

H(I2|I1)

− 2√
π

1
λ

√
1− ρ log

√
1− ρ

= 1 .

Letting λ → 0 means the quantizers become high resolution. Intuitively this

should increase the conditional entropy. Indeed, the corollary shows that asymptot-

ically, as λ → 0, the increase in conditional entropy is of the order of 1
λ
.

We comment that (4.1) uses Theorem 7 to upper bound the rate at which the

joint entropy in Theorem 3 tends to infinity as τ → 0 in the case of infinite-level
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uniform scalar quantizers and a stationary Gaussian process. Equations (4.2) and

(4.3) provide explicit expressions for this upper bound in the case of exponential and

Gaussian autocorrelation functions.

4.4 Notation

The following notation is used throughout the remainder of the Chapter. X1 and

X2 denote jointly Gaussian random variables with zero mean and variance σ2. Their

correlation coefficient is denoted by ρ.

Let q denote the quantization rule of an infinite-level uniform threshold scalar

quantizer with step size ∆ such that Sk
∆
= [tk, tk+1) is the kth cell of the quantizer,

where tk
∆
= (k− 1

2
)∆ is the left threshold of the kth cell. We let I1 and I2 denote the

quantization indices representing the quantized values of X1 and X2, respectively,

where I1 = k if X1 lies in Sk, and similarly for I2 and X2. Let also λ
∆
= ∆

σ
, and let

σ2
ρ

∆
= σ2(1− ρ2) be the conditional variance of X2 given X1.

Let Pk
∆
= Pr(Ii = k), where i ∈ {1, 2}, and Pl|k

∆
= Pr(I2 = l|I1 = k). Ob-

serve that Pl|k depends on ρ, but to keep notation short, we do not write this de-

pendency explicitly. Let H denote the entropy function, i.e. H(..., z−1, z0, z1, ..) =

∑∞
k=−∞−zk log zk, where the zk’s are a finite or countably infinite set of nonnega-

tive numbers that need not sum to one, and where −0 log 0 is taken to be 0. All

logarithms are base 2, unless otherwise stated. Let also Hl|k = H(Pl|k). Thus, for

example with this notation, H(I2|I1 = k) =
∑∞

l=−∞ Hl|k =
∑∞

l=−∞H(Pl|k), Let also

Hq(f) = H(. . . , P−1(f), P0(f), P1(f), . . .), where Pi(f) =
∫

Si
f(x) dx. (Note that f

need not be a probability density function (pdf), but it will be nonnegative).

We let Nµ,σ2(x) denote a Gaussian pdf with mean µ and variance σ2 at point x.

Q(·) denotes the standard “Q function”, namely, Q(α)
∆
=

∫∞
α

1√
2π

e−
x2

2 dx. We define
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g(α)
∆
= Q(α)

1
2
e−

α2
2

for all α ≥ 0. We refer to g as the “correction factor” to the upper

bound 1
2
e−

α2

2 of the Q function (see Fact 1 below).

The following is a list of elementary facts about the Q, g and H functions that

will be useful throughout.

Fact 1: Q(x) ≤ 1
2
e−

x2

2 , for any x ≥ 0.

Fact 2: Q(x) < 1√
2πx

e−
x2

2 for any x > 0.

Fact 3: Q(x) > 1√
2πx

(1− 1
x2 )e

−x2

2 for any x > 0.

Fact 4: Q(xλ)−Q((x + 1)λ) > 1
2
√

2πxλ
e−

x2λ2

2 for all x > max{ 2
λ
, 2

λ2}, where λ > 0.

Fact 5: Q((a+1)z)
Q(az)

< 2e−
z2

2 for all az > 1
2
, where a, z > 0.

Fact 6: g(0) = 1, g(∞) = 0 and g(x) is a strictly decreasing function of x, for all

x ≥ 0.

Fact 7: −p log p is concave and attains its maximum at p = 1
e
.

Fact 8: p < p′ < 1
e

implies −p log p < −p′ log p′, and p > p′ > 1
e

implies −p log p <

−p′ log p′.

Fact 9: For any {ak} ∈ R+, H(
∑

k ak) <
∑

kH(ak).

Facts 1, 2 and 3 are shown in [19] (pp. 82-83); Facts 4 and 5 can be shown straight-

forwardly using Facts 2 and 3. The first two parts of Fact 6 are immediate, and

the monotonicity part follows from having g′(x) < 0 for all x ≥ 0, which can be

shown using Fact 2; Fact 7 is well-known; Fact 8 is a direct consequence of Fact 7;

and Fact 9 is a result of the concavity of H and can also be seen by showing that

−∑
k ak log ak +

∑
k(ak log

∑
k ak) > 0, or equivalently,

∑
k ak log

∑
k ak

ak
> 0, which

is clearly true.



127

4.5 Proofs of Theorem 7 and Corollary 8

Proof of Theorem 7:

First let us observe that finding a conditional entropy of the form H(I2|X1) is

not trivial. Since the conditional distribution of X2 given X1 is Gaussian, we have,

in fact, solved such a problem in Chapter III, where the output entropy of a uniform

quantizer with a Gaussian source has been evaluated. For the case examined here,

namely, finding the conditional entropy H(I2|I1), the situation worsens significantly

in terms of derivation difficulty. The reason for this stems from the fact that I1 is

the quantized version of X1, which in turn makes the conditional distribution of X2

given I1 = k no longer be Gaussian. Consequently, finding the conditional entropy

of I2 given I1 becomes quite difficult.

The key to finding this conditional entropy lies in understanding the behavior

of the conditional distribution of X2 given that I1 = k. To do so, we first write an

expression for fX2|I1(x|k). (Note that in the sequel we will use an alternate expression,

which will in all cases but Lemma 20, be more useful.)

fX2|I1(x|k) =

∫ tk+1

tk

fX2|X1(x|y)
fX1(y)

Pk

dy

=
1

Pk

∫ tk+1

tk

1√
2πσρ

e
− (x−ρy)2

2σ2
ρ

1√
2πσ

e−
y2

2σ2 dy . (4.10)

As can be seen from the equation above the conditional density of X2 given that

X1 lies in the kth cell is a weighted average of conditional densities of X2 given that X1

equals particular values in Sk, where the weighing function is Gaussian. The latter

conditional densities are Gaussian with mean ρ times the value of X1, and variance

σ2
ρ, i.e. when ρ is close to one, these conditional densities are very narrow Gaussians,

whose mean is close to the value of X1. We observe that since the weighing function is

Gaussian, if k is large, then X1 values that lie in the beginning of Sk, i.e. closer to the
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x1

S-1 S0 S1 S2 S3 ......

x2

S-1 S0 S1 S2 S3 ......

S14 S15 S17S16 S18

S14 S15 S16 S17 S18

(a)

x1

......

x2 ......

(b)

fX2|I1(x|k=1) fX2|I1(x|k=17)

Figure 4.2: The conditional pdf of X2 given that X1 lies in the kth quantization cell.
The used parameters are ∆ = 2, σ = 1 and ρ = 0.99 (a) k = 1. (b)
k = 17.

origin, are more significant in determining fX2|I1(x|k). Consequently, the larger the

value of k, the narrower fX2|I1(x|k) becomes. This, among other things, is illustrated

in Figure 4.2.

Next, let us consider in more detail the influence of k, i.e. the quantization cell

in which X1 lies, on fX2|I1(x|k). Suppose that ρ is very close to one, thus, X2 and

X1 are very correlated, which means that if X1 lies in quantization cell k, we would

expect that with high probability X2 would lie in the same cell. This intuitive notion

is illustrated in Figure 4.2a, where ρ = 0.99 and k = 1. However, we observe that

if k is is sufficiently large, then a seemingly strange thing happens, namely, X2 lies

with high probability in a different cell than the one in which X1 lies. Figure 4.2b

illustrates this phenomenon for the case that ρ = 0.99 and k = 17, for which X2 is lies

with high probability in cell 16 rather than 17. While this may indeed seem somewhat

bizarre at first glance, the reason for this shifting towards the origin phenomenon is

quite simple. Specifically, if X1 = x1, then EX2 = ρx1. Thus, no matter how close
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to one ρ may be, the distance between the value of X1, i.e. x1, and the mean of X2,

i.e. ρx1, equals (1− ρ)x1, which can be made arbitrarily large, (i.e. it can equal the

length of many quantization cells) by letting x1 be sufficiently large. The take away

message from this discussion should be that for any value of ρ, if k is sufficiently

small, then X2 lies in the kth cell with high probability, and if k is too large, then

this is no longer true.

Due to this behavior of the conditional distribution of X2 given I1 = k, the

main idea of the proof is to first approximate H(I2|I1) =
∑∞

k=−∞ H(I2|I1 = k)Pk,

by a truncated sum that only considers sufficiently small k values. Once such an

approximation is established, each term H(I2|I1 = k) can be dealt with more easily,

since X2 would be guaranteed to lie in the same cell as X1 with high probability.

The second step would then be to approximate H(I2|I1 = k) =
∑∞

l=∞H(Pl|k) by a

truncated sum, as well. The details are given below.

The proof is composed of five main steps, each showing that one term on the

right-hand side of the following equation converges to one as ρ → 1:

H(I2|I1)

MλH(
√

1− ρ )
=

H(I2|I1)∑
|k|≤N(ρ) H(I2|I1 = k)Pk

×
∑

|k|≤N(ρ) H(I2|I1 = k)Pk∑
|k|≤N(ρ)

(
Hk−1|k + Hk|k + Hk+1|k

)
Pk

×
∑

|k|≤N(ρ)

(
Hk−1|k + Hk|k + Hk+1|k

)
Pk∑

|k|≤N(ρ)

(
Hk−1|k + Hk+1|k

)
Pk

×
∑

|k|≤N(ρ)

(
Hk−1|k + Hk+1|k

)
Pk

H(
√

1− ρ2 )
∑

|k|≤N(ρ)

(
ML,λ(k) + MR,λ(k)

)

× H(
√

1− ρ2 )
∑

|k|≤N(ρ)

(
ML,λ(k) + MR,λ(k)

)

MλH(
√

1− ρ )
, (4.11)

where ML,λ(k) = 1
2π

e−
(k− 1

2 )2λ2

2 , MR,λ(k) = 1
2π

e−
(k+1

2 )2λ2

2 , and where N(ρ) is a carefully

chosen integer function of ρ that goes to infinity as ρ → 1. Specifically, the idea is to

choose N(ρ) so that on the one hand it grows slowly enough so that for |k| ≤ N(ρ),

fX2|I1(x|k) will be so concentrated on Sk that Pk|k ≈ 1 and H(I2|I1 = k) ≈ Hk−1|k +
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Hk|k + Hk+1|k, while on the other hand it grows fast enough that the first term on

the right hand side above tends to one as ρ → 1. A choice of N(ρ) that satisfies

these two competing requirements is

N(ρ) =
⌊(

ln
1

1− ρ

) 3
4 − 1

2

⌋
.

As mentioned above, our goal is to show that each of the five terms in (4.11) goes

to one as ρ → 1. To simplify matters slightly, we use the symmetry of the Gaussian

pdf and the uniform quantizers to focus on nonnegative k’s. Thus, we rewrite (4.11)

as follows:

H(I2|I1)

MλH(
√

1− ρ )
=

H(I2|I1)

2
∑N(ρ)

k=1 H(I2|I1 = k)Pk + H(I2|I1 = 0)P0

× 2
∑N(ρ)

k=1 H(I2|I1 = k)Pk + H(I2|I1 = 0)P0

2
∑N(ρ)

k=1

(
Hk−1|k + Hk|k + Hk+1|k

)
Pk +

(
H−1|0 + H0|0 + H1|0

)
P0

× 2
∑N(ρ)

k=1

(
Hk−1|k + Hk|k + Hk+1|k

)
Pk +

(
H0|0 + H0|0 + H1|0

)
P0

2
∑N(ρ)

k=1

(
Hk−1|k + Hk+1|k

)
Pk +

(
H−1|0 + H1|0

)
P0

× 2
∑N(ρ)

k=1

(
Hk−1|k + Hk+1|k

)
Pk +

(
H−1|0 + H1|0

)
P0

H(
√

1− ρ2 )
[
2
∑N(ρ)

k=1

(
ML,λ(k) + MR,λ(k)

)
+ ML,λ(0) + MR,λ(0)

]

×
H(

√
1− ρ2 )

[
2
∑N(ρ)

k=1

(
ML,λ(k) + MR,λ(k)

)
+ ML,λ(0) + MR,λ(0)

]

MλH(
√

1− ρ )
.

(4.12)

Before proceeding with the proof, we investigate and establish some properties of

fX2|I1(x|k), Pl|k and other important quantities that we will need. Lemmas will be

provided as needed; their proofs will be provided in Section 4.6. We begin by finding

an expression for the conditional pdf:

fX2|I1(x|k) =
Pr(I1 = k |X2 = x)fX2(x)

Pr(I1 = k)

=
1

Pk

fX2(x)

[
Q

(tk − ρx

σρ

)−Q
(tk+1 − ρx

σρ

)]
. (4.13)



131

For tractability we would like to drop the smaller of the two Q function terms in

the above expression, which leads us to define f̃X2|I1(x|k) as follows:

f̃X2|I1(x|k)
∆
=





1
Pk

fX2(x)Q
(

tk−ρx
σρ

)
, x < tk

ρ

1
Pk

fX2(x)
[
Q

(
tk−ρx

σρ

)−Q
( tk+1−ρx

σρ

)]
, tk

ρ
≤ x ≤ tk+1

ρ

1
Pk

fX2(x)Q
(ρx−tk+1

σρ

)
, x > tk+1

ρ

, (4.14)

It is easy to see that

fX2|I1(x|k) ≤ f̃X2|I1(x|k) for all x and k .

The following lemma shows that f̃X2|I1(x|k) is an asymptotically tight upper bound

to fX2|I1(x|k).

Lemma 9.

fX2|I1(x|k)

f̃X2|I1(x|k)
−→ 1 as ρ −→ 1, uniformly in k and x.

and consequently, for any 0 ≤ γ < 1, there exists ργ < 1 such that for all ρ > ργ,

fX2|I1(x|k) ≥ γf̃X2|I1(x|k) for all k and x.

We will find it useful to use the following alternate representation of f̃X2|I1(x|k):

f̃X2|I1(x|k) =





Lk(ρ)Ntkρ,σ2
ρ
(x)g

(
tk−ρx

σρ

)
, x < tk

ρ

N0,σ2(x)

Pk
− Lk(ρ)Ntkρ,σ2

ρ
(x)g

(
ρx−tk

σρ

)

−Rk(ρ)Ntk+1ρ,σ2
ρ
(x)g

( tk+1−ρx

σρ

)
, tk

ρ
≤ x ≤ tk+1

ρ

Rk(ρ)Ntk+1ρ,σ2
ρ
(x)g

(ρx−tk+1

σρ

)
, x > tk+1

ρ

, (4.15)

where

Lk(ρ)
∆
=

1

2

1

Pk

e−
t2k
2σ2

√
1− ρ2 and Rk(ρ)

∆
=

1

2

1

Pk

e−
t2k+1
2σ2

√
1− ρ2 .
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(4.15) is obtained by manipulating exponentials. For example, for the region x < tk
ρ
,

1

Pk

fX2(x)Q
(tk − ρx

σρ

)
=

1

Pk

1√
2πσ2

e−
x2

2σ2
1

2
e
− (tk−ρx)2

2σ2
ρ g

(tk − ρx

σρ

)

=
1

2

1

Pk

√
1− ρ2

1√
2πσ2(1− ρ2)

e
−x2−ρ2x2+t2k−2tkρx+ρ2x2

2σ2(1−ρ2) g
(tk − ρx

σρ

)

=
1

2

1

Pk

√
1− ρ2

1√
2πσρ

e
−x2−2tkρx+t2kρ2

2σ2(1−ρ2) e
− t2k−t2kρ2

2σ2(1−ρ2) g
(tk − ρx

σρ

)

=
1

2

1

Pk

e−
t2k
2σ2

√
1− ρ2

1√
2πσρ

e
− (x−tkρ)2

2σ2
ρ g

(tk − ρx

σρ

)

= Lk(ρ)Ntkρ,σ2
ρ
(x) g

(tk − ρx

σρ

)
.

Similar algebraic steps can be used for the regions tk
ρ
≤ x ≤ tk+1

ρ
and x > tk+1

ρ
. The

representation of f̃X2|I1(x|k) in (4.15) will be useful since it will turn out that Pk−1|k

and Pk+1|k converge to multiples of Lk(ρ) and Rk(ρ), respectively. This motivates us

to examine these quantities. Specifically, the following lemma provides upper and

lower bounds to Lk(ρ) and Rk(ρ).

Lemma 10. For all ρ the following is true,

A. Lk(ρ) <
√

1− ρ2
√

2πkλ for k > Nλ ,

B. Lk(ρ) >
√

1− ρ2 for k ≥ 1 ,

C. Rk(ρ) <
√

1− ρ2

√
π

2

1

λ
for k ≥ 0 ,

D. Rk(ρ) >
√

1− ρ2 e−kλ2

for k ≥ 1 ,

where Nλ = 1
2

+ max{ 2
λ
, 1

λ2}.

Next, when considering the second, third and fourth terms on the right-hand

side of (4.12), Pk−1|k and Pk+1|k for 0 ≤ k ≤ N(ρ), will play a key role; hence

we shall find expressions for these. (It will turn out that finding an expression

for Pk|k can be avoided.) From Lemma 9 it will follow that it will be enough to
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use f̃X2|I1(x|k) rather than fX2|I1(x|k), i.e.
∫ tk+2

tk+1
f̃X2|I1(x|k) dx will be shown to be

a sufficiently good approximation to Pk+1|k as ρ → 1, and similarly it will follow

that
∫ tk

tk−1
f̃X2|I1(x|k) dx is a sufficiently good approximation to Pk−1|k as ρ → 1.

However, since we are considering k ≥ 0, one can see from (4.14) and (4.15) that the

expression for f̃X2|I1(x|k) in the interval [tk+1,
tk+1

ρ
] is rather complicated. Therefore,

for analytical tractability we define

P ∗
k+1|k =

∫ tk+2

tk+1
ρ

fX2|I1(x|k) dx .

From its definition, it is easy to see that P ∗
k+1|k < Pk+1|k for all k ≥ 0. We will show,

however, that P ∗
k+1|k is a sufficiently good approximation of Pk+1|k, and consequently

we will be able to use P ∗
k+1|k instead of Pk+1|k.

We observe that since N(ρ) grows as ρ → 1, the number of summands in the

numerators and denominators of the second and third terms in (4.12) grow as well.

Consequently, when making convergence statements regarding Pk−1|k, Pk+1|k and

P ∗
k+1|k, we will require a kind of uniform convergence. To this end we define the

following limit notation, which captures the uniformity we require.

Definition 11. Let lim∗
ρ→1 f(k, ρ) = c mean that limρ→1 sup0≤k≤N(ρ) |f(k, ρ)−c| = 0,

where f(k, ρ) is a function of k and ρ, and c is some constant. In other

words, lim∗
ρ→1 f(k, ρ) = c if and only if limρ→1 sup0≤k≤N(ρ) f(k, ρ) = c and

limρ→1 inf0≤k≤N(ρ) f(k, ρ) = c.

The following lemma shows that certain properties of standard limits hold for

lim∗, as well.
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Lemma 12.

A. (Dominated Convergence Theorem) If sup0≤k≤N(ρ) |f(k, ρ, x)| ≤ G(x) a.e.

for some integrable function G, and lim∗
ρ→1 f(k, ρ, x) exists a.e., then

lim∗
ρ→1

∫
f(k, ρ, x) dx =

∫
lim∗

ρ→1 f(k, ρ, x) dx.

B. If lim∗
ρ→1 ak(ρ) and lim∗

ρ→1 bk(ρ) exist, then

lim∗
ρ→1

(
ak(ρ) + bk(ρ)

)
= lim∗

ρ→1 ak(ρ) + lim∗
ρ→1 bk(ρ).

C. If lim∗
ρ→1 ak(ρ) and lim∗

ρ→1 bk(ρ) exist, then

lim∗
ρ→1 ak(ρ) bk(ρ) = lim∗

ρ→1 ak(ρ) lim∗
ρ→1 bk(ρ).

D. Let bk(ρ) be positive for all ρ and 0 ≤ k ≤ N(ρ). If lim∗
ρ→1

ak(ρ)
bk(ρ)

= 1, then

limρ→1

∑N(ρ)
k=0 ak(ρ)

∑N(ρ)
k=0 bk(ρ)

= 1.

E. Let ck(ρ) and dk(ρ) be positive for all ρ and 0 ≤ k ≤ N(ρ). If lim∗
ρ→1

ak(ρ)
ck(ρ)

= 1

and lim∗
ρ→1

bk(ρ)
dk(ρ)

= 1, then lim∗
ρ→1

ak(ρ)+bk(ρ)
ck(ρ)+dk(ρ)

= 1.

F. If limz→zo G(z) = c and lim∗
ρ→1 ak(ρ) = zo, then lim∗

ρ→1 G
(
ak(ρ)

)
= c.

G. If limx
y
→z G(x, y) = c, lim∗

ρ→1
ak(ρ)
bk(ρ)

= z, then lim∗
ρ→1 G

(
ak(ρ), bk(ρ)

)
= c.

Next we provide five additional lemmas. Lemma 13 links Lk(ρ) and Rk(ρ)

to Pk−1|k and P ∗
k+1|k, respectively, which will illuminate the importance of Lk(ρ)

and Rk(ρ) and, hence, the reason for decomposing f̃X2|I1(x|k) according to (4.15).

Lemma 14 shows that P ∗
k+1|k is a sufficiently good approximation of Pk+1|k, Lemma 15

shows that Pk−1|k and Pk+1|k converge to zero in the lim∗ sense, Lemma 16 shows

how rapidly Pl(f) decays, where f is a Gaussian density, and Lemma 17 shows how

rapidly Pk+l|k and Pk−l|k decay in terms of P ∗
k+1|k for 0 ≤ k ≤ N(ρ) and l ≥ 2.
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Lemma 13.

A. lim
ρ→1

∗ Pk−1|k
1
π
Lk(ρ)

= 1 ,

B. lim
ρ→1

∗ P ∗
k+1|k

1
π
Rk(ρ)

= 1 ,

and consequently,

C. for all ρ sufficiently close to one, P ∗
k+1|k <

1

2
Rk(ρ) <

√
2π

4λ

√
1− ρ2

for 0 ≤ k ≤ N(ρ) ,

D. for ρ sufficiently close to one, P ∗
k+1|k >

1

5
Rk(ρ) for 0 ≤ k ≤ N(ρ) ,

where the second inequality in C follows from Lemma 10 (part C).

Lemma 14.

lim
ρ→1

∗Pk+1|k
P ∗

k+1|k
= 1 .

Lemma 15.

A. lim
ρ→1

∗Pk−1|k = 0 ,

B. lim
ρ→1

∗Pk+1|k = 0 .

Lemma 16. Let f = Nµ,σ2 be a Gaussian density, and let j be such that µ ∈ Sj.

Then

A. Pj+l+1(f) <
1

2
Pj+l(f) for l ≥ B + 2 ,

B. Pj−l−1(f) <
1

2
Pj−l(f) for l ≥ B ,

where B
∆
= d σ2

∆2 ln 3e.

Lemma 17. For all ρ sufficiently close to one the following holds for 0 ≤ k ≤ N(ρ),

A. Pk+l|k < (P ∗
k+1|k)

l for l ≥ 2 ,

B. Pk−l|k < (P ∗
k+1|k)

l for l ≥ 2 .
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Now that we have established basic properties of Pk−1|k, Pk+1|k and P ∗
k+1|k, and

the rate of decay of certain conditional probabilities for arbitrary k values, we are

ready to proceed with the main part of the proof and show that each of the five

terms in (4.12) converges to one as ρ → 1. We consider the terms in the following

order: second, first, third, fourth and fifth.

The following lemma shows the second term converges to one as ρ → 1.

Lemma 18.

lim
ρ→1

2
∑N(ρ)

k=1 H(I2|I1 = k)Pk + H(I2|I1 = 0)P0

2
∑N(ρ)

k=1

(
Hk−1|k + Hk|k + Hk+1|k

)
Pk +

(
H−1|0 + H0|0 + H1|0

)
P0

= 1 .

The following two lemmas are needed in order to show that the first term in

(4.12) converges to one.

Lemma 19. Let f = Nµ,σ2 be a Gaussian density. Then,

Hq(f) < 2
⌈ σ2

∆2
ln 3

⌉
+ 10 .

Lemma 20. There exists a constant M such that for all ρ and k,

H(I2|I1 = k) < M .

The next lemma shows that the first term in (4.12) converges to one as ρ → 1.

Lemma 21.

lim
ρ→1

H(I2|I1)

2
∑N(ρ)

k=1 H(I2|I1 = k)Pk + H(I2|I1 = 0)P0

= 1 .

Finally, the next three lemmas show that the third, fourth and fifth terms, re-

spectively, converge to one, and conclude the proof of the theorem.

Lemma 22.

lim
ρ→1

2
∑N(ρ)

k=1

(
Hk−1|k + Hk|k + Hk+1|k

)
Pk +

(
H0|0 + H0|0 + H1|0

)
P0

2
∑N(ρ)

k=1

(
Hk−1|k + Hk+1|k

)
Pk +

(
H−1|0 + H1|0

)
P0

= 1 .
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Lemma 23.

lim
ρ→1

2
∑N(ρ)

k=1

(
Hk−1|k + Hk+1|k

)
Pk +

(
H−1|0 + H1|0

)
P0

H(
√

1− ρ2 )
[
2
∑N(ρ)

k=1

(
ML,λ(k) + MR,λ(k)

)
+

(
ML,λ(0) + MR,λ(0)

)] = 1 .

Lemma 24.

lim
ρ→1

H(
√

1− ρ2 )
[
2
∑N(ρ)

k=1

(
ML,λ(k) + MR,λ(k)

)
+

(
ML,λ(0) + MR,λ(0)

)]

MλH(
√

1− ρ )
= 1 .

¤

Proof of Corollary 8:

From Theorem 7 limρ→1
H(I2|I1)

−Mλ
√

1−ρ log
√

1−ρ
= 1, where Mλ = 2

√
2

π

∑∞
k=0 e−

(k+1
2 )2λ2

2 .

What needs to be shown is that limλ→0
Mλ
2√
π

1
λ

= 1. We have

∞∑

k=0

e−
(k+1

2 )2λ2

2 =
√

2π
1

λ

∞∑

k=0

λ√
2π

e−
(k+1

2 )2λ2

2 >
√

2π
1

λ

∫ ∞

1
2

N0, 1
λ2

(x) dx =
√

2π
1

λ
Q

(λ

2

)
.

Similarly, we have

∞∑

k=0

e−
(k+1

2 )2λ2

2 =
√

2π
1

λ

∞∑

k=0

λ√
2π

e−
(k+1

2 )2λ2

2 <
√

2π
1

λ

∫ ∞

− 1
2

N0, 1
λ2

(x) dx =
√

2π
1

λ
Q

(−λ

2

)
.

Since limλ→0 Q
(

λ
2

)
= limλ→0 Q

(− λ
2

)
= 1

2
, it follows that limλ→0

Mλ
2√
π

1
λ

= 1, concluding

the proof of the corollary. ¤

4.6 Lemma Proofs

Proof of Lemma 9:

We notice from (4.14) that there are three regions to consider: x < tk
ρ
, tk

ρ
≤ x ≤

tk+1

ρ
and x > tk+1

ρ
. Observe that for any k, f̃X2|I1(x|k) = fX2|I1(x|k), for tk

ρ
≤ x ≤ tk+1

ρ
.

Thus, the lemma holds trivially in this region. Next, we will show that the lemma

holds for x < tk
ρ
. The result for x > tk+1

ρ
can be shown in a similar way.

fX2|I1(x|k)

f̃X2|I1(x|k)
=

1
Pk

fX2(x)
[
Q

(
tk−ρx

σρ

)−Q
( tk+1−ρx

σρ

)]

1
Pk

fX2(x) Q
(

tk−ρx
σρ

) = 1−
Q

( tk+1−ρx

σρ

)

Q
(

tk−ρx
σρ

) .
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We now focus on showing that the fraction on the right-hand side above ap-

proaches zero. Specifically,

Q
( tk+1−ρx

σρ

)

Q
(

tk−ρx
σρ

) =

1
2
e
− (tk+1−ρx)2

2σ2
ρ g

( tk+1−ρx

σρ

)

1
2
e
− (tk−ρx)2

2σ2
ρ g

(
tk−ρx

σρ

) <
e
− (tk+1−ρx)2

2σ2
ρ

e
− (tk−ρx)2

2σ2
ρ

= e
t2k−t2k+1+2(tk+1−tk)ρx

2σ2
ρ

< e
t2k−t2k+1+2(tk+1−tk)tk

2σ2
ρ = e

− (tk+1−tk)2

2σ2
ρ = e

− ∆2

2σ2
ρ = e

− λ2

2(1−ρ2) ,

where the first inequality follows from tk+1−ρx

σρ
> tk−ρx

σρ
and the fact that g is mono-

tonically decreasing (Fact 6). The second inequality follows from the facts that

tk+1 − tk > 0 and x < tk
ρ
. Finally, it follows that

lim
ρ→1

sup
k,x<

tk
ρ

∣∣∣∣∣
Q

( tk+1−ρx

σρ

)

Q
(

tk−ρx
σρ

)
∣∣∣∣∣ < lim

ρ→1
sup

k,x<
tk
ρ

∣∣∣∣e
− λ2

2(1−ρ2)

∣∣∣∣ = 0 ,

which concludes the proof of the lemma. ¤

Proof of Lemma 10:

We begin by showing Part A.

Lk(ρ)√
1− ρ2

=
1

2

1

Q
(
(k − 1

2
)λ

)−Q
(
(k + 1

2
)λ

)e−
t2k
2σ2

<
√

2π(k − 1

2
)λe

(k− 1
2 )2λ2

2 e−
(k− 1

2 )2λ2

2 <
√

2πkλ ,

where the first inequality follows from Fact 4 and having k − 1
2

> max{ 2
λ
, 1

λ2}.

Next, Parts B and C are shown as follows:

Lk(ρ)√
1− ρ2

=
1

2

1

Q( tk
σ
)−Q( tk+1

σ
)
e−

t2k
2σ2 >

1

2

1

1
2
e−

t2
k

2σ2

e−
t2k
2σ2 = 1 ,

where the inequality follows from dropping the smaller of the two Q terms and using

Fact 1 to upper bound the remaining Q term (since k ≥ 1, Fact 1 can be used).

Rk(ρ)√
1− ρ2

=
1

2

1∫ tk+1

tk
N0,σ2(x) dx

e−
t2k+1
2σ2 <

1

2√
2πσ

e−
t2
k+1

2σ2 ∆

e−
t2k+1
2σ2 =

√
π

2

1

λ
,
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where the inequality follows from substituting the Gaussian pdf with its value at the

upper bound of the integral (recalling that k ≥ 0) over the whole integration region.

Finally, Part D follows in a similar way to Part B. Specifically,

Rk(ρ)√
1− ρ2

=
1

2

1

Q( tk
σ
)−Q( tk+1

σ
)
e−

t2k+1
2σ2 >

1

2

1

1
2
e−

t2
k

2σ2

e−
t2k+1
2σ2 = e−kλ2

,

where the inequality follows from dropping the small Q function and using Fact 1 to

upper bound the large Q function (recalling that k ≥ 1, thus Fact 1 can be used). ¤

Proof of Lemma 12:

We show the statements of the lemma in the following order: G, F, C, B, D, E

and A. Consider Part G. Let ε > 0 be given. Then by assumption there exists δ > 0

such that if
∣∣x

y
− z

∣∣ < δ, then |G(x, y) − c| < ε. Similarly, by assumption, there

exists ρo such that for all ρ > ρo, sup0≤k≤N(ρ)

∣∣ak(ρ)
bk(ρ)

− z
∣∣ < δ. Combining the last two

statements it follows that for all ρ > ρo, sup0≤k≤N(ρ)

∣∣G(
ak(ρ), bk(ρ)

)− c
∣∣ < ε. Since

ε is arbitrary, the result follows.

Part F is a special case of Part G with, for example, x = zo, y = 1, lim∗
ρ→1

ak(ρ) =

zo and bk(ρ) = 1 for all ρ and for 0 ≤ k ≤ N(ρ).

Next, we show Part C. Let lim∗
ρ→1 ak(ρ) = a, lim∗

ρ→1 bk(ρ) = b. Then,

lim
ρ→1

sup
0≤k≤N(ρ)

ak(ρ) bk(ρ) ≤ lim
ρ→1

sup
0≤k≤N(ρ)

ak(ρ) lim
ρ→1

sup
0≤k≤N(ρ)

bk(ρ) = ab ,

and

lim
ρ→1

inf
0≤k≤N(ρ)

ak(ρ) bk(ρ) ≥ lim
ρ→1

inf
0≤k≤N(ρ)

ak(ρ) lim
ρ→1

inf
0≤k≤N(ρ)

bk(ρ) = ab ,

where the equalities in the two equations above follow from the definition of lim∗.

Combining the two equations above and using the definition of lim∗, we obtain that

lim∗
ρ→1 ak(ρ) bk(ρ) = ab, which is what was needed to show. Part B can be shown in

a similar way.
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We proceed with Part D. Since lim∗
ρ→1

ak(ρ)
bk(ρ)

= 1, it follows that for any ε > 0,

there exists ρo such that for all ρ > ρo and for 0 ≤ k ≤ N(ρ), 1− ε < ak(ρ)
bk(ρ)

< 1 + ε.

Consequently, for all such ρ, 1 − ε <
∑N(ρ)

k=0 ak(ρ)
∑N(ρ)

k=0 bk(ρ)
< 1 + ε. Since ε is arbitrary, the

result follows. Part E can be shown in a similar way.

Finally, we show Part A as follows:

lim
ρ→1

sup
0≤k≤N(ρ)

∫
f(k, ρ, x) dx ≤ lim

ρ→1

∫
sup

0≤k≤N(ρ)

f(k, ρ, x) dx

(a)
=

∫
lim
ρ→1

sup
0≤k≤N(ρ)

f(k, ρ, x) dx
(b)
=

∫
lim
ρ→1

∗f(k, ρ, x) dx ,

(4.16)

where (a) follows from having | sup0≤k≤N(ρ) f(k, ρ, x)| ≤ sup0≤k≤N(ρ) |f(k, ρ, x)| ≤

G(x) a.e. and having limρ→1 sup0≤k≤N(ρ) f(k, ρ, x) exist a.e. (due to the fact that

if lim∗
ρ→1 f(k, ρ, x) exists, it equals limρ→1 sup0≤k≤N(ρ) f(k, ρ, x)), and applying the

dominated convergence theorem3 [20] (p. 209), and (b) is due to the just mentioned

fact that if lim∗
ρ→1 f(k, ρ, x) exists, it equals limρ→1 sup0≤k≤N(ρ) f(k, ρ, x). In a similar

way we also have

lim
ρ→1

inf
0≤k≤N(ρ)

∫
f(k, ρ, x) dx ≥ lim

ρ→1

∫
inf

0≤k≤N(ρ)
f(k, ρ, x) dx

(a)
=

∫
lim
ρ→1

inf
0≤k≤N(ρ)

f(k, ρ, x) dx
(b)
=

∫
lim
ρ→1

∗f(k, ρ, x) dx ,

(4.17)

where (a) follows from having | inf0≤k≤N(ρ) f(k, ρ, x)| ≤ sup0≤k≤N(ρ) |f(k, ρ, x)| ≤

G(x) a.e. and having limρ→1 inf0≤k≤N(ρ) f(k, ρ, x) exist a.e. (due to the fact that

if lim∗
ρ→1 f(k, ρ, x) exists, it equals limρ→1 inf0≤k≤N(ρ) f(k, ρ, x)), and applying the

dominated convergence theorem, and (b) is due to the just mentioned fact that if

lim∗
ρ→1 f(k, ρ, x) exists, it equals limρ→1 inf0≤k≤N(ρ) f(k, ρ, x). Combining (4.16) and

3It is easily shown that the theorem applies when the integrand is parameterized by some t
converging continuously to some to, rather than some integer n converging to ∞.
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(4.17) concludes the proof of Part A and of the lemma. ¤

Proof of Lemma 13:

We begin by showing Part B of the lemma. From Lemma 9 and the definition of

P ∗
k+1|k and f̃X2|I1(x|k) we have that for all ρ and k,

P ∗
k+1|k < Rk(ρ)

∫ tk+2

tk+1
ρ

Ntk+1ρ,σ2
ρ
(x)g

(ρx− tk+1

σρ

)
dx , (4.18)

and that for any 0 ≤ γ < 1, there exists ργ < 1 such that for all ρ > ργ and all k,

P ∗
k+1|k > γRk(ρ)

∫ tk+2

tk+1
ρ

Ntk+1ρ,σ2
ρ
(x)g

(ρx− tk+1

σρ

)
dx . (4.19)

Assuming k ≥ 0, which is sufficient for the purpose of this lemma, we evaluate the

integrals above, as follows:

∫ tk+2

tk+1
ρ

Ntk+1ρ,σ2
ρ
(x)g

(ρx− tk+1

σρ

)
dx =

∫ tk+2−tk+1ρ

σρ

tk+1
ρ −tk+1ρ

σρ

N0,1(x) g
(ρσρx + tk+1ρ

2 − tk+1

σρ

)
dx

=

∫ tk+1(1−ρ)+∆

σρ

tk+1(1−ρ2)

ρσρ

N0,1(x) g
(
ρx− tk+1(1− ρ2)

σρ

)
dx

=

∫ ∞

0

N0,1(x) g
(
ρ(x− Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x) dx ,

(4.20)

where Sk,ρ
∆
= tk+1(1−ρ2)

ρσρ
, Tk,ρ

∆
= tk+1(1−ρ)+∆

σρ
, and IF (x) denotes the indicator function

of the event F . Next, we would like to apply Lemma 12 (Part A) to the right-hand

side above. To justify using this lemma, we first observe that for all x ∈ [0,∞), the

integrand is dominated by an integrable function because

sup
0≤k≤N(ρ)

∣∣∣N0,1(x) g
(
ρ(x− Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x)

∣∣∣ ≤ N0,1(x) .

Secondly, we need to show that show that lim∗
ρ→1N0,1(x) g

(
ρ(x− Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x)
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exists for almost all x ∈ [0,∞). For x ∈ (0,∞),

lim
ρ→1

sup
0≤k≤N(ρ)

N0,1(x) g
(
ρ(x− Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x) ≤ N0,1(x) lim

ρ→1
sup

0≤k≤N(ρ)

g
(
ρ(x− Sk,ρ)

)

(a)
= N0,1(x) lim

ρ→1
g
(
ρ(x− SN(ρ),ρ)

)

(b)
= N0,1(x) g(x) , (4.21)

where (a) follows from the monotonicity of g (Fact 6), and (b) follows from having

x > 0 and limρ→1 SN(ρ),ρ = 0. We also have for x > 0,

lim
ρ→1

inf
0≤k≤N(ρ)

N0,1(x) g
(
ρ(x− Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x)

≥ N0,1(x) lim
ρ→1

inf
0≤k≤N(ρ)

g
(
ρ(x− Sk,ρ)

)
lim
ρ→1

inf
0≤k≤N(ρ)

I(Sk,ρ,Tk,ρ)(x)

(a)
= N0,1(x) lim

ρ→1
g
(
ρ(x− S0,ρ)

)
lim
ρ→1

I(SN(ρ),ρ,T0,ρ)(x)

(b)
= N0,1(x) g(x) , (4.22)

where (a) follows from the monotonicity of g (Fact 6), and (b) is due to having

x > 0, limρ→1 S0,ρ = 0, limρ→1 SN(ρ),ρ = 0, and limρ→1 T0,ρ = ∞. Equations (4.21)

and (4.22) now imply that lim∗
ρ→1N0,1(x) g

(
ρ(x − Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x) = N0,1(x) g(x)

for all x ∈ (0,∞). Consequently, we may apply Lemma 12 (Part A) to the right-hand

side of (4.20) and obtain

lim
ρ→1

∗
∫ ∞

0

N0,1(x) g
(
ρ(x− Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x) dx

=

∫ ∞

0

lim
ρ→1

∗N0,1(x) g
(
ρ(x− Sk,ρ)

)
I(Sk,ρ,Tk,ρ)(x) dx

=

∫ ∞

0

N0,1(x) g(x) dx =

∫ ∞

0

1√
2π

e−
x2

2
Q(x)

1
2
e−

x2

2

dx

=

√
2

π

∫ ∞

0

Q(x) dx =
1

π
, (4.23)

Finally, combining the fact that γ in (4.19) can be chosen arbitrarily close to
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one, together with (4.18), (4.20) and (4.23), it follows that lim∗
ρ→1

P ∗
k+1|k

1
π

Rk(ρ)
= 1, which

concludes the proof of Part B.

Next, we show Part A, the proof of which is similar to the proof of Part B, up

to a point. Assume first that k ≥ 1. Then, tk < tk
ρ
, and using Lemma 9 and the

definition of f̃X2|I1(x|k) we have that for all ρ,

Pk−1|k < Lk(ρ)

∫ tk

tk−1

Ntkρ,σ2
ρ
(x)g

(tk − ρx

σρ

)
dx , (4.24)

and that for any 0 ≤ γ < 1, there exists ργ < 1 such that for all ρ > ργ,

Pk−1|k > γLk(ρ)

∫ tk

tk−1

Ntkρ,σ2
ρ
(x)g

(tk − ρx

σρ

)
dx . (4.25)

Next, we evaluate the integrals above as follows:

∫ tk

tk−1

Ntkρ,σ2
ρ
(x)g

(tk − ρx

σρ

)
dx =

∫ tk−tkρ

σρ

tk−1−tkρ

σρ

N0,1(x) g
(tk − ρ(xσρ + tkρ)

σρ

)
dx

=

∫ tk(1−ρ)

σρ

tk(1−ρ)−∆

σρ

N0,1(x) g
(tk(1− ρ2)

σρ

− ρx
)
dx

=

∫ 0

−∞
N0,1(x) g

(
Tk,ρ(1 + ρ)− ρx

)
I(Sk,ρ,Tk,ρ)(x) dx ,

(4.26)

where Sk,ρ
∆
= tk(1−ρ)−∆

σρ
and Tk,ρ

∆
= tk(1−ρ)

σρ
. We now introduce a modified version of

the lim∗ operator. Specifically, we let l̂im
∗

be the same operator as lim∗ except that

k is greater than or equal to one rather than zero. Namely, if l̂im
∗
fk(ρ) = c for some

function fk(ρ), then it means that limρ→1 sup1≤k≤N(ρ) |fk(ρ)− c| = 0.

Next, we would like to apply Lemma 12 (Part A) to the right-hand side of (4.26).

Clearly, the result of the lemma holds for the l̂im
∗

operator as well. To justify using

this lemma, we first observe that for all x ∈ (−∞, 0], the integrand is dominated by

an integrable function because

sup
1≤k≤N(ρ)

∣∣∣N0,1(x) g
(
Tk,ρ(1 + ρ)− ρx

)
I(Sk,ρ,Tk,ρ)(x)

∣∣∣ ≤ N0,1(x) .
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Secondly, we need to show that show that l̂im
∗
ρ→1N0,1(x) g

(
Tk,ρ(1+ρ)−ρx

)
I(Sk,ρ,Tk,ρ)(x)

exists for almost all x ∈ (−∞, 0]. For x ∈ (−∞, 0],

lim
ρ→1

sup
1≤k≤N(ρ)

N0,1(x) g
(
Tk,ρ(1 + ρ)− ρx

)
I(Sk,ρ,Tk,ρ)(x)

≤ N0,1(x) lim
ρ→1

sup
1≤k≤N(ρ)

g
(
Tk,ρ(1 + ρ)− ρx

)

(a)
= N0,1(x) lim

ρ→1
g
(
T1,ρ(1 + ρ)− ρx

)

(b)
= N0,1(x) g(−x) , (4.27)

where (a) follows from the monotonicity of g (Fact 6), and (b) follows from having

x ≤ 0 and limρ→1 T1,ρ = 0. We also have for x ≤ 0,

lim
ρ→1

inf
1≤k≤N(ρ)

N0,1(x) g
(
Tk,ρ(1 + ρ)− ρx

)
I(Sk,ρ,Tk,ρ)(x)

≥ N0,1(x) lim
ρ→1

inf
1≤k≤N(ρ)

g
(
Tk,ρ(1 + ρ)− ρx

)
lim
ρ→1

inf
1≤k≤N(ρ)

I(Sk,ρ,Tk,ρ)(x)

(a)
= N0,1(x) lim

ρ→1
g
(
TN(ρ),ρ(1 + ρ)− ρx

)
lim
ρ→1

I(SN(ρ),ρ,T1,ρ)(x)

(b)
= N0,1(x) g(−x) , (4.28)

where (a) follows from the monotonicity of g (Fact 6), and (b) is due to having x ≤ 0,

limρ→1 TN(ρ),ρ = 0, limρ→1 SN(ρ),ρ = −∞, and T1,ρ ≥ 0 for all ρ. Equations (4.27) and

(4.28) now imply that l̂im
∗
ρ→1N0,1(x) g

(
Tk,ρ(1+ρ)−ρx

)
I(Sk,ρ,Tk,ρ)(x) = N0,1(x) g(−x)

for all x ∈ (−∞, o]. Consequently, we may apply Lemma 12 (Part A), which, as

mentioned, holds for the l̂im
∗

operator as well, to the right-hand side of (4.26) and

obtain

l̂im
∗
ρ→1

∫ 0

−∞
N0,1(x) g

(
Tk,ρ(1 + ρ)− ρx

)
I(Sk,ρ,Tk,ρ)(x) dx

=

∫ 0

−∞
l̂im

∗
ρ→1N0,1(x) g

(
Tk,ρ(1 + ρ)− ρx

)
I(Sk,ρ,Tk,ρ)(x) dx

=

∫ 0

−∞
N0,1(x) g(−x) dx =

∫ ∞

0

N0,1(x) g(x) dx =
1

π
, (4.29)
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where the last equality follows from (4.23).

Next, combining the fact that γ in (4.25) can be chosen arbitrarily close to one,

together with (4.24), (4.26) and (4.29), it follows that

l̂im
∗
ρ→1

Pk−1|k
1
π
Lk(ρ)

= 1 . (4.30)

It remains to consider the case that k = 0. We observe that by symmetry

P−1|0 = P1|0. Now, from Lemma 14 we have that limρ→1
P1|0
P ∗

1|0
= 1, where we comment

that although Lemma 14 uses in its proof the current lemma, i.e. Lemma 13, there is

no circularity. The reason is that Lemma 14 uses Part D of the current lemma, which

in turn depends on Part B, but there is no dependence on Part A, which is considered

here. By Part B, limρ→1

P ∗
1|0

1
π

R0(ρ)
= 1. Combining this with the facts R0(ρ) = L0(ρ),

limρ→1
P1|0
P ∗

1|0
= 1, and P−1|0 = P1|0, we get that limρ→1

P−1|0
1
π

L0(ρ)
= 1. This together with

(4.30) complete the proof of Part B and of the lemma as a whole. ¤

Proof of Lemma 14:

Let k ≥ 0, which is sufficient for the purpose of the lemma. We write the following.

Pk+1|k =

∫ tk+1
ρ

tk+1

fX2|I1(x|k) dx + P ∗
k+1|k <

∫ tk+1
ρ

tk+1

N0,σ2(x)

Pk

dx + P ∗
k+1|k ,

where the inequality follows from the fact that fX2|I1(x|k) ≤ f̃X2|I1(x|k) <
N0,σ2 (x)

Pk

for tk+1 ≤ x ≤ tk+1

ρ
, as seen by (4.15). Combining this with the fact that for all

ρ sufficiently close to one, P ∗
k+1|k > 1

5
Rk(ρ) for 0 ≤ k ≤ N(ρ), which is shown in

Lemma 13 (Part D), it follows that it suffices to show that

lim
ρ→1

∗
∫ tk+1

ρ

tk+1

N0,σ2 (x)

Pk
dx

1
5
Rk(ρ)

= 0 . (4.31)
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Simplifying the above expression, we obtain

sup
0≤k≤N(ρ)

∫ tk+1
ρ

tk+1

N0,σ2 (x)

Pk
dx

1
5
Rk(ρ)

= sup
0≤k≤N(ρ)

1
Pk

∫ tk+1
ρ

tk+1
N0,σ2(x) dx

1
5

1
2

1
Pk

e−
t2
k+1
2σ2

√
1− ρ2

(a)
< sup

0≤k≤N(ρ)

10 1√
2πσ

e−
t2k+1
2σ2

[
tk+1

(1−ρ)
ρ

]

e−
t2
k+1
2σ2

√
1− ρ2

(b)
<

10λ√
2πρ

(⌊(
ln

1

1− ρ

) 3
4 − 1

2

⌋
+

1

2

)√
1− ρ

< − 10λ√
2πρ

√
1− ρ

(
ln (1− ρ)

) 3
4 −→ 0 as ρ −→ 1 ,

where (a) follows from substituting the Gaussian pdf with its value at the lower limit

of the integral, and (b) is obtained by recalling that tk+1 = (k + 1
2
)∆, substituting

N(ρ) for k, and noting that 1 <
√

1 + ρ. This shows (4.31) and concludes the proof

of the lemma. ¤

Proof of Lemma 15:

Part B: Lemmas 12 (Part C), 13 (Part B) and 14 imply that lim∗
ρ→1

Pk+1|k
1
π

Rk(ρ)
=

1. Lemma 10 (Part C) shows that Rk(ρ) <
√

π
2

1
λ

√
1− ρ2 for all k ≥ 0, so that

lim∗
ρ→1 Rk(ρ) = 0. It now follows from Lemma 12 (Part C) that lim∗

ρ→1 Pk+1|k = 0,

which is Part B of the lemma.

Part A: We begin by considering Nλ < k ≤ N(ρ), where Nλ is the constant given

in Lemma 10 (Part A). Using Lemma 10 (Part A), we obtain

Lk(ρ) <
√

2πkλ
√

1− ρ2 ≤
√

2πN(ρ)λ
√

1− ρ2

=
√

2π

⌊(
ln

1

1− ρ

) 3
4 − 1

2

⌋
λ
√

1− ρ2 < − 2
√

πλ
√

1− ρ
(

ln (1− ρ)
) 3

4
.

(4.32)

Next, consider 0 ≤ k ≤ Nλ. Since 1
2

1
Pk

e−
t2k
2σ2 can assume at most Nλ values,

Lk(ρ) = 1
2

1
Pk

e−
t2k
2σ2

√
1− ρ2 → 0 as ρ → 1 for 0 ≤ k ≤ Nλ. Combining this with
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(4.32), it follows that lim∗
ρ→1 Lk(ρ) = 0. Finally, using Lemma 13 (Part A) together

with Lemma 12 (Part C) shows that lim∗
ρ→1 Pk−1|k = 0, which concludes the proof of

Part A and of the lemma as a whole. ¤

Proof of Lemma 16:

We need to show that

A. Pj+l+1(f) <
1

2
Pj+l(f) for l ≥ B + 2 ,

B. Pj−l−1(f) <
1

2
Pj−l(f) for l ≥ B ,

where B = d σ2

∆2 ln 3e.

To keep notation short, we omit the parameter f from Pl(f) throughout this

lemma, and comment that Pl should not be confused with the general term Pk that

represents the probability of a Gaussian random variable with zero mean and variance

σ2 of lying in Sk.

We begin by showing Part A. Using the notation of Lemma A1 we have that

Pj+l+1 =

∫ tj+l+2

tj+l+1

Nµ,σ2(x) dx = Pµ,σ2,∆(tj+l + ∆) ,

and

1

2
Pj+l =

1

2

∫ tj+l+1

tj+l

Nµ,σ2(x) dx =
1

2
Pµ,σ2,∆(tj+l) .

Thus, we need to show that

Pµ,σ2,∆(tj+l + ∆) <
1

2
Pµ,σ2,∆(tj+l) .

Applying Lemma A1 (Part A) with s = 1
2
, we obtain that the above holds if tj+l ≥

µ + ∆[1 + σ2

∆2 ln 3]. Since µ ∈ Sj, it follows that tj ≤ µ < tj+1. Thus, it suffices to

have tj+l ≥ tj+1 +∆[1+ σ2

∆2 ln 3]. Equivalently, we need to have l ≥ σ2

∆2 ln 3+2, which

holds by definition. This shows Part A.
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Next, we consider Part B. The derivation is very similar to Part A. Specifically,

using the notation of Lemma A1 we have that

Pj−l−1 =

∫ tj−l−1

tj−l−2

cNµ,σ2(x) dx = c Pµ,σ2,∆(tj−l−1 −∆) ,

and

1

2
Pj−l =

1

2

∫ tj−l

tj−l−1

cNµ,σ2(x) dx =
1

2
c Pµ,σ2,∆(tj−l−1) .

Thus, we need to show that

Pµ,σ2,∆(tj−l−1 −∆) <
1

2
Pµ,σ2,∆(tj−l−1) .

Applying Lemma A1 (Part B) with s = 1
2
, we obtain that the above holds if tj−l−1 ≤

µ−∆[1+ σ2

∆2 ln 3]. Since tj ≤ µ < tj+1, it suffices to have tj−l−1 ≤ tj−∆[1+ σ2

∆2 ln 3].

Equivalently, we need to have l ≥ σ2

∆2 ln 3, which holds by definition. This concludes

the proof of Part B and of the lemma as a whole. ¤

Proof of Lemma 17:

We need to show that for all ρ sufficiently close to one and for 0 ≤ k ≤ N(ρ), the

following holds:

A. Pk+l|k < (P ∗
k+1|k)

l for l ≥ 2 ,

B. Pk−l|k < (P ∗
k+1|k)

l for l ≥ 2 .

We begin with the proof of Part A. Specifically, we show the following two steps,

from which A easily follows.

A1: Pk+l+1|k < Pk+l|kP ∗
k+1|k for l ≥ 2

A2: Pk+2|k < (P ∗
k+1|k)

2

Step A1: To keep notation compact, we rewrite what needs to be shown as:

For all ρ sufficiently close to one and for 0 ≤ k ≤ N(ρ), Pl+1|k < Pl|kP ∗
k+1|k for
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l ≥ k + 2. We observe that tl > tk+1

ρ
when 0 ≤ k ≤ N(ρ) and l ≥ k + 2. Thus, since

fX2|I1(x|k) < f̃X2|I1(x|k) for all x > tk+1

ρ
, it follows from (4.15) and the monotonicity

of g (Fact 6) that for all ρ and 0 ≤ k ≤ N(ρ)

Pl+1|k < Rk(ρ)

∫ tl+2

tl+1

Ntk+1ρ,σ2
ρ
(x) g

(ρx− tk+1

σρ

)
dx

< Rk(ρ) g
(ρtl+1 − tk+1

σρ

)
Q

(tl+1 − tk+1ρ

σρ

)
. (4.33)

Next, using Lemma 9 with γ = 1
2
, (4.15), and the monotonicity of g (Fact 6), we

obtain that for all ρ sufficiently close to one and 0 ≤ k ≤ N(ρ)

Pl|k >
1

2
Rk(ρ)

∫ tl+1

tl

Ntk+1ρ,σ2
ρ
(x) g

(ρx− tk+1

σρ

)
dx

>
1

2
Rk(ρ) g

(ρtl+1 − tk+1

σρ

) [
Q

(tl − tk+1ρ

σρ

)
−Q

(tl+1 − tk+1ρ

σρ

)]
. (4.34)

It now follows from (4.33) and (4.34) that it suffices to show that for all ρ suffi-

ciently close to one and 0 ≤ k ≤ N(ρ)

Q
(tl+1 − tk+1ρ

σρ

)
<

1

2

[
Q

(tl − tk+1ρ

σρ

)
−Q

(tl+1 − tk+1ρ

σρ

)]
P ∗

k+1|k ,

or alternatively, since P ∗
k+1|k ≤ 1, it suffices to have

3Q
( tl+1−tk+1ρ

σρ

)

Q
( tl−tk+1ρ

σρ

) < P ∗
k+1|k . (4.35)

Next, we observe that the argument of the Q function in the numerator can be

written as tl+1−tk+1ρ

σρ
= tl−tk+1ρ+∆

σρ
=

∆(
tl−tk+1ρ

∆
+1)

σρ
. Using Fact 5, with a = tl−tk+1ρ

∆
and

z = ∆
σρ

= λ√
1−ρ2

, where we notice that l ≥ k + 2 implies that a > 1, it follows that

for all ρ sufficiently close to one

3Q
( tl+1−tk+1ρ

σρ

)

Q
( tl−tk+1ρ

σρ

) < 6e
− λ2

2(1−ρ2) . (4.36)
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To obtain a lower bound to P ∗
k+1|k, we apply Lemmas 10 (Part D) and 13 (Part

D), and obtain that for all ρ sufficiently close to one and 1 ≤ k ≤ N(ρ)

P ∗
k+1|k >

1

5

√
1− ρ2 e−kλ2 ≥ 1

5

√
1− ρ2 e−b(ln

1
1−ρ

)
3
4− 1

2
cλ2

>
1

5

√
1− ρ e−(ln 1

1−ρ
)λ2

=
1

5
(1− ρ)λ2+ 1

2 , (4.37)

where the second inequality derives from substituting N(ρ) for k, and the third

inequality uses 1 < 1 + ρ. If k = 0, then from Lemma 13 (Part D), P ∗
1|0 >

1
5

1
2

1
P0

e−
t1

2σ2
√

1− ρ2, where we notice that P0 and e−
t1

2σ2 do not depend on ρ. Combin-

ing this and (4.37) with (4.36) it is easy to see that (4.35) holds for all ρ sufficiently

close to one and 0 ≤ k ≤ N(ρ), which completes Step A1.

Step A2: Applying (4.33) with l = k + 1, we obtain that for all ρ and 0 ≤ k ≤

N(ρ)

Pk+2|k < Rk(ρ) g
(ρtk+2 − tk+1

σρ

)
Q

(tk+2 − tk+1ρ

σρ

)
.

Using the same ideas (4.34) with l = k + 1, we get that for all ρ sufficiently close to

one and 0 ≤ k ≤ N(ρ)

P ∗
k+1|k >

1

2
Rk(ρ) g

(ρtk+2 − tk+1

σρ

)
[
Q

( tk+1

ρ
− tk+1ρ

σρ

)
−Q

(tk+2 − tk+1ρ

σρ

)]

>
1

2
Rk(ρ) g

(ρtk+2 − tk+1

σρ

) [
1

4
−Q

(tk+2 − tk+1ρ

σρ

)]
, (4.38)

where the second inequality follows from observing that
tk+1

ρ
−tk+1ρ

σρ
> 0 and

lim∗
ρ→1

tk+1
ρ
−tk+1ρ

σρ
= 0, and, therefore, the left Q function above goes to 1

2
(from

below) as ρ goes to one, uniformly for 0 ≤ k ≤ N(ρ). Consequently, for all ρ

sufficiently close to one, the left Q function is larger than 1
4
.

The last two equations imply that it suffices to show that for all ρ sufficiently

close to one and 0 ≤ k ≤ N(ρ)

12Q
(tk+2 − tk+1ρ

σρ

)
< P ∗

k+1|k . (4.39)
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Finally, using Fact 1, we observe that for all ρ sufficiently close to one and 0 ≤

k ≤ N(ρ)

12Q
(tk+2 − tk+1ρ

σρ

)
< 12

1

2
e
− (tk+2−tk+1ρ)2

2σ2
ρ < 6 e

− λ2

2(1−ρ2) < P ∗
k+1|k ,

where the last inequality was shown in Step A1. This concludes Step A2 and the

proof of Part A.

Next, we consider Part B, whose proof is similar to that of Part A, yet not

identical. The difference lies in the fact that B has P ∗
k+1|k in its expression instead

of Pk−1|k. Part B follows easily from the following two steps.

B1: Pk−l−1|k < Pk−l|kP ∗
k+1|k for l ≥ 2

B2: Pk−2|k < (P ∗
k−1|k)

2

Step B1: To keep notation compact, we rewrite what needs to be shown as: For

all ρ sufficiently close to one and for 0 ≤ k ≤ N(ρ), Pl−1|k < Pl|kP ∗
k+1|k for l ≤ k− 2.

We observe that tl+1 < tk
ρ

when ρ > 1
3
, 0 ≤ k ≤ N(ρ), and l ≤ k−2 (we require ρ > 1

3

for the case that k = 0). Thus, since fX2|I1(x|k) < f̃X2|I1(x|k) for all x < tk
ρ
, it follows

using derivations similar to those of (4.33) that for all ρ > 1
3

and 0 ≤ k ≤ N(ρ)

Pl−1|k < Lk(ρ) g
(tk − ρtl

σρ

)
Q

(tkρ− tl
σρ

)
. (4.40)

Additionally, using a derivation similar to that of (4.34) we obtain that for all ρ

sufficiently close to one and 0 ≤ k ≤ N(ρ)

Pl|k >
1

2
Lk(ρ) g

(tk − ρtl
σρ

) [
Q

(tkρ− tl+1

σρ

)
−Q

(tkρ− tl−
σρ

)]
.

Using the above two equations together with similar steps to those used to obtain

(4.35), it follows that it suffices to show

3Q
(

tkρ−tl
σρ

)

Q
( tkρ−tl+1

σρ

) < P ∗
k+1|k . (4.41)
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Following the same derivation as that which was used to obtain (4.36), we have

that

3Q
(

tkρ−tl
σρ

)

Q
( tkρ−tl+1

σρ

) < 6e
− λ2

2(1−ρ2) .

Combining this with (4.41) and with the lower bound to P ∗
k+1|k given in (4.37) and

with the derivation thereafter, completes the proof of Step B1.

Step B2: Applying (4.40) with l = k − 1, we obtain that for all ρ > 1
3

and

0 ≤ k ≤ N(ρ)

Pk−2|k < Lk(ρ) g
(tk − tk−1ρ

σρ

)
Q

(tkρ− tk−1

σρ

)

= Lk(ρ) g
((k − 1

2
)∆(1− ρ) + ∆ρ

σρ

)
Q

(tkρ− tk−1

σρ

)
. (4.42)

From (4.38) we have that for all ρ sufficiently close to one and 0 ≤ k ≤ N(ρ)

P ∗
k+1|k >

1

2
Rk(ρ) g

(ρtk+2 − tk+1

σρ

) [
1

4
−Q

(tk+2 − tk+1ρ

σρ

)]

(a)
>

1

16
Rk(ρ) g

(ρtk+2 − tk+1

σρ

)

=
1

16
Rk(ρ) g

(−(k + 1
2
)∆(1− ρ) + ∆ρ

σρ

)
, (4.43)

where (a) follows from the fact that for the Q term tends to zero in the lim∗ sense,

thus, in particular, it is less than 1/8 for all ρ sufficiently close to one. Next, since

g
((k − 1

2
)∆(1− ρ) + ∆ρ

σρ

) ≤ g
(−(k + 1

2
)∆(1− ρ) + ∆ρ

σρ

)
,

due to the monotonicity of g (Fact 6), it follows from (4.42) and (4.43) that it suffices

to show

16
Lk(ρ)

Rk(ρ)
Q

(tkρ− tk−1

σρ

)
< P ∗

k+1|k . (4.44)

Using the definitions of Lk(ρ) and Rk(ρ) we obtain that for all ρ sufficiently close
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to one,

16
Lk(ρ)

Rk(ρ)
Q

(tkρ− tk−1

σρ

)
= 16

1
2

1
Pk

e
−t2k
2σ2

ρ

√
1− ρ2

1
2

1
Pk

e

−t2
k+1

2σ2
ρ

√
1− ρ2

Q
([

(k − 1
2
)ρ− (k − 3

2
)
]
∆

σ
√

1− ρ2

)

= 16 ekλ2

Q
((

1− (k − 1
2
)(1− ρ)

)
λ√

1− ρ2

)

(a)
< 16 ekλ2

Q
( λ

2
√

1− ρ2

) (b)

≤ 16 ekλ2 1

2
e
− λ2

8(1−ρ2)

(c)
< 8 eN(ρ)λ2

e
− λ2

8(1−ρ2) < e(ln 1
1−ρ

)
3
4 λ2

e
− λ2

8(1−ρ2)

< e(ln 1
1−ρ

)λ2

e
− λ2

8(1−ρ2) =
( 1

1− ρ

)λ2

e
− λ2

8(1−ρ2) ,

where (a) follows from having lim∗(k− 1
2
)(1− ρ) = 0, (b) is due to Fact 1, and (c) is

obtained by substituting N(ρ) for k.

Finally, combining the above equation with (4.44) and (4.37) we obtain that it

suffices to show that for all ρ sufficiently close to one,

( 1

1− ρ

)λ2

e
− λ2

8(1−ρ2) <
1

5
(1− ρ)λ2+ 1

2 ,

or equivalently,

e
− λ2

8(1−ρ2) <
1

5
(1− ρ)2λ2+ 1

2 ,

which is easily seen to be true for all ρ sufficiently close to one. This concludes Step

B2 and the proof of the lemma. ¤

Proof of Lemma 18:

It follows from Lemma 12 (Part D) that it suffices to show

lim
ρ→1

∗ H(I2|I1 = k)

Hk−1|k + Hk|k + Hk+1|k
= 1 .

Combining the above with the fact that H(I2|I1 = k) =
(
Hk−1|k + Hk|k + Hk+1|k

)
+

∑−2
l=−∞ Hk+l|k +

∑∞
l=2 Hk+l|k, and with Lemma 12 (Part B), it follows that it suffices
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to show

lim
ρ→1

∗
∑−2

l=−∞ Hk+l|k +
∑∞

l=2 Hk+l|k
Hk−1|k + Hk|k + Hk+1|k

= 0 . (4.45)

We proceed by upper bounding the second sum in the numerator above. In

a similar way the same expression can be shown to be an upper bound for the

first term. First, let us write the second sum more explicitly as
∑∞

l=2 Hk+l|k =

−∑∞
l=2 Pk+l|k log Pk+l|k. Next, recall from Lemma 13 (Part C) that for all ρ suf-

ficiently close to one, P ∗
k+1|k <

√
2π

4λ

√
1− ρ2 for 0 ≤ k ≤ N(ρ). Thus, for all ρ

sufficiently close to one, P ∗
k+1|k < 1

e
for 0 ≤ k ≤ N(ρ). We will assume for the rest

of the proof that P ∗
k+1|k < 1

e
. Combining this with Fact 8 and with the fact that

Pk+l|k < (P ∗
k+1|k)

l for l ≥ 2 and 0 ≤ k ≤ N(ρ), as shown in Lemma 17 (Part A), it

follows that −Pk+l|k log Pk+l|k < −(P ∗
k+1|k)

l log (P ∗
k+1|k)

l for l ≥ 2 and 0 ≤ k ≤ N(ρ).

Therefore,

−
∞∑

l=2

Pk+l|k log Pk+l|k < −
∞∑

m=0

(P ∗
k+1|k)

m+2 log (P ∗
k+1|k)

m+2

= − (P ∗
k+1|k)

2
(
log P ∗

k+1|k
) ∞∑

m=0

(m + 2)(P ∗
k+1|k)

m

= − (P ∗
k+1|k)

2
(
log P ∗

k+1|k
)
[

P ∗
k+1|k

(1− P ∗
k+1|k)

2
+

2

1− P ∗
k+1|k

]

< − P ∗
k+1|k

(
log P ∗

k+1|k
) 4P ∗

k+1|k
1− P ∗

k+1|k
,

where the last equality follows from having
P ∗

k+1|k
(1−P ∗

k+1|k)2
< 2

1−P ∗
k+1|k

, since P ∗
k+1|k < 1

e
. As

mentioned, −∑−2
l=−∞ Pk+l|k log Pk+l|k can be upper bounded by the same expression

(using Lemma 17 (Part B)). Thus it follows that for all ρ sufficiently close to one

and 0 ≤ k ≤ N(ρ)

−
−2∑

l=−∞
Pk+l|k log Pk+l|k −

∞∑

l=2

Pk+l|k log Pk+l|k < − P ∗
k+1|k(log P ∗

k+1|k)
8P ∗

k+1|k
1− P ∗

k+1|k
.
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Using this upper bound to the numerator of (4.45), we obtain that for all ρ

sufficiently close to one

∑−2
l=−∞ Hk+l|k +

∑∞
l=2 Hk+l|k

Hk−1|k + Hk|k + Hk+1|k
<

N(ρ)∑

k=0

−P ∗
k+1|k

(
log P ∗

k+1|k
) 8P ∗

k+1|k
1−P ∗

k+1|k

−∑k+1
l=k−1 Pl|k log Pl|k

(a)
<

N(ρ)∑

k=0

−P ∗
k+1|k

(
log P ∗

k+1|k
) 8P ∗

k+1|k
1−P ∗

k+1|k

−P ∗
k+1|k log P ∗

k+1|k
=

N(ρ)∑

k=0

8P ∗
k+1|k

1− P ∗
k+1|k

(b)
< 16

N(ρ)∑

k=0

P ∗
k+1|k

(c)
< 16

N(ρ)∑

k=0

√
2π

4λ

√
1− ρ2

=

(⌊(
ln

1

1− ρ

) 3
4 − 1

2

⌋
+ 1

)
4
√

2π

λ

√
1− ρ2

<
8
√

π

λ

√
1− ρ

[(
ln

1

1− ρ

) 3
4

+
1

2

]
−→ 0 as ρ −→ 1 ,

where (a) derives from the fact that for all ρ sufficiently close to one and 0 ≤ k ≤

N(ρ), −P ∗
k+1|k log P ∗

k+1|k < −Pk+1|k log Pk+1|k, which follows from Fact 8, given that

P ∗
k+1|k < Pk+1|k and Pk+1|k < 1

e
, as shown by Lemmas 14 and 13 (Part C). (b) is due

to having P ∗
k+1|k < 1

e
and so 1

(1−P ∗
k+1|k)2

< 2. Finally, (c) is obtained using Lemma 13

(Part C). This shows that (4.45) holds, and completes the proof of the lemma. ¤

Proof of Lemma 19:

Let j be the cell in which lies the mean of the density f , i.e. µ ∈ Sj. We rewrite

f as follows:

f(x) =





fL(x), x < tj

fC(x), tj ≤ x < tj+1

fR(x), x ≥ tj+1

.

where the functions fL(x), fC(x) and fR(x) are zero outside of their respective re-

gions. We now have that

Hq(f) ≤ Hq(f
L) + Hq(f

C) + Hq(f
R) ≤ Hq(f

L) + Hq(f
R) + 1 , (4.46)
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where the first inequality follows from the fact that for those quantization cells where

two of the three functions fL, fC and fR are nonzero (i.e. the quantization cells

containing tj and tj+1), the right-hand side is larger as shown by Fact 9. The second

inequality follows by upper bounding Hq(f
C) by −1

e
log 1

e
< 1.

Next, we upper Hq(f
R). To keep notation short, we omit the parameter f from

Pl(f) throughout this lemma, and stress that Pl should not be confused with the

general term Pk that represents the probability of a Gaussian random variable with

zero mean and variance σ2 of lying in Sk.

From Lemma 16 (Part A) we have that Pj+l+1 < 1
2
Pj+l for l ≥ B + 2, where

B = d σ2

∆2 ln 3e. Since Pj+B+2 < 1, it follows that Pj+l < 1
e

for l ≥ B + 4. Combining

this with Fact 8 implies that −Pj+l+1 log Pj+l+1 < −1
2
Pj+l log (1

2
Pj+l) for l ≥ B + 4.

We use this fact in the following:

−
∞∑

l=B+4

Pj+l log Pj+l < −
∞∑

l=0

(
1

2
)lPj+B+4 log

(
(
1

2
)lPj+B+4

)

< Pj+B+4

[
−

∞∑

l=0

l
(1

2

)l
log

1

2
−

∞∑

l=0

(1

2

)l
log Pj+B+4

]

= Pj+B+4 [2− 2 log Pj+B+4]

< 2− 2
1

e
log

1

e
, (4.47)

where the last inequality follows from the fact that −p log p is maximized at p = 1
e

(Fact 7) and that Pj+B+4 < 1. Using the above we obtain that

Hq(f
R) = −

∞∑

l=1

Pj+l log Pj+l

= −
B+3∑

l=1

Pj+l log Pj+l −
∞∑

l=B+4

Pj+l log Pj+l

< − (B + 3)
1

e
log

1

e
+

(
2− 2

1

e
log

1

e

)
< B + 5 . (4.48)
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Finally, we upper bound Hq(f
L). The derivation is very similar to the case of

Hq(f
R), and so some of the details will be skipped. From Lemma 16 (Part B) we have

that Pj−l−1 < 1
2
Pj−l for l ≥ B. Since Pj−B < 1, it follows that Pj−l < 1

e
for l ≥ B+2.

Combining this with Fact 8 implies that −Pj−l−1 log Pj−l−1 < −1
2
Pj−l log (1

2
Pj−l) for

l ≥ B + 2. Using this fact and an almost identical derivation to that of (4.47) shows

that −∑∞
l=B+2 Pj−l log Pj−l < 2− 21

e
log 1

e
. Consequently,

Hq(f
L) ≤ −

∞∑

l=1

Pj−l log Pj−l

= −
B+1∑

l=1

Pj−l log Pj−l −
∞∑

l=B+2

Pj−l log Pj−l

< − (B + 1)
1

e
log

1

e
+

(
2− 2

1

e
log

1

e

)
< B + 4 .

Combining (4.46), (4.48), and the above concludes the proof of the lemma. ¤

Proof of Lemma 20:

We start by recalling from (4.10) that

fX2|I1(x|k) =

∫ tk+1

tk

fX2|X1(x|y)
fX1(y)

Pk

dy ,

where fX2|X1(x|y) is a Gaussian density whose mean is ρy. Thus, it is not hard to

see that for x < tkρ,

fX2|I1(x|k) <

∫ tk+1

tk

fX2|X1(x|tk)
fX1(y)

Pk

dy = fX2|X1(x|tk) ∆
= f̄L

k (x) .

Note that for tractability we let f̄L
k (x) be defined as above for all x and not just

x < tkρ. Similarly, for x > tk+1ρ, we have

fX2|I1(x|k) <

∫ tk+1

tk

fX2|X1(x|tk+1)
fX1(y)

Pk

dy = fX2|X1(x|tk+1)
∆
= f̄R

k (x) .

As before, we let f̄R
k (x) be defined as above for all x and not just x > tk+1ρ.
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Letting fC
k (x) = fX2|I1(x|k) for tkρ ≤ x ≤ tk+1ρ, and zero for all other x’s, we

define

f̄k(x) =





f̄L
k (x), x < tkρ

f̄C
k (x), tkρ ≤ x ≤ tk+1ρ

f̄R
k (x), tk+1ρ < x

.

We rewrite fX2|I1(x|k) in a similar manner. Specifically,

fX2|I1(x|k) =





fL
k (x), x < tkρ

fC
k (x), tkρ ≤ x ≤ tk+1ρ

fR
k (x), tk+1ρ < x

,

where fL
k , fC

k and fR
k are zero outside their respective regions.

Next, we have that

H(I2|I1 = k) = Hq(fX2|I1=k) < Hq(f
L
k ) + Hq(f

C
k ) + Hq(f

R
k ) , (4.49)

where the inequality follows from the fact that for those quantization cells where two

of the three functions fL
k , fC

k and fR
k are nonzero (i.e. the quantization cells containing

tkρ and tk+1ρ), the right-hand side is larger as shown by Fact 9. Similarly,

Hq(f̄k) < Hq(f̄
L
k ) + Hq(f̄

C
k ) + Hq(f̄

R
k ) , (4.50)

where the inequality follows from the same reason as in (4.49). We notice, however,

that since f̄L
k and f̄R

k are nonzero outside the regions x < tkρ and x > tk+1ρ, respec-

tively, it follows that for all cells there are at least two functions that are nonzero,

and in the cells containing tkρ and tk+1ρ three functions are nonzero. In all cases,

Fact 9 implies that the right hand side is larger.

Clearly Hq(f
C
k ) = Hq(f̄

C
k ), since the two functions are equal. We claim that

Hq(f
L
k ) < Hq(f̄

L
k )− 31

e
log 1

e
and that Hq(f

R
k ) < Hq(f̄

R
k )− 31

e
log 1

e
. We will show the
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first claim and note that the second claim follows via same arguments. By definition

fL
k < f̄L

k . Thus, letting n be such that tkρ ∈ Sn, and letting P̄l|k
∆
=

∫
Sl

f̄k(x) dx,

we have that Pl|k < P̄l|k, for any l < n. For those l’s for which P̄l|k < 1
e
, Fact

8 implies that Pl|k log Pl|k < P̄l|k log P̄l|k. Since f̄L
k is a pdf, it follows that there

can be at most two cells for which P̄l|k > 1
e
. Thus, for all l < n, except for at

most two cells, we have Pl|k log Pl|k < P̄l|k log P̄l|k. The contribution to Hqf
L
k of

those cells for which Pl|k log Pl|k ≥ P̄l|k log P̄l|k is upper bounded by −21
e
log 1

e
, where

maxp{−p log p} = 1
e
log 1

e
. Lastly, the contribution of cell n is upper bounded by

−1
e
log 1

e
. Consequently, we obtain that Hqf

L
k < Hqf̄

L
k − 31

e
log 1

e
. Therefore, we may

write

H(I2|I1 = k) < Hq(f̄k)− 6
1

e
log

1

e
. (4.51)

We proceed by showing that Hq(f̄k) = Hq(f̄
L
k ) + Hq(f̄

C
k ) + Hq(f̄

R
k ) is uniformly

bounded in k. We upper bound each of the three terms. Consider first Hq(f̄
C
k ).

Since f̄C
k is non zero in at most two cells, it follows that

Hq(f̄
C
k ) ≤ − 2

1

e
log

1

e
< 2 . (4.52)

Next, since f̄L
k and f̄R

k are Gaussian densities, we may apply Lemma 19 and get

that that Hq(f̄
L
k ) < 2B + 10 and Hq(f̄

R
k ) < 2B + 10, where B = dσ2(1−ρ2)

∆2 ln 3e <

d ln 3
λ2 e < ln 3

λ2 + 1. Thus, we have that for all ρ, Hq(f̄
L
k ) < 2 ln 3

λ2 + 12 and Hq(f̄
R
k ) <

2 ln 3
λ2 + 12. Combining this with (4.52) and with (4.50), we obtain that

Hq(f̄k) <
2 ln 3

λ2
+ 12 + 2 +

2 ln 3

λ2
+ 12 =

4 ln 3

λ2
+ 26 ,

The above together with (4.51) concludes the proof of the lemma. ¤
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Proof of Lemma 21:

We begin by lower and upper bounding the expression in the lemma statement.

1 <
H(I2|I1)

2
∑N(ρ)

k=1 H(I2|I1 = k)Pk + H(I2|I1 = 0)P0

= 1 +
2
∑∞

k=N(ρ)+1 H(I2|I1 = k)Pk

2
∑N(ρ)

k=1 H(I2|I1 = k)Pk + H(I2|I1 = 0)P0

< 1 +
2
∑∞

k=N(ρ)+1 H(I2|I1 = k)Pk

H(I2|I1 = 0)P0

. (4.53)

It suffices to show that limρ→1
2

∑∞
k=N(ρ)+1 H(I2|I1=k)Pk

H(I2|I1=0)P0
= 0. To show this, we upper

bound the numerator and lower bound the denominator. Consider the numerator

first. For all ρ sufficiently close to one,

∞∑

k=N(ρ)+1

2H(I2|I1 = k)Pk

(a)
< 2M

∞∑

k=N(ρ)+1

Pk = 2MQ
(tN(ρ)+1

σ

)

< M e−
(⌊

(ln 1
1−ρ )

3
4− 1

2

⌋
+1

2

)2

∆2

2σ2 < M e−
((

ln 1
1−ρ

) 3
4−1

)2

λ2

2

(b)
< M e−

(
1
2

(
ln 1

1−ρ

) 3
4
)2

λ2

2 = M(1− ρ)
λ2
√

ln 1
1−ρ

8 , (4.54)

where (a) follows from Lemma 20 (with M being the constant given in the lemma),

and (b) uses the fact that for all ρ sufficiently close to one, 1
2

(
ln 1

1−ρ

) 3
4 <

(
ln 1

1−ρ

) 3
4−1.

Next, we lower bound the denominator. Specifically, for all ρ sufficiently close to

one,

H(I2|I1 = 0)P0 =
(−

∞∑

l=−∞
Pl|0 log Pl|0

)
P0 >

(− P1|0 log P1|0
)
P0

(a)
>

(− P ∗
1|0 log P ∗

1|0
)
P0

(b)
>

(1

5
R0(ρ) log

(1

5
R0(ρ)

)
P0

=

[
− 1

5

1

2

1

P0

e−
( 1
2 )2λ2

2

√
1− ρ2 log

(
1

5

1

2

1

P0

e−
( 1
2 )2λ2

2

√
1− ρ2

)]
P0

(c)
>

1

10
e−

λ2

8

√
1− ρ , (4.55)

where (a) follows from having P ∗
1|0 < P1|0 and P1|0 < 1

e
for all ρ sufficiently close

to one, which imply (using Fact 8) that −P ∗
1|0 log P ∗

1|0 < −P1|0 log P1|0; (b) is due to
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Lemma 13 (Part D); and (c) derives from having − log
(

1
5

1
2

1
P0

e−
( 1
2 )2λ2

2

√
1− ρ2

)
> 1,

for all ρ sufficiently close to one, and having 1 <
√

1 + ρ.

Finally, plugging the upper bound given by (4.54) and the lower bound given by

(4.55) into the last fraction in (4.53), we obtain that for all ρ sufficiently close to one,

2
∑∞

k=N(ρ)+1 H(I2|I1 = k)Pk

H(I2|I1 = 0)P0

<
M(1− ρ)

λ2
√

ln 1
1−ρ

8

1
10

e−
λ2

8
√

1− ρ
= 10M e

λ2

8 (1− ρ)
λ2
√

ln 1
1−ρ

8
− 1

2

−→ 0 as ρ −→ 1 , (4.56)

which concludes the proof of the lemma. ¤

Proof of Lemma 22:

It follows from Lemma 12 (Part D) that it suffices to show

lim
ρ→1

∗ Hk−1|k + Hk|k + Hk+1|k
Hk−1|k + Hk+1|k

= 1 .

Next, using Lemma 12 (Part B) and Fact 9, we obtain that it is enough to show

lim
ρ→1

∗ H(Pk|k)
H(Pk−1|k + Pk+1|k)

= 0 . (4.57)

In order to show that (4.57) holds, we write Pk|k = 1 − Pk−1|k − Pk+1|k − Pt|k =

1 − P̃k − Pt|k, where P̃k
∆
= Pk−1|k + Pk+1|k and Pt|k

∆
=

∑−2
l=−∞ Pk+l|k +

∑∞
l=2 Pk+l|k.

With this notation (4.57) becomes

lim
ρ→1

∗H(1− P̃k − Pt|k)

H(P̃k)
= 0 . (4.58)

We proceed by upper bounding the numerator in (4.58). To do so, we will upper

bound Pt|k in terms of P̃k and then use Fact 8. From Lemma 17 we have that for all

ρ sufficiently close to one, and for 0 ≤ k ≤ N(ρ),

Pt|k =
k−2∑

l=−∞
Pl|k +

∞∑

l=k+2

Pl|k < 2
∞∑

l=0

(P ∗
k+1|k)

l+2 =
2(P ∗

k+1|k)
2

1− P ∗
k+1|k

,
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and consequently,

Pt|k

P̃k

<

2(P ∗
k+1|k)2

1−P ∗
k+1|k

P ∗
k+1|k

=
2P ∗

k+1|k
1− P ∗

k+1|k
.

Since Lemma 13 (Part C) implies that lim∗
ρ→1 P ∗

k+1|k = 0, it follows that for all ρ

sufficiently close to one, and for 0 ≤ k ≤ N(ρ), Pt|k < 1
2
P̃k.

Next, we would like to use Fact 8 in order to get an upper bound for the numerator

in (4.58). We now show that the conditions required by Fact 8 are indeed met.

Lemma 12 (Part B) and Lemma 15 imply that lim∗
ρ→1 P̃k = 0. Therefore, for all ρ

sufficiently close to one, and for 0 ≤ k ≤ N(ρ), 1 − P̃k − Pt|k > 1 − P̃k − 1
2
P̃k > 1

e
.

Consequently, it follows from Fact 8 that H(1− P̃k−Pt|k) < H(1− 3
2
P̃k). Combining

this with (4.58), it follows that it is enough to show

lim
ρ→1

∗H(1− 3
2
P̃k)

H(P̃k)
= 0 . (4.59)

Finally, (4.59) can be seen to hold using the fact, shown earlier, that lim∗
ρ→1 P̃k =

0, together with Lemmas A2 and 12 (Part F). This concludes the proof of the lemma.

¤

Proof of Lemma 23:

It follows from Lemma 12 (Part D) that it suffices to show

lim
ρ→1

∗ (Hk−1|k + Hk+1|k)Pk

H(
√

1− ρ2 )
(
ML,λ(k) + MR,λ(k)

) = 1 .

Next, applying Lemma 12 (Part E) it follows that it suffices to show the following.

A. lim
ρ→1

∗ Hk−1|k Pk

H(
√

1− ρ2 ) ML,λ(k)
= 1 ,

B. lim
ρ→1

∗ Hk+1|k Pk

H(
√

1− ρ2 ) MR,λ(k)
= 1 .

To show A we write

Hk−1|k Pk

H(
√

1− ρ2 )ML,λ(k)
=

Hk−1|k Pk

H(
1
π
Lk(ρ) Pk

) H(
1
π
Lk(ρ) Pk

)

H(
√

1− ρ2 ) ML,λ(k)
.
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Lemmas 13 (Part A), A3, and 12 (Part G) (with G(x, y) = H(x)
H(y)

) show that the first

term on the right-hand side has lim∗ equal one. Therefore by Lemma 12 (Part C),

it suffices to show

lim
ρ→1

∗ H(
1
π
Lk(ρ)

)
Pk

H(
√

1− ρ2 ) ML,λ(k)
= 1 . (4.60)

Similarly, to show B we write

Hk+1|k Pk

H(
√

1− ρ2 )MR,λ(k)
=

Hk+1|k Pk

H(
1
π
Rk(ρ) Pk

) H(
1
π
Rk(ρ) Pk

)

H(
√

1− ρ2 ) MR,λ(k)
.

Lemmas 12 (Parts C and G), 13 (Part B), 14, and A3 show that the first term on

the right-hand side has lim∗ equal one. Therefore by Lemma 12 (Part C), it suffices

to show

lim
ρ→1

∗ H(
1
π
Rk(ρ)

)
Pk

H(
√

1− ρ2 ) MR,λ(k)
= 1 . (4.61)

Our focus is now on showing (4.60) and (4.61), which will prove the lemma. We

begin with (4.60). To show (4.60), we observe that by the definitions of ML,λ(k) and

Lk(ρ) one can show that

H(
1
π
Lk(ρ)

)
Pk

H(
√

1− ρ2 ) ML,λ(k)
=
− 1

π
Lk(ρ) log

(
1
π
Lk(ρ)

)

− 1
π
Lk(ρ) log

√
1− ρ2

=
log

(
1
π
Lk(ρ)

)

log
√

1− ρ2
= 1+

log
(

1
π

Lk(ρ)√
1−ρ2

)

log
√

1− ρ2
.

We now show that the fraction on the right-hand side above converges to zero as

ρ → 1 in the lim∗ sense, from which (4.60) will follow via Lemma 12 (Part B).

Consider first Nλ < k ≤ N(ρ), where Nλ is as defined in Lemma 10. For all ρ

sufficiently close to one,

log
(

1
π

Lk(ρ)√
1−ρ2

)
∣∣ log

√
1− ρ2

∣∣
(a)
<

log
(√

2
π
kλ

)
∣∣ log

√
1− ρ2

∣∣
(b)
<

log
(
λ
√

2
π

⌊(
ln 1

1−ρ

) 3
4 − 1

2

⌋)
∣∣ log

√
2(1− ρ)

∣∣

(c)
<

log
(
λ
√

2
π

)
∣∣1
2
log [2(1− ρ)]

∣∣ +

3
4
log (ln 1

1−ρ
)∣∣1

2
log [2(1− ρ)]

∣∣ −→ 0 as ρ −→ 1 , (4.62)

where (a) is due to Lemma 10 (Part A) and observing that since k > Nλ > 2
λ

the

logarithm in the numerator is positive for all such k’s, (b) is by upper bounding k by
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N(ρ), and
√

1− ρ2 by
√

2(1− ρ), where the latter is less than one for all ρ sufficiently

close to one, and (c) is from having
⌊(

ln 1
1−ρ

) 3
4 − 1

2

⌋
> 1 for all ρ sufficiently close to

one. We also have from Lemma 10 (Part B), which can be used since k > Nλ ≥ 1,

that 1
π

Lk(ρ)√
1−ρ2

> 1
π
. Thus,

log
(

1
π

Lk(ρ)√
1−ρ2

)
∣∣ log

√
1− ρ2

∣∣ ≥ log 1
π∣∣ log

√
1− ρ2

∣∣ −→ 0 as ρ −→ 1 . (4.63)

Consider now 0 ≤ k ≤ Nλ. For such k’s, log
(

1
π

Lk(ρ)√
1−ρ2

)
= log

(
1
2π

1
Pk

e−
t2k
2σ2

)
can

assume only finitely many values. Therefore, it follows that

log
(

1
π

Lk(ρ)√
1−ρ2

)

log
√

1− ρ2
−→ 0 as ρ −→ 1 uniformly for 0 ≤ k ≤ Nλ .

Equations (4.62) and (4.63) show that

log
(

1
π

Lk(ρ)√
1−ρ2

)

log
√

1− ρ2
−→ 0 as ρ −→ 1 uniformly for Nλ < k ≤ N(ρ) .

Together, the two previous equations imply

lim
ρ→1

∗
log

(
1
π

Lk(ρ)√
1−ρ2

)

log
√

1− ρ2
= 0 ,

which completes the proof of (4.60).

It remains to show (4.61). We observe that by the definitions of MR,λ(k) and

Rk(ρ) one can show that

H(
1
π
Rk(ρ)

)
Pk

H(
√

1− ρ2 ) MR,λ(k)
=
− 1

π
Rk(ρ) log

(
1
π
Rk(ρ)

)

− 1
π
Rk(ρ) log

√
1− ρ2

=
log

(
1
π
Rk(ρ)

)

log
√

1− ρ2
= 1+

log
(

1
π

Rk(ρ)√
1−ρ2

)

log
√

1− ρ2
.

We now show that the fraction on the right-hand side above converges to zero as

ρ → 1 in the lim∗ sense, from which (4.61) will follow via Lemma 12 (Part B).

On the one hand we have from Lemma 10 (Part C) that 1
π

Rk(ρ)√
1−ρ2

< 1
λ
√

2π
, for

k ≥ 0. On the other hand Lemma 10 (Part D) implies that for 1 ≤ k ≤ N(ρ),

1

π

Rk(ρ)√
1− ρ2

>
1

π
e−kλ2 ≥ 1

π
e−N(ρ)λ2

=
1

π
e−b(ln

1
1−ρ

)
3
4− 1

2
cλ2

>
1

π
(1−ρ)λ2(ln 1

1−ρ
)−

1
4

.
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Therefore, it follows that

log
(

1
π

Rk(ρ)√
1−ρ2

)

log
√

1− ρ2
−→ 0 as ρ −→ 1 uniformly for 1 ≤ k ≤ N(ρ) .

Since the above also hold for k = 0, it follows that

lim
ρ→1

∗
log

(
1
π

Rk(ρ)√
1−ρ2

)

log
√

1− ρ2
= 0 ,

which completes the proof of (4.61) and concludes the proof of the lemma. ¤

Proof of Lemma 24:

It needs to be shown that

lim
ρ→1

H(
√

1− ρ2 )
[
2
∑N(ρ)

k=1

(
ML,λ(k) + MR,λ(k)

)
+

(
ML,λ(0) + MR,λ(0)

)]

MλH(
√

1− ρ )
= 1 .

First we observe that

H(
√

1− ρ2 )

H(
√

1− ρ )
=

−
√

1− ρ2 log
√

1− ρ2

−√1− ρ log
√

1− ρ
−→

√
2 as ρ −→ 1 .

Therefore, it needs to be shown that

lim
ρ→1

√
2
[
2

N(ρ)∑

k=1

(
ML,λ(k) + MR,λ(k)

)
+

(
ML,λ(0) + MR,λ(0)

)]
= Mλ .

Recalling that ML,λ(k) = 1
2π

e−
(k− 1

2 )2λ2

2 , MR,λ(k) = 1
2π

e−
(k+1

2 )2λ2

2 , and

Mλ = 2
√

2
π

∑∞
k=0 e−

(k+1
2 )2λ2

2 , the above can straightforwardly be shown in the following

way:

2
√

2

N(ρ)∑

k=1

(
ML,λ(k) + MR,λ(k)

)
+
√

2
(
ML,λ(0) + MR,λ(0)

)

= 2
√

2

N(ρ)∑

k=1

1

2π

(
e−

(k− 1
2 )2λ2

2 + e−
(k+1

2 )2λ2

2

)
+

2
√

2

2π
e−

λ2

8

=

N(ρ)∑

k=0

√
2

π
e−

(k+1
2 )2λ2

2 +

N(ρ)∑

k=1

√
2

π
e−

(k+1
2 )2λ2

2 +

√
2

π
e−

λ2

8

=
2
√

2

π

N(ρ)∑

k=0

e−
(k+1

2 )2λ2

2
ρ→1−→ 2

√
2

π

∞∑

k=0

e−
(k+1

2 )2λ2

2 = Mλ .

¤
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4.7 Conclusions

This chapter considered the behavior of the entropy of highly correlated quantized

data. The chapter consisted of two parts. In the first part we examined the case that

a stationary random process is sampled over some finite interval, and each sample was

separately quantized with arbitrary, yet identical, scalar quantizers. The question

that was raised is what happens to the joint entropy of these quantized samples as the

sampling interval goes to zero? The answer is not obvious, since the joint entropy of

N quantized samples can be written as H(Iτ
1 , Iτ

2 , . . . , Iτ
Nτ

) = Nτ
H(Iτ

1 ,Iτ
2 ,...,Iτ

Nτ
)

Nτ
, where

the first term in the product tends to infinity as the sampling interval τ goes to zero,

and the second term tends to zero. Hence, the answer to the posed question could

conceivably be zero, some other finite value, or infinity. Theorem 3 showed that the

latter is the case when the random process is stationary and crosses a quantization

threshold with positive probability.

The second part of the paper was concerned with establishing an upper bound to

the rate at which the joint entropy above tends to infinity as the sampling interval

goes to zero. This upper bound was obtained by upper bounding high order con-

ditional entropies by first order conditional entropy, namely, H(Iτ
k |Iτ

1 , Iτ
2 , . . . , Iτ

k ) ≤

H(Iτ
1 |Iτ

0 ). A simple asymptotic formula was derived (see Theorem 7) for the first

order conditional entropy in the case of infinite-level uniform threshold quantizers

and a stationary Gaussian random process whose mean lies at a midpoint of some

quantization cell. This formula holds for bandlimited and non-bandlimited processes

alike. Indeed, the convergence rate of the first order conditional entropy was shown

to depend only on the behavior of the autocorrelation function near the origin, thus

it is of no consequence whether it is bandlimited or not. As examples, we considered



167

two autocorrelation functions: An exponential and a Gaussian. In the former case,

the upper bound to the joint entropy was shown to go to infinity at rate log τ
τ

, while

in the latter case the rate was shown to be log τ .
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Appendix A

Lemma A1. Let Pµ,σ2,∆(x)
∆
=

∫ x+∆

x
Nµ,σ2(t) dt. Let 0 < s < 1 be some constant.

Then

A. Pµ,σ2,∆(x + ∆) < s · Pµ,σ2,∆(x) for all x ≥ µ + ∆
[
1 +

σ2

∆2
ln

1 + s

s

]
,

B. Pµ,σ2,∆(x−∆) < s · Pµ,σ2,∆(x) for all x ≤ µ−∆
[
1 +

σ2

∆2
ln

1 + s

s

]
.

(A1)

Proof: We show A only. B can be shown in a similar way. Let us write

Pµ,σ2,∆(x + ∆) =

∫ x+2∆

x+∆

Nµ,σ2(t) dt < Q
(x− µ + ∆

σ

)
,

Pµ,σ2,∆(x) =

∫ x+∆

x

Nµ,σ2(t) dt = Q
(x− µ

σ

)−Q
(x− µ + ∆

σ

)
.

It follows from above that it suffices to show that for x ≥ µ + ∆
[
1 + σ2

∆2 ln 1+s
s

]
,

Q
(

x−µ+∆
σ

)
< s

[
Q

(
x−µ

σ

)−Q
(

x−µ+∆
σ

)]
, or equivalently

Q
(

x−µ
σ

)

Q
(

x−µ+∆
σ

) > 1+s
s

. We simplify

the left-hand side as follows:

Q
(

x−µ
σ

)

Q
(

x−µ+∆
σ

) (a)
=

1
2
e−

(x−µ)2

2σ2 g
(

x−µ
σ

)

1
2
e−

(x−µ+∆)2

2σ2 g
(

x−µ+∆
σ

)
(b)
>

e−
(x−µ)2

2σ2

e−
(x−µ+∆)2

2σ2

= e
2(x−µ)∆+∆2

2σ2

= e(
(x−µ)

∆
+ 1

2
)∆2

σ2
(c)
>

1 + s

s
,

where (a) is due to having x ≥ µ + ∆ and so the arguments of both g functions are

nonnegative and hence, well defined. (b) follows from the monotonicity of g (Fact

6), and (c) follows from x > µ + ∆
[

σ2

∆2 ln 1+s
s
− 1

2

]
. ¤

Lemma A2. Let α ∈ R be given. Then

lim
p→0

H(1− αp)

H(p)
= 0 .

This is a similar version to Lemma 2 of Chapter III.
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Proof: We need to show that limp→0
−(1−αp) ln (1−αp)

−p ln p
= 0. The following string of

equalities proves the lemma.

−(1− αp) ln (1− αp)

−p ln p
=

[−(1− αp) ln (1− αp)

(1− αp)αp

][(1− αp)αp

−p ln p

]

=
[ ln (1− αp)

−αp

][
(1− αp)α

1

− ln p

]
−→ 0 as p −→ 0 ,

where we used the well-known fact that limx→0
ln(1−x)
−x

= 1. ¤

Lemma A3. Let a(s) and b(s) be positive functions on R such that lims→so

a(s)
b(s)

= 1

and lims→so b(s) = bo 6= 1. Then

lim
s→so

H(a(s))

H(b(s))
= 1 .

This lemma is a slightly weaker version of Lemma 4 of Chapter III.

Proof: To keep notation short, we omit the parameter s from a(s) and b(s). The

following string of equalities proves the lemma.

H(a)

H(b)
=

−a log a

−b log b
=

a

b

log
[

a
b
b
]

log b
=

a

b

[
log a

b

log b
+ 1

]
=

a

b
+

a
b
log a

b

log b

s→so−→ 1 +
1 log 1

log bo

= 1 .

¤

Appendix B

The following discussion appears in [16] (pp. 41-45) and in [17] (pp. 86-92). A

random process {Xt, t ∈ T} is said to be separable if there exists a countable set

S ⊆ T and a fixed null event Λ such that for any closed set K ⊆ [−∞,∞] and any

open interval I, the two sets

{ω : Xt(ω) ∈ K, t ∈ I ∩ T} and {ω : Xt(ω) ∈ K, t ∈ I ∩ S}
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differ by a subset of Λ. The countable set S is called a separating set or separant.

It follows from the definition of separability that when the underlying probability

space is complete, for any a ∈ R the set {ω : Xt(ω) < a, t ∈ I ∩ T} is an event

and has the same probability as the event {ω : Xt(ω) < a, t ∈ I ∩ S}, where S is a

separating set.

It would be desirable to have stationarity imply that the two events {ω : Xt(ω) ≤

r, a < t < b} and {ω : Xt(ω) ≤ r, a + s < t < b + s} have the same probability.

Using separability, one can find a countable set, which is dense in (a, b) and is a

separating set, and use it to compute the probability of the first event. However,

when shifting this set by s, it is no longer guaranteed that the shifted set, which is

of course dense in (a + s, b + s), is a separating set for the interval (a + s, b + s).

Thus, separability alone is not enough to allow us to use stationarity in this way. As

mentioned in Section 4.2, in addition to separability we need continuity in probability.

Specifically, we cite the following result:

Let {Xt, t ∈ T} be a separable process, which is continuous in probability, and

let T be an interval. Then every countable set dense in T is a separating set.

Therefore, whenever the process is both continuous in probability and separable,

the probability of an event involving an uncountable number of Xt can be computed

using any countable subset that is dense in T , and consequently shifting events of

the above form does not alter their probabilities.

Next, let us consider measurability. A random process {Xt, t ∈ T} is said to be

measurable if Xt(ω) is a (t, ω) function measurable with respect to B ⊗ F , where B

is the σ-algebra of Lebesgue measurable sets in T , and F is the σ-algebra of events

in the probability space (Ω,F , P ), i.e. for any x ∈ (∞,∞),

{(t, ω) : Xt(ω) ≤ x} ∈ B ⊗ F .
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Suppose now that ΦX is some indicator function of the random process X, and

let I be some Lebesgue measurable set, for example, an interval. Then it is desirable

that the following hold:

E
[ ∫

I

Φx(t) dt
]

=

∫

I

E[Φx(t)] dt .

The swapping above of integration and expectation is permitted if the function ΦX is

a measurable function with respect to B ⊗F , as Fubini’s theorem shows. Thus, the

measurability of the process X ensures that the swapping above is indeed correct.

Finally, we cite the following important result:

Let {Xt, t ∈ T} be a continuous in probability process, and let T be an interval.

Then there exists a random process {X̃t, t ∈ T} defined on the same probability

space, which is equivalent to Xt and is separable and measurable.

It follows from this last result that the assumption of continuity in probability

suffices to guarantee that basic operations on stationary continuous-time random

processes such as preservation of probability under shifting and exchange of integra-

tion and expectation can be performed.
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CHAPTER V

Field-Gathering Sensor Networks1

5.1 Introduction

In this chapter we consider sensor networks for field-gathering, which is one of

the proposed uses for sensor networks, e.g. [2, 1, 3, 4, 5, 6]. More specifically, we use

the results of Chapter IV to examine the capability of large-scale sensor networks

to measure and transport a two-dimensional field. Although our analysis is for one-

dimension, we have no doubt that the results hold for two dimensions as well (see

“Future Work” Section in Chapter VI). We consider a data-gathering wireless sensor

network in which densely deployed sensors, with identical scalar quantizers, take

periodic samples of the sensed field, and then separately scalar quantize, encode and

transmit them to a central location, referred to as the collector, where snapshot

images of the sensed field are reconstructed. The network operates in slotted time

steps to transport bits from the sensors to the collector. The main question to be

addressed is how many time slots does it take to transport the quantized data that

corresponds to one snapshot of the field from all the sensors to the collector? We call

this number of time slots slot usage. There are two factors that determine the slot

usage: The ability of the sensors’ encoders to compress their data and the many-to-

1This work is a slightly modified subset of [1].
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one transport capacity of the network, which is the average number of bits a sensor

can send to the collector per time slot. The better the compression, the smaller the

slot usage. Ordinarily, the quality requirements for the reconstructed field play an

important role in determining slot usage. The better the desired quality, the finer

the quantizers and consequently the greater the number of bits that the sensors’

encoders produce, which in turn increases slot usage.

More specifically, we shall be interested in determining the behavior of slot usage

as sensor density increases to infinity. When this happens, more sensors send data

to the collector. However, the data is more correlated, and the encoder at each

sensor can do more compression. Thus, given a constraint on the quality of the

reconstructed snapshots, what determines the asymptotic behavior of slot usage are

the scaling laws of the many-to-one transport capacity and the average number of

bits generated by each sensor per snapshot. If these are of the same order, then slot

usage saturates at some finite value, if the latter decreases faster than the former,

then slot usage tends to zero, and finally, if the latter decreases faster than the

former, then slot usage tends to infinity. Equivalently, one can compare the scaling

laws of the total many-to-one transport capacity, which is the total number of bits

the collector can receive from the sensors per time slot, and the average total number

of bits generated by all the sensors per snapshot. This is the approach taken here.

Under the network model considered, the total many-to-one transport capacity

remains constant as sensor density increases. Therefore, the question boils down to

whether or not the total number of bits generated by all the sensors per snapshot,

remains bounded or not. The first result of Chapter IV shows that if all the sensors

utilize identical scalar quantizers, then this total number of bits increases to infinity

regardless of the scheme used by the sensors’ lossless encoders. Hence, we conclude
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that for the given scenario (i.e. the network communication model used – see next

section – and identical scalar quantization), even though the correlation between

sensor data increases as density increases, no scheme can transport the required

amount of data for a given quality in a bounded number of time slots, i.e. slot usages

tends to infinity. The second result of Chapter IV is used to upper bound the rate

at which slot usage tends to infinity, for the special case of a Gaussian field.

The remainder of this chapter is organized as follows. Section 5.2 describes the

network model. In Section 5.3 a detailed problem formulation is provided. Section 5.4

presents the results. Finally, Section 5.5 summarizes and concludes.

5.2 Sensor Network Model

Given a fixed positive number D, the goal of the sensor network is to sample,

quantize, encode, transport and reconstruct/reproduce (we shall use these terms

interchangeably) snapshots of the field with distortion D or less, with fewest number

of time slots per snapshot. We will assume that the transport system and compression

system of the network are designed and operated separately.

Next, we provide a description of the operation of the sensor network, the model

for the sensed field, the fidelity criterion, the transport system, the compression

system, and the decoder at the collector.

5.2.1 Sensor Network Operation

At regular time intervals, each sensor in the network measures the field value at

its location; then quantizes its value and losslessly encodes it with bits. (The field at

a given sampling time is called a snapshot). These are transported to the collector,

which is a processing unit, where decoding of the quantized data is performed, and

a reconstruction of the field snapshot, corresponding to the time of the quantized
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data, is produced. The performance of the network is measured by the mean-squared

error of its reproductions with respect to the original corresponding field snapshots,

and the frequency with which the quantized data representing one snapshot can be

transported to the collector, or equivalently, the number of time slots needed to

transport this quantized data.

More specifically, the sensor network consists of N sensors that are uniformly

spaced over a finite geographical region of interest G. All sensors use identical scalar

quantizers. We comment that one may consider a network where other forms of

quantization are performed. For example, temporal vector quantization, i.e. vector

quantization of samples at successive time instances may be used. Another possibility

is to use dithering, e.g. [7, 8]. But as a first step, we consider the simple scheme of

identical scalar quantization, both in space and time, with no dithering.

5.2.2 Sensed Field Model

The sensed field, i.e. the snapshot, is modeled as a stationary and continuous in

probability2, two-dimensional random field X(u, v). That is, X(u, v) is a real-valued

random variable representing the field value at Euclidean coordinates (u, v), where

u and v vary continuously. We make no assumption as to whether the random field

is bandlimited or not (bandlimited refers to spatial frequency content). We let G

denote the geographical region of interest, which is the region over which the network

is deployed. As we shall discuss in the next subsection, the sensors will use identical

scalar quantizers. Thus, with respect to these quantizers, the only requirement we

have from the field (aside from stationarity), in order to obtain the first result,

i.e. that the total number of bits per snapshot tends to infinity as sensor density

2Since continuity in probability is a very mild technical condition, we shall omit it in the sequel
and not mention it explicitly.
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increases, is that it have a quantization threshold crossing with positive probability

in G. In other words, we require that the probability that each X(u, v) in the entire

region of interest would lie in the same quantization cell is less than one (notice,

of course, that not all X(u, v) are quantized, but rather only the X’s at the sensor

locations – see shortly). This is a benign assumption, because if it does not hold,

i.e. if with probability one all X’s lies in the same quantization cell, then clearly the

quantizer is too coarse to be of use. We notice that this requirement precludes, for

example, the possibility of the field being constant, even if the constant is random.

We define a snapshot of the field to consist of all values X(u, v), u, v ∈ G. We

assume that successive snapshots are independent. That is, each snapshot is modeled

as a random field that is independent of the random fields modeling other snapshots.

A principal characteristic of the random field is its autocorrelation function

R(τ1, τ2), which indicates the correlation between values of X separated horizon-

tally and vertically by distances τ1 and τ2, respectively. For instance, R(τ1, τ2) =

exp
{ −

√
τ 2
1 + τ 2

2

}
is an example of an isotropic autocorrelation function that de-

cays exponentially with Euclidean distance.

In order to obtain the second result, namely, an upper bound to the rate at

which the total number of bits per snapshot goes to infinity, we will require that

the autocorrelation function of the random field is continuous at the origin, which

implies quadratic mean continuity, and also implies that as the distance between

samples decreases to zero, their correlation coefficient tends to one. We comment,

that although the latter requirement is used in our proof that the number of bits per

sensor per snapshot can be made to go to zero as sensor density increases, it might

not actually be necessary for the result to hold.
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5.2.3 Fidelity Criterion

Let (u1, v1), (u2, v2), ..., (uN , vN) denote the locations of the sensors. The field

values at these locations are sampled, quantized, encoded and transported to the

collector. The collector creates a reconstruction/reproduction (these terms will be

used interchangeably) X̂(u, v), (u, v) ∈ G as a reproduction of the original snapshot

X(u, v), (u, v) ∈ G.

The fidelity criterion of the reproduction X̂ relative to the original field value is

mean-squared error (MSE), and is given by the following expression:

MSE =
1

|G|
∫

G

E
(
X(u, v)− X̂(u, v)

)2

du dv ,

where E denotes expected value with respect to the random field, the integral is

taken over the region G, and |G| denotes its area.

5.2.4 Transport System

The wireless network has a transceiver at each sensor and operates in slotted

time steps to transport the bits generated by the sensors’ encoders to the collector.

Multiple hops may be required. There is a number W such that each sensor can

transmit or receive at most W bits in one slot.

When the collector has received from each sensor the encoded quantized value

corresponding to a particular sampling time, i.e. corresponding to one complete snap-

shot, it forms a reconstruction of that snapshot. The sampling and data transport are

pipelined in the sense that further snapshots may be taken by the sensors and their

transport may begin before the network has finished transporting prior snapshots to

the collector.
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5.2.5 Compression System

Since the field is continuous-valued the compression system is lossy. As men-

tioned, the sensors take samples of the random field at locations denoted

(u1, v1), (u2, v2), ..., (uN , vN). Since a sensor value is known only at its own location,

the quantization and lossless encoding at each sensor is done separately, where by

“quantization” we mean the mapping of a field value to a quantization index, i.e. ev-

ery quantizer maps a sensor value X(ui, vi) to an integer that indexes the possible

quantization cells. This index is then encoded in some lossless fashion. The encod-

ing is done separately at each sensor, namely, the quantization indices representing

quantized values of several sensors are not jointly encoded.

It is assumed that the encoders know the correlation structure of the field and

the location of all other sensors, in other words, the encoders know the correlation

between any two sensor samples of the field. Consequently, the encoders can use

Slepian-Wolf distributed lossless coding [9]. This is a coding method that permits

lossless coders to separately encode the data from correlated sources (such as the

data produced by neighboring sensors) as efficiently as if each encoder could see the

values produced by the other data sources. To illustrate this, consider the following

simple example. Let X and Y be two correlated discrete-time discrete-valued random

processes that are encoded separately by two encoders. That is, each encoder knows

the sample values of the random process it encodes only. The encoded samples are

the input to a decoder, whose output are the original sample values of X and Y .

This is depicted in Figure 5.1a. The question is at what rate (i.e. average number

of bits per sample) can the two encoders encode so that at the decoder, the original

sample values can be reconstructed with arbitrarily small error probability? Clearly,

the first can have rate RX = H(X) to encode X and the second can have rate
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oder

oder

Decoder X, Y

(a)

H(X)

H(Y|X)

H(Y)

H(X|Y)

Achievable

Rate Region	 


(b)

Rx

RY

Figure 5.1: Slepian-Wolf coding. (a) Two separate encoders. (b) Achievable rate
region.

RY = H(Y ) to encode Y (e.g. by using entropy coding, where we ignore the fact

that H(X) and H(Y ) might not be attained exactly). It seems plausible that since

neither encoder has knowledge of the other encoder’s input, H(X) and H(Y ) would

be the absolute minimum rates the encoders could have. Surprisingly, however, this

is not the case. By allowing both encoders to know the joint statistics of X and Y ,

one can do better by using Slepian-Wolf coding. Specifically, if the first encoder uses

rate RX = H(X) to encode X, the second encoder can use rate RY = H(Y |X) to

encode Y , where H(Y |X) is the conditional entropy of Y given X, i.e. the second

encoder can encode Y at the same rate as if it knew the value of X. Figure 5.1b

shows the achievable rate-region, i.e. the pairs of rates that the encoders can use so

that the sample values can be reconstructed losslessly. (In fact, Slepian-Wolf coding

is an almost lossless coding technique that has arbitrarily small probability of error,

and is normally regarded as lossless.)

We, note that Slepian-Wolf coding entails the simultaneous encoding of a block

of successive outputs from the quantizer of a given sensor. Thus, the encoders are

allowed to encode blocks of quantization indices at a time.
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5.2.6 Collector Decoder

First and foremost the decoder at the collector is designed to match the sensors’

Slepian-Wolf distributed encoding. Thus, it is assumed that the decoder obtains a

lossless description of all the quantization indices from all the sensors. The next task

of the decoder is to produce a reproduction of the field. To do so, an interpolation

is performed. For simplicity we assume that simple linear interpolation (e.g. sample

and hold) is used.

When N is large and, consequently, the sensors are closely spaced, the component

of MSE due to interpolation error is negligible, and for ordinary random fields, the

MSE is well approximated simply by the average MSE between the N sensor samples

and their reconstructions. That is,

MSE ≈ 1

N

N∑
i=1

E
(
X(ui, vi)− X̂(ui, vi)

)2

= E
(
X(u1, v1)− X̂(u1, v1)

)2

. (5.1)

where X̂(ui, vi) denotes the quantized version of the field value at location (ui, vi).

That is, with the quantizer fixed, as N →∞, MSE approaches the distortion of the

scalar quantizer.

We note that it is an open question whether there exists a nonlinear interpolation

method for the given scalar quantizers whose MSE is less or even tends to zero as the

density of quantized values increases. Such a method could perhaps be constructed

using level crossing theory [10] in conjunction with random sampling theory [11]. If

the answer is that MSE can indeed be made to go to zero, then the results presented

in the sequel need to be reevaluated. If, however, MSE can be made smaller, but

cannot be made to go to zero, then the results that follow are still valid.
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Remark: The results presented in Section 5.4 will be for one-dimensional random

fields, however, we have no doubt that they extend to two-dimensional random fields

as well (see the “Future Work” Section of Chapter VI).

5.3 Performance

As described in the previous section, we wish to investigate the ability of a dense

wireless sensor network, to measure and transport independent snapshots of a two-

dimensional field to a central location, i.e. a collector, where reconstructions of these

field snapshots are formed.

The principal question to be addressed is how frequently can a new snapshot be

taken and transported successfully to the collector. If new snapshots can be received

by the collector every u slots, then we say the network has a slot usage of u slots per

snapshot, and a throughput of 1/u snapshots per slot. Clearly small slot usage and

large throughput are desired.

One might also ask how much time must transpire between the time the snapshot

is taken by the sensors and the time the collector has the data needed for its recon-

struction. This delay will not be discussed here, except to say that due to pipelining

the slot usage is at most as large as the delay, and usually substantially smaller.

We are particularly interested in how the network slot usage and throughput of

an optimized system vary as N , the number of sensors, increases. Of course, the

sensor spacing decreases with N , and the sensor density increases with N . Must the

slot usage increase with N? If so, does it saturate at some finite value? Or does it

increase without bound?

To answer these questions, given that we wish to use a scheme for which the

transport system and the compression system are designed separately, one must an-
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swer a compressibility question and a capacity question: How many bits must be

generated by each sensor’s quantizer/encoder per snapshot? And how many bits can

be transported on the average by the network to the collector per sensor per slot?

(Here, we only count new bits generated at the sensors – not bits relayed by the

sensors.) This is the many-to-one transport capacity. Suppose the answer to the

compressibility question is bN , i.e. bN is the minimum number of bits per sensor per

snapshot that must be generated for a network of size N , and suppose the answer

to the capacity question is cN , i.e. cN is the many-to-one transport capacity, namely,

it is the maximum average number of bits that can be transported to the collector

per sensor per slot. (cN is less than W – usually much less.) Then the smallest pos-

sible slot usage is uN = bN/cN slots/snapshot. Equivalently, the maximum possible

throughput is tN = cN/bN snapshots/slot.

Duarte-Melo and Liu [4] answered the capacity question. They adopted a trans-

mission and interference model similar to the protocol model of Gupta and Ku-

mar [12], except it considered many-to-one communication instead of peer-to-peer

communication. They showed that

cN = Θ
( 1

N

)
bits/sensor/slot , (5.2)

where Θ( 1
N

) means there exist constants a1 and a2 such that a1

N
≤ cN ≤ a2

N
for

sufficiently large N . Notice that the fact that the number of bits per slot that the

collector can receive is bounded by W , easily implies that cN at most of the order

of 1
N

. The result in [4] shows, however, that this upper bound is attainable. In

comparison, Gupta and Kumar [12] found the peer-to-peer transport capacity of a

similar network to be cN = Θ
(

1√
N log N

)
.
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We comment that Gupta and Kumar had a second transmission and interference

model in [12], called the physical model, whose capacity results agree with those

shown for the protocol model, and so they would also agree with those shown in [4].

Under this model, the attenuation is assumed to be of the form a(x) = 1
xγ , where

γ > 0. Clearly, this attenuation model is optimistically nonrealistic when x is very

small. Alternatively, we could use the attenuation model a(x) = 1
(1+x)γ , as used in

[13], for example. However, since the results presented here are of negative nature,

i.e. they show how throughput tends to zero and slot usage to infinity, it is reasonable

to assume an optimistic model.

Our focus from now on is on the compressibility question. Given the models for

the random field and the fidelity measure that were provided in Section 5.2, and

given a fixed target MSE D, then as shown in Section 5.4, it is possible to have

bN → 0 as N →∞, where bN is the minimum number of encoded bits per sensor per

snapshot that must be transported to the collector to attain MSE less than or equal

to D. The idea is that as N increases, the sensors become closer, the correlation

between the field values sampled by nearby sensors increases, and it is possible to

exploit this correlation using, for example, Slepian-Wolf distributed lossless coding

on the quantizer outputs, to make bN → 0. On the other hand, although bN → 0, we

also show in Section 5.4, using the result shown in Chapter IV concerning the joint

entropy of quantized samples over a finite interval as the sampling interval goes to

zero, that no matter how the lossless coding is done, bN does not decrease as rapidly

as 1/N . That is,

NbN −→∞ as N −→∞ . (5.3)

Note that NbN is the total number of bits coming from the quantizers/encoders of

all sensors. Note also that the above result is quite general and is not limited to a
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particular lossless coding scheme.

Combining (5.3) with the many-to-one transport capacity result (5.2), we find

that the smallest slot usage for which the MSE can be D or less is

U(N, D) =
bN

cN

=
NbN

NcN

−→∞ as N −→∞ . (5.4)

This indicates that to obtain a given MSE D, the number of slots per snapshot must

grow without bound as N increases.

It must be said that this is somewhat disappointing, as it had been hoped that

as N increases, the inter-sensor correlation would increase sufficiently rapidly to

make NbN (and U(N, D)) saturate at a finite value, rather than approach infinity.

Note, however, that this result does not say that sensor networks cannot do the

desired job of measuring and transporting a two-dimensional field. Rather it says

that the efficiency with which it does so, as expressed by the slot usage or throughput,

degrades as the density of the sensors becomes very large.

It should be noted that the efficiency also degrades when N becomes too small.

Specifically, there is some threshold value No such that for N < No, the interpolation

error by itself exceeds D. Thus, there is no quantization-encoding-transport scheme

that attains MSE D. Moreover, as N approach No from above, the quantizer must

have increasingly fine resolution, which causes bN → ∞. And since in this case

N > No, we also have NbN →∞. Thus as in (5.4), U(N, D) →∞ as N ↘ No. We

conclude that given a target MSE D and a random field model, there is an optimum

value of N . This is the value for which NbN is smallest. This conclusion applies to

bandlimited and non-bandlimited fields alike. For bandlimited fields the optimum

value of N is not necessarily the value that leads to Nyquist sampling.
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Based on the above analysis, an alternative strategy, to be pursued in future

work, is to fix the number of sensors at the value of N that minimizes NbN , and

then to permit there to be an additional set of transceivers at locations between the

sensors. This is equivalent to having a network of N ′ > N sensors, and putting all

but N of them to sleep, while keeping all transceivers active.

We assert that the result in (5.3) is not at all obvious. Indeed, the limiting

behavior of NbN has been a long standing question in the theory of sampling and

quantization, which has only recently been resolved in the work presented in Chap-

ter IV of this thesis. Furthermore, NbN is a quantity of basic interest in source

coding, because it shows whether scalar quantizers with entropy coding can be used

efficiently to encode continuous-parameter random processes. If NbN were to remain

“close” to the information theoretic rate-distortion function for continuous-parameter

processes (i.e. if NbN remained bounded), then scalar quantization with entropy cod-

ing would be a viable technique for quantizing and encoding continuous-parameter

random processes. Equation (5.3) shows that this is not the case.

The question regarding the behavior of NbN is quite delicate, and as mentioned in

Section 5.4, rate-distortion theory shows that if ideal lossy coding were used instead

of scalar quantization plus binary lossless coding, then NbN would not increase to

infinity. However, the sensor network requires that coding be done separately at each

sensor. This is why we use scalar quantization, rather than say vector or predictive

quantization across sensors. However, we are certain (see “Future Work” Section

of Chapter VI) that even if one were allowed to use vector quantization, unless the

dimension of the quantizer increases with N , NbN would still grow without bound.

Having shown that NbN grows to infinity, the question arises as to how fast

it grows. Using the asymptotic formula for conditional entropy of highly correlated
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Gaussian random variables shown in Chapter IV, we find in Section 5.4 the rate with

which NbN increases, for the special case of a Gaussian random field and a particular

form of Slepian-Wolf coding. This also leads to a result on how fast U(N, D) grows in

this special case. For example, for a one-dimensional Gaussian field with exponential

autocorrelation, it is shown that U(N, D) →∞ at rate Θ(
√

N log N).

In addition to the many-to-one transport capacity, one may also consider the all-

to-all transport capacity, which is the maximum average number of bits per sensor

per slot that can be transported from each sensor to every other sensor. In [1] it was

shown that the all-to-all transport capacity is

cN = Θ

(
1

N

)
bits/sensor/slot ,

which is the same as the many-to-one transport capacity. Thus the behavior of a

network operating in all-to-all fashion, e.g. the asymptotic slot usage U(N,D), is the

same as the behavior of a network operating in many-to-one fashion.

5.4 Results

We need to assess the minimum number of bits that an encoder could produce

when encoding a quantized sensor value, when sensors are densely placed, and con-

sequently, their values are highly correlated. We will summarize and use the results

of Chapter IV.

As stated in Section 5.2, we view the sensors as taking uniformly spaced samples

of a stationary two-dimensional random field over a finite geographical region. The

collection of all samples taken at one time instance form a snapshot. Successive

snapshots are assumed to be independent.

Though the field is two-dimensional, the basic ideas are more readily apparent

and simpler to describe in one dimension. Therefore, we will focus on the case that
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N sensors are uniformly spaced on a straight line of length 1. In this case, let X(s),

0 ≤ s ≤ 1 denote the field value at location s. X(s) is assumed to be a continuous

parameter stationary random process. Let (X1, . . . , XN) denote the N sensor values

taken at a spacing of d = 1/N . Let (I1, . . . , IN) denote the integers resulting from

quantizing (X1, . . . , XN) with some fixed scalar quantizer.

5.4.1 bN −→ 0

From basic information theory we know that no lossless compression technique

could compress the output of the quantizer with fewer than

H(I1, . . . , IN) bits. (5.5)

Equivalently, it requires on average at least

1

N
H(I1, . . . , IN) bits per sample

to losslessly encode each quantized sensor value.

The lower bound in (5.5) can in fact be attained using Slepian-Wolf distributed

lossless coding. This requires every sensor to simultaneously encode a block of, say,

M successive outputs from its quantizer. Observe that the block of outputs is a

temporal block rather than a spatial one. Temporal blocks are needed in order for

the encoder, at each sensor, to operate at rate close to some conditional entropy

value (these conditional entropies will be stated shortly). Spatial blocks, however,

are not used since every sensor knows only its own values and so the quantization

and encoding must be done separately at each sensor.

The lower bound in (5.5) is attained in the following way. Let all sensors quan-

tize their values separately. Let sensor 1 losslessly encode its block of M successive

quantizer outputs into approximately MH(I1) bits using conventional block loss-
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less coding3, where H(I1) denotes the entropy of one of its quantizer outputs, and

where the independence of successive outputs has been used. Let sensor 2 encode its

values using Slepian-Wolf style coding with respect to sensor 1. Then, it losslessly

encodes its block of M successive quantizer outputs into approximately MH(I2|I1)

bits, where H(I2|I1) denotes the conditional entropy of an output of sensor 2 given

an output of sensor 1 in the same snapshot. (The decoder will already have decoded

the I1’s, before decoding the I2’s.) Similarly, sensor 3 uses Slepian-Wolf coding

with respect to sensors 1 and 2, thus mapping its M quantizer outputs into ap-

proximately MH(I3|I2, I1) bits. And so on. It follows that for the kth sensor, the

number of bits per snapshot generated by its quantizer/encoder is approximately

bN(k) = H(Ik|I1, . . . , Ik−1). It is well known that bN(k) decreases monotonically

with k. Thus, for large N , most of the bN(k)’s are approximately the same. That

is, there is a value bN such that bN(k) ≈ bN for most k. It is this value to which

Section 5.3 refers when prescribing the number of bits per sensor per slot produced

by each sensor’s quantizer/encoder.

It also follows that the total number of bits BN produced by all the sensors is

given by:

BN =
N∑

k=1

bN(k)

= H(I1) + H(I2|I1) + . . . + H(IN |IN−1, IN−2, . . . , I1)

= H(I1, . . . , IN) ,

where the last equality is an elementary property of entropy. This shows that the

3This and subsequent similar approximations can be made arbitrarily tight by choosing M large.
Moreover, this and subsequent block encodings are nearly rather than perfectly lossless, meaning
that there is a nonzero probability that the decoder output does not match the encoder input.
However, such decoding error probabilities can be made arbitrarily small by choosing M large,
thereby having negligible effect on the overall MSE.
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Slepian-Wolf approach does indeed attain the lower bound in (5.5).

We now show bN → 0 as N →∞. Using elementary information theory relations,

bN =
1

N

N∑

k=1

bN(k)

=
1

N

N∑

k=2

H(Ik|Ik−1, Ik−2, . . . , I1)

≤ 1

N

[
H(I1) +

N∑

k=2

H(Ik|Ik−1)
]

=
H(I1)

N
+

(N − 1)

N
H(I2|I1)

−→ H(I2|I1) as N −→∞ .

As N increases the sensors become closer and closer. Consequently their correlation

increases. Specifically, as N →∞, the distance between sensors 1 and 2 goes to zero.

Thus their sample values become essentially identical resulting in H(I2|I1) → 0,

which in turn implies that bN → 0.

5.4.2 NbN −→∞

Theorem 3 of Chapter IV shows that H(I1, . . . , IN) →∞ as N →∞. Since from

(5.5) BN = NbN can be no smaller than H(I1, . . . , IN), we see that NbN →∞.

We comment that Theorem 3 of Chapter IV is for a one-dimensional random

process. However, this theorem can no doubt be generalized to the case of a two-

dimensional random field, which will be the focus of future work. We note further

that if the snapshots of the field were dependent, we strongly believe that using an

encoding scheme that encodes based on previous snapshots will do no better. This,

too will be the focus of future work.
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5.4.3 The Growth of Rate for a Gaussian Random Field

As mentioned, although the encoding of the sensor value Xi must be done without

knowledge of the other sensor values with which it is correlated, one could never-

theless losslessly encode it with approximately bN = 1
N

H(I1, . . . , IN) bits, assuming,

for example, Slepian-Wolf distributed coding is used. A suboptimal but easier to

analyze case is where Slepian-Wolf coding is used to encode each sensor value with

approximately bN = H(I2|I1) bits by encoding each Ii assuming Ii−1 is known to

the decoder. Since BN = NbN , we can now apply (4.1) from Chapter IV, with BN

playing the role of R̄, to obtain an asymptotic, as N → ∞, expression for BN . We

note that (4.1) is based on Theorem 7 of Chapter IV, which holds for the case of

infinite-level uniform scalar quantizers, a stationary Gaussian source whose mean

is at the midpoint of some quantization cell, and small spacing between adjacent

samples, i.e. τ = 1
N

is small. Applying (4.1) we obtain

BN ≈ − 1

τ
Mλ

√
1− ρ(τ) log2

√
1− ρ(τ) ,

where σ2 is the variance of the source, λ = ∆
σ

with ∆ being the step size of the

uniform quantizers, and ρ(·) is the normalized covariance function of the source,

i.e. ρ(τ) is the correlation coefficient between adjacent samples of X.

Equations (4.2) and (4.3) of Chapter IV provide examples of BN for the special

cases that the Gaussian random process has an exponential autocorrelation function

and a Gaussian autocorrelation function, respectively. It follows from these equations

that in the former case

BN ≈ Mλ

2

√
N log N −→∞ as N −→∞ , (5.6)

i.e. BN increases as
√

N log N , and in the latter case

BN ≈ Mλ log N −→∞ as N −→∞ . (5.7)



193

i.e. BN increases as log N .

In light of the previous discussion that the total number of bits must increase

to infinity as N increases, it should not be surprising that (5.6) and (5.7) increase

without bound as N → ∞. Note that in these examples the number of bits per

sensor bN = BN/N goes to 0.

5.5 Conclusions

In this chapter we characterized the amount of data required to sample, quantize,

encode, and reconstruct a field densely deployed with wireless sensors, which use

identical scalar quantization. We showed that as the number of sensors increases

to infinity, the total number of bits generated by all the sensors for every snapshot

also goes to infinity for every system with distortion D. At the same time, the total

many-to-one transport capacity remains constant on the order of one. Similarly,

while the number of bits per sensor per snapshot could be made to go to zero, it

will do so strictly slower than 1
N

, whereas the transport capacity per sensor (i.e. the

many-to-one transport capacity) is of the order 1
N

, as shown in [4]. Therefore the

number of bits required for a fixed MSE cannot be transported with bounded slot

usage as N increases. We would like to emphasize that this result holds for both a

bandlimited and non-bandlimited random field, regardless of the encoding scheme

used.

We showed that in the special case of a one-dimensional Gaussian random field

with two example autocorrelation functions, there exists a compression system for

which the number of bits per sensor per snapshot is on the order of log N√
N

and log N
N

.

Since the achievable transport capacity per sensor is on the order of 1
N

, it follows

that in this special case the slot usage is Θ(
√

N log N) and Θ(log N), respectively.
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We also discussed that since the required number of slots per snapshot must

increase with the number of sensors, there should exist an optimal number of sensors

that minimizes the number of slots per snapshot. We do not know what this optimum

is, but if we did, it would place a limit on how densely sensors should be deployed,

beyond which one should suppress sensors, e.g. put sensors to sleep, to prevent

oversampling.
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CHAPTER VI

Summary and Future Work

In this final chapter, we summarize the contributions of this dissertation and

point to future research issues that remain unsolved.

6.1 Summary

In this dissertation we considered three asymptotic scalar quantization problems,

the last of which was applied to the sensor networks setting. Next, we provide a brief

description of the results shown in each chapter.

In Chapter II, the widely used additive noise model for high resolution uniform

threshold scalar quantizers was rigorously demonstrated for input densities that are

continuous and satisfy several other mild conditions. Specifically, it was shown that

as step size decreases, the correlation between input and quantization error be-

comes asymptotically negligible relative to the mean-squared error. Furthermore,

this model was shown to be valid even when the input density has a discontinuity

at the origin, but discontinuities elsewhere might prevent the correlation from being

negligible. In such cases, a formula for the correlation was derived in terms of the

step size and the heights and positions of the discontinuities. Furthermore, for input

densities with finite support, it has been shown that various noise models can be

197
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attained by appropriately matching the support of a finite-level uniform quantizer.

In Chapter III we showed that the operational rate-distortion function of scalar

quantization, for stationary memoryless Gaussian sources approaches zero with the

same slope as that of the Shannon rate-distortion function. From which we concluded

that scalar quantization is an asymptotically, as distortion tends to the source vari-

ance, optimal coding technique for such sources. This result was demonstrated using

uniform scalar quantizers and binary quantizers. Thus, it not only shows that scalar

quantization can be optimal in general, but rather it provides specific quantizers that

achieve such optimality.

Chapter IV was concerned with the entropy of highly correlated quantized sam-

ples. Two results have been demonstrated. First we examined the case that a

stationary random process is sampled over some finite interval, and each sample is

separately quantized with arbitrary, yet identical, scalar quantizers. A fundamental

question is what happens to the joint entropy of the quantized samples as the sam-

pling interval goes to zero. This question has been answered, and specifically it was

shown that if the random process crosses some quantization threshold with positive

probability, then the joint entropy tends to infinity as the sampling interval goes to

zero.

The second result provided an upper bound to the rate at which the joint entropy

above tends to infinity, for the case of a stationary Gaussian process that is quantized

with identical infinite-level uniform threshold scalar quantizers, such that the mean

of the Gaussian process lies at a midpoint of some quantization cell. Specifically, an

asymptotic formula was derived for the conditional entropy of one quantized sample

conditioned on another quantized sample.
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Finally, Chapter V applied the first two results of Chapter IV to field-gathering

sensor networks, whose sensors use identical scalar quantizers. The purpose of these

networks is to convey snapshots of the quantized field values at the sensors’ locations

to a central location, i.e. collector, where reconstructed snapshots of the field are pro-

duced. The question that was raised is what happens to the frequency, equivalently

throughput, with which snapshots of the field can be transported and reconstructed

at the collector, subject to a fidelity constraint. It was shown, using the joint entropy

result from Chapter IV, that when the field is stationary and crosses a quantization

threshold with positive probability, as the density of the sensors increases to infinity,

the frequency (throughput) above tends to zero.

Furthermore, using the asymptotic formula, from Chapter IV, for the conditional

entropy of quantized Gaussian random variables, an upper was found to the rate at

which the throughput of such networks degrades to zero in the case of infinite-level

uniform quantizers and a Gaussian field.

6.2 Future Work

There are several questions that are still open with regard to the problems dis-

cussed in some of the chapters of this dissertation. Next, we list these possible

avenues for future research.

It would be of interest to generalize the low resolution problem, discussed in

Chapter III, to source densities other than Gaussian, for example, Laplacian. In

fact, it might be possible to obtain tail conditions on the source density that may

insure optimal performance of scalar quantization, i.e. conditions that insure that

the operational rate-distortion of scalar quantization go to zero with the slope as

the rate-distortion function. We point out, however, that such tail conditions might
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not be sufficient. Indeed, they would probably determine the asymptotic behavior of

the entropy of the quantizer, but getting a handle on the behavior of distortion may

require some further regularity conditions. This is due to the fact that the rate of

convergence of distortion to the source variance is dominated by the cell containing

the origin, and the location of the reconstruction level within this cell.

More open problems arise when considering the work of Chapter IV. For example,

since the joint entropy of quantized samples over a finite interval has been shown

to go to infinity, as the sampling interval goes to zero, a reasonable question to

ask is whether, under similar conditions, the same happens to the entropy-rate of

the quantized process H∞(I) divided by the sampling interval τ . We notice that the

answer to this question does not follow from the finite interval result. Specifically, let

the joint entropy in the finite interval case be written as H(I1, I2, . . . , IN) = NHN(I),

where I denotes the quantized process and N is the number of samples in the finite

interval considered. We observe that H∞(I), the entropy-rate of the process I,

might be significantly smaller than HN(I), the N th order entropy of the process I.

Consequently, it is conceivable that when multiplying H∞(I), which plays the role

of HN(I) in the finite interval case, by one over the sampling interval, which plays

the role of N in the finite interval case, the product might tend to a finite value or

even zero, as the sampling interval goes to zero. The following is an example of a

process for which the product is in fact zero for all τ .

Let Xt be a stationary random process constructed from a random variable W

that is uniform on [0, 1] in the following way:

Xt =





1, t ∈ [k − 1 + W,k + W ] for k even

−1, else

. (6.1)
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For this process Hτ,∞(I) is zero for any τ , where τ is the sampling interval. (We sub-

script Hτ,∞(I) by τ to reflect the dependence on τ .) Consequently, limτ→0
1
τ
Hτ,∞(I) =

0. Here is a brief sketch of why Hτ,∞(I) = 0 for any τ . Given some τ , with proba-

bility one the sample path of the random process is such that the time of the zero

crossing in [0, 1] is an irrational multiple of τ . Consequently, each quantized sample

adds some information about the time of the zero crossing in [0, 1]. Specifically, one

can use the quantized samples in the interval (−∞, 0), of which there is a countable

number, to obtain the time of the zero crossing in the interval [0, 1] (and hence all

future crossings) perfectly. This in turn implies that Hτ,∞(I) = 0. We notice that a

countable number of, say, bits can be used to describe perfectly a real value, since

real values can be represented by their binary expansions.

Future research is also warranted with regard to the asymptotic formula for con-

ditional entropy of quantized Gaussian random variables. Specifically, it would be

interesting to extend this formula to arbitrary order of conditioning. Beyond the

intellectual challenge in doing so, such an extension can be used to determine the

rate at which the joint entropy of quantized Gaussian samples over a finite interval

tends to infinity as the sampling interval goes to zero. We believe, however, that

deriving such an extended formula would be very difficult using the same method

that was used to show the current formula for conditional entropy.

Additionally, it is interesting to ask whether for a Gauss-Markov process, the

current formula also holds for arbitrary order of conditioning. While the fact that the

process is Markov does not necessarily imply that the quantized process is Markov,

it is not unreasonable to expect that perhaps the quantized process is sufficiently

close to being Markov, in the sense that further conditioning does not alter the rate

at which the conditional entropy tends to zero.
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Furthermore, it would be interesting to obtain such an asymptotic formula for the

case that the uniform quantizers have offset other than half, i.e. for the case that the

mean of the Gaussian random variables does not lie at the midpoint of a quantization

cell. Additionally, as in the low resolution case, it is natural to consider source

densities other than Gaussian and seek asymptotic conditional entropy formulas for

them.

Another issue deserving further consideration is the extension to higher dimen-

sional random fields and to vector quantization of the results concerning the conver-

gence of joint entropy of quantized samples over a finite interval, and of the entropy

rate divided by the sampling interval, to infinity as the sampling interval goes to

zero. We are quite certain the results shown for one-dimensional random process

with scalar quantization, extend naturally to higher dimensions both of the random

process and the quantization. If so, it would imply, for example, that the joint en-

tropy of quantized samples of scalar quantizers with a finite period dither, which is a

type of vector quantization, would also tend to infinity as the sampling interval goes

to zero.

Finally with regard to Chapter V, an avenue of exploration is to examine whether

nonlinear interpolation affects the conclusion that rate must go to infinity as sensor

density goes to infinity to attain a fixed target MSE with an encoder that uses iden-

tical scalar quantizers and entropy coding. In Chapter V we argued that with simple

linear interpolation fixing D is equivalent to fixing the quantizer. But potentially,

nonlinear interpolation with a fixed quantizer might attain distortion that tends to

zero. If so, then with a fixed target distortion, we could change the quantizer with

the sampling interval τ (making it coarser and hence having less output entropy)

and attain distortion D, thus, perhaps, attaining a rate that does not go to infinity
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as τ goes to zero.

We comment that the process given in (6.1) is an example for which linear inter-

polation can be used to obtain distortion that tends to zero as τ → 0. However, this

process is degenerate, in the sense that its rate-distortion function is zero.


