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Abstract— This paper considers the entropy of the highly samples divided by the number of Samplq@ﬁ(). H is
correlated quantized samples resulting from sampling at high subscripted byr to reflect the dependence of the statistics

rate. Two results are shown. The first concerns sampling and f the quantized samples an (Note that the entropy coder
identically scalar quantizing a stationary random process over

A
a finite interval. It is shown that if the process crosses a Must adapt tor) Let R-(Q) = %HT(Q(X)) denote the rate
quantization threshold with positive probability, then the joint in bits/second produced by the ideal entropy encoder when
entropy of the quantized samples tends to infinity as the sampling quantizing and encoding the samples in the intejwal]. The

interval goes to zero. The second result provides an upper bound fj st question to address is: For a fixed scalar quantgzevhat
to the rate at which the joint entropy tends to infinity, in the h R dD 07

case of infinite-level uniform threshold scalar quantizers and appens -(Q) an @pr,T aS.T U L.

a stationary Gaussian random process whose mean lies at a We first argue thatiminf,_.qinf, Dg,r > 0. This is
midpoint of some quantization cell. Specifically, an asymptotic because for any choice @f D¢, , -, can be no smaller than
formula for the conditional entropy of one quantized sample the MSE of the best linear filteDg, ., i.e. the Wiener filter,
conditioned on another quantized sample is derived. for estimatingX, from the quantized, but not sampled, version

|. INTRODUCTION of X, over all time. That is,Dg rr is the least MSE when

. L A
The problem of analyzing the effectiveness of high rafiiearly estimatingX; from Xq , = Q(X;), —o0 <'s < o0.

sampling and scalar quantization has been widely addresd&S: Py the well-known MSE formula for Wiener filters

in the literature, for example [1]-[6]. Roughly speakinet jim infinf Dgp- > inf Do nr

problem is the following: Suppose a continuous-time signafF—% » Lr

is sampled, scalar quantized, encoded into bits and then _ /Oc Px (w)Px, (w) — |Pxxq (w)]?

reconstructed using some type of interpolation. Is it guesi oo Px, (w)

to tradeoff quantizer resolution for higher sampling rathile

dw

where Px and Px, are the power spectral densities &f

maintaining the same distortion between the original and end X, respectively, anPx x,, is the cross power spectral
i 2 -vs.-di ' A ' Q . . . o
constructed signals? Does the rate-vs.-distortion pexdoce density. Since the MSE of the Wiener filter is ordinarily

of such systems become better or worse as the sampling | Bitive, we see that as claimed above, linear interpaiatio
increases? How does one optimize such systems? And Wds distortion bounded away from zero

specifically does the rate-vs.-distortion performance weith We now consider what happens i (Q) as the sampling

the Samp“”g rate? . o interval decreases to zero. Does it go to zero? Remain finite?
In this paper, we do not con'S|der. the p.roblem In its mo nd to infinity? The answer is not obvious in that(Q) is

_ger.lerLaI form, b.Ut rathe_r YES'[I’ICF dlscussmc? to the ;gllov%he product ofl /7 samples/sec., which increases to infinity,

glg.dl_et_ ad contmuogs-hme sltz;thnar%/ random process - 5nq H-(Q(X)) bits/sample, which decreases to zero, due to
andlimited or not, be sampled in the interval 1}_ EVEY the fact that the samples (and consequently, the quantized

T seconds, quantized with a fixed scalar quantizer, bmag mples) become increasingly correlatedragecreases. Es-

gncodgd with an ideal entr'opy coder, and reconstructed Wgé'ntially, the question asks if the increasing correlagan
linear interpolation, producing be sufficiently exploited to counteract the increasinglgéa

[+1-1 number of samples.
X, = Z Q(Xpr)p-(t —n71) The first substantial result of this paper shows that under a
n=0 very mild condition, the answer is no. That is, for any quaenti

where Q denotes the quantization rule of the fixed scald? Satisfying this mild conditionR-(Q) tends to infinity. In
quantizer, ang, is an interpolation pulse, which may chang®ther words, althougt/- (Q(X)) approaches zero, it becomes
with 7. Let D, ,, denote the mean squared-error (MSE) iff"ge relative tor. o

X as a reproduction of (averaged over the time interval 1he fact thatR.(Q) tends to infinity is not what the

[0,1]). Let H, (Q(X)) denote the joint entropy of the quantizeUthors anticipated. Instead, it seemed plausible Hat))
would follow the trend of ideal rate-distortion coding and

OThis work was supported by NSF Grant ANI-0112801. approach a finite value. Specifically, suppose that instdad o



scalar quantizing and ideal entropy coding over the finite The results so far show, in effect, that for any target
interval [0, 1], the process were sampled over the intervalistortiond that is less than the variance &f,
(—o0, 00), and the samples were lossily encoded with an ideal nf lim R 4
rate-distortion encoder with distortion equal to the lingt Qilimint, oint, Doy r<d T ~(Q) = oo “)
dIStorFlor.] of the. scalar quantizer based system, i.e.odist That is, if @ is chosen so that the limiting distortion will be at
D = liminf,_¢inf, Dg , . Such an encoder would produce S : C
1 . P, : . : . mostd, then rate in bits/sec must necessarily tend to infinity
=R, (D) bits/sec, wheréR .(-) is the rate-distortion function . : . . :
T . asT decreases. Notice that in (4), we permit the interpolation
(in bits/sample) of the sampled random process (subsdripteé .
) . ulse, as well as the entropy coder, to change wijtbut we
by r to reflect the dependence of the discrete-time process . . .
. o 0 not permit the quantizer to change. One is naturally lead
on 7). In the Gaussian case, for example, it is well-know . . .
1 0 ask if the result would change if the quantizer were also
that as decreases to zero:R, (D) approachesR(D), . : i
. ) . * : . allowed to change withr, subject only to a constraint that the
the rate-distortion function of the continuous-time ramdo _. . e .
distortion be at mosi. Under some additional conditions, such

processX [7]. Since R(D) is ordinarily finite, we see that . . . )
. o . as that the process be ergodic and have piecewise continuous
restricting the lossy encoder to be a combination of a fixe .
Sample functions, one can show

scalar quantizer and an ideal (sampling-rate adaptedpmntr

coder over the finite interval [0,1] increases the limitirager lim inf R (Q) = o0 %)

from finite to infinite. This may be surprising because one 770 QD r<d

generally expects scalar quantization with entropy coding (The formal statement and proof are omitted as space does

have rate that exceeds the rate-distortion function by atmaot permit adequate discussion of the technicalities iraahl)

a constant (c.f. [8], [9]). However, this expectation applto This shows that even when the scalar quantizer is optimized

discrete-time processes, and if the r@fe(Q(X)) of scalar for the specific sampling rate, the encoded rate in bitsi&tékc.

quantization with entropy coding excee®s (D) by, say,c tends to infinity as the sampling rate increases.

bits/sample, then when is small, R-(Q) = 1H,(Q(X)) We conclude this section by noting that this work was

exceedsR (D) ~ %RT(D) by approximatelyc/r, which is originally motivated by the desire to understand the paént

large. efficiency of dense sensor networks when given the task
The question then arises as to how fast(Q) approaches of measuring and encoding a two-dimensional field [10] to

infinity. In general, this is a difficult question. To obtain avithin some target MSE. To simplify discussion, consider

partial answer, we make the problem tractable by consigeria one-dimensional field/signal indexed by 0 < ¢t < 1.

Gaussian sources, uniform threshold gquantization, andiconThe sensor measurements can be viewed as samples of the

tional entropy coding that attairH(Q(XT) | Q(XO)) instead signal. Because these samples are at disparate locatiens, t

of H,(Q(X)). The second substantial result of this pap&ncoding must be of the type called “distributed”. A natural

(Theorem 7) can be applied to show that wheis small though suboptimal, approach to distributed lossy encoding
o~ Al is scalar quantization followed by Slepian-Wolf distribdt
R (Q) < R(Q) = ;H(Q(XT) | Q(X0)) lossless coding. (Transform coding, DPCM and vector quan-

1 tization across samples are not permitted.) In this case, th

- ;M\/l —p(7) logyv/1—p(1) . (1) average number of encoded bits per unit length wilFb€Q),

when samples spaced apart are scalar quantized with.

03 S rpra? The question th_en arises as to the behavioRefQ) as the

Zve e T sensor density increases. On the one handr aecreases,
[-— the data from more and more sensors must be encoded. On

the other hand, the data produced by these sensors becomes

increasingly correlated, and this correlation can be atqio

by the Slepian-Wolf lossless coder. It was natural to cdojec

that the Slepian-Wolf coder would sufficiently exploit the

correlation to counterbalance the increasing number cfagen

Unfortunately, the results described earlier indicaté Ba Q)

tends to infinity, which means that the efficiency of a dense

sensor network must necessarily degrade, when each sample

is quantized with a common scalar quantiz@r It is not

Q

where
M =

A is the step size of the uniform quantize? is the variance
of X, andp(-) is its normalized covariance function, i&7)
is the correlation coefficient between adjacent sample& of
Note that the above expression f&,. depends only on the
behavior ofp(7) for T near zero, wherg(7) ~ 1. This means
it does not depend on spectral characteristicsXofsuch as
whether the process is bandlimited or not.

For example, ifo(7) = e~ 7!, which implies X is Markov,

and if 7 is small, theny/1 — p(7)/0* ~ /7, and known if this negative result is due to the type of lossy cgdin
_ M logy, T considered here (identical scalar quantization of eactpEm
k(Q) =~ - 9 N () or is characteristic of lossy distributed coding.

) The remainder of this paper is organized as follows. Sec-
Or if p(r) = e™7 andr is small, then\/1 — p(7)/0? = 7, tion Il shows thatR.(Q) tends to infinity asr goes to zero.
and Section Il develops the asymptotic (as correlation goemis)

R (Q) = — Mlog,T . (3) formula for the conditional entropy of one quantized sample



% 3. The definition of a random variable that is a function of
. the quantization indices that approximates the time of
the first crossing, and a proof that it converges condi-
e s tionally in probability to the time of the first crossing.
Do Do 4. A proof that the time of the first crossing is absolutely
3 continuous. Continuity is sufficient to insure that it has
i infinite entropy, and absolute continuity will be used in
T 1t the next step.
5. A proof that 2, 3, and 4 above imply that the entropy
of the approximating random variable tends to infinity
as the sampling interval goes to zero.

Fig. 1. A sample path of the random proceégson the interval0, 1], which

is sampled and quantized.is the quantization threshold considerétis the
first crossing time ofu, andr is the sampling interval.

Let {X;, t € T}, T = (—o0,0), be a continuous-time

random process, denoted for shortX¥ywhich is defined over

conditioned on another quantized sample, which is used [} Probability space, 7, P’). Letw € © denote a point in
(1). Section IV offers concluding remarks. We comment thab Which corresponds to a sample path denale@.). Let
in the sequel we will outline the proofs, but due to spacét(w) denote the value of the sample paifat timet.

limitations, we will not actually provide the proofs in this N€Xt let7 > 0 denote a sampling interval, and Igf(w),
extended abstract. k € Z, denote the index of the quantization cell containing

Xir(w), when quantized by some scalar quantiger
I1. JOINT ENTROPY OFQUANTIZED SAMPLES AT HIGH Definition 1: ([11], p. 147) Letu € R, let § > 0, and let
SAMPLING RATES h : R — R be some function. Theh has au-upcrossingof
Consider a continuous-time, stationary and continuous $ized att if h(t —s) < u andh(t+s) > uforall 0 < s < 0.
probability* random process that is sampled evergeconds. h has au-upcrossingatt if there existss > 0 such thath has
Each sample is quantized using an arbitrary, yet unchangi@g:-upcrossing of sizé at .
scalar quantizer. This section addresses the question af wh Note that in [11] a definition very similar to the above
happens to the joint entropy of the scalar quantized samplegeferred to asstrict upcrossings. Note further that without
from some finite time interval, as the sampling intervaénds loss of generality it suffices to focus on upcrossings ordy, a
to zero? It will be shown that under a very mild conditio®pposed to both up and downcrossings.
the joint entropy tends to infinity as — 0. Specifically, We are now ready to provide a formal definition of first
we assume that with positive probability the random proce€gssing (this corresponds to Step 1).
crosses (see Definition 1 below) some quantization thrdshol
This will be our only additional assumption about the randorE
process, aside from stationarity. 5(w)
The key idedis showing that as — 0, one can obtain from oo, else
the quantized samples an increasingly accurate desaripfio Opserve thatzs is an extended-value random variable. Note
a quantity that has infinite entropy. This in turn will implyat  fyrther that Z; might equaloo not only due to not having
the joint entropy of the quantized samples tends to infinity &ny y-upcrossing in0, 1], but also due to having an infinite
7 — 0. More specifically, we consider the finite time intervahymper of upcrossings with no first upcrossing, eigl, with
[0,1], and let the approximated quantity be the time of the firgt _ .
crossing in[0, 1] of some quantization threshold, which can be The following lemma establishes Step 2 and more.
increasingly well approximated from the quantized sampfes | emma 2: There existsy > 0 such that
the random process. It will follow that the joint entropy bkt 56
outputs of the quantizers tends to infinity. This is illugchin Pr(Zse7.5]) > 0.
Figure 1. While the idea is fairly simple, it does involve e@nt
technical hurdles that need to be overcome. Specificaley, th Next, in order to define a random variable that approximates
following steps are needed: Zs (i.e. the first part of Step 3), let denote the index of the

1. A useful definition of a crossing, whose time can pguantization cell containing. Without loss of generality we
approximated. assume this cell has the forfa,v). Given0 < 7 < 1 and

2. A proof that with positive probability a first crossingNr = 7], we define

t, X(w) has a firstu-upcrossing in [0,1], it
= is att, and it is of sized

does indeed occur. K7(w) = smallestk € {0,1,..., N, — 1} such that
LContinuity in probability is a very mild technical conditighat is needed (I,: (w)<Tandl, (w) > I), or 2N, if
to allow stationarity to imply that the evenfso : X (w) <r, a <t < b} .
and{w: X¢(w) <7, a+s <t <b+s} have the same probability, and to no suchk exists.
ensure that when taking the expected value of the time irtef function
of the random process, the expected value can be brougteitts integral. Now let R

2The authors would like to thank Bruce Hajek for providingstidea. 7"(w) = K'(w) 7T,



which is the approximation of;(w) that can be determinedintegers representing the quantization indices assaciaith
from the quantized samples. The second part of Step 3Xs and X, respectively, then

provided by the following lemma: H(ILII
Lemma 3:Let § > 0 be given. For any > 0 lim (2| 11) =1
: given. ¥ >0, ool —My/T—p log VI p ’
N )
lim Pr (|12, - 27| <e|Zs € [1.5]) = 1. where

2\/§ 0 (k+3)222
] M, = — e 2 .
The next lemma establishes Step 4. [—
Lemma 4: Z; is absolutely continuous o, 1]. ] ]
We observe that Theorem 7 provides an accurate estimate

We comment that continuity alone s implies H(Zs) = O the rate of an entropy coder that encodes each index
oo. However, absolute continuity is needed for Theorem @nditioned on the previous, when the source is Gaussian and
below. the quantizer is uniform. As indicated below, it also pre@sd

Finally, the following lemma shows that the entropy ofin asymptotically accurate upper bound to the fateof an
the approximating random variable tends to infinity as ttRntropy coder that jointly encodes all indices.
sampling interval goes to zero (Step 5), when the conditions 1 N,—1
of Steps 2,3 and 4 are met. R.(Q)=-H.(QX))=H(I})+ > H(II|I;,,....I])
Lemma 5:Let B be an interval, leZ be a random variable T k=1
that is absolutely continuous aoB, and letPr(Z € B) > 0. - sy L L T
Let {Z,} be a sequence of discrete random E/ariable)s suchthat = U0)+ (Ne = DH(ITI5) ~ ZH(IT|G) . (6)
foranye > 0, lim,, .. Pr(|Z - Z,| <e|Z € B) = 1. Then,  Substituting the result of Theorem 7 into the right-hanesid
lim H(Z,) = o . of the above yields (1), which as mentioned earlier, pravide
n—oo " an upper bound to the rate at whi¢h goes to infinity.
The main result of this section is now obtained in the Equations (2) and (3) provide exp'licit expressiops for the
following way. Lemma 2 is used to choose< § < 1 for upper bound in the case of exponential and Gaussian autocor-

which Pr (25 c [5 5]) > 0. For this choice of we apply relation functions. Next is a corollary to Theorem 7.

402 .
Lemmas 3, 4 and 5, wher8 = [$,¢] in the last lemma, Corollary 8:
and observe that for any the joint entropy of the quantized lim lim H(I2|I)

samples is at least as large as the entropﬁbf Formally, A—0p—1 —%%,/1 —plogyT—p
the result is stated as follows:

Theorem 6:Let X be a continuous-time stationary LettingA — 0 means the quantizers become high resolution.
and continuous in probability random process defindgtuitively this should increase the conditional entrojpyleed,
over the probability space(Q,F,P). Let Q be a the corollary shows that asymptotically, as — 0, the
quantizer having a quantization threshold such that conditional entropy increases s

Pr(X has au-upcrossing in0, 1]) > 0. Let also0 < 7 < 1, The complete proof of Theorem 7 is quite long and com-
and N, = LH Then plicated and so we only provide some intuition and discussio
. of what is involved.
lim H(Ig, I7, ..., Iy,) = oo. We observe that finding a conditional entropy of the form

H(I»|X,) is not trivial. However, since for such a case the

Note that the conditon of Theorem 6 thaionditional distribution of X, given X; is Gaussian, this
Pr(X has au-upcrossing in [0,1]) > 0, is benign and proplem has in fact been solved in [12], where the output en-
holds for a large class of processes, for example, for @nytropy of a uniform quantizer with a Gaussian source has been
it holds for any stationary Gaussian process with nonzeggaluated for asymptotically small rate. For the case exachi
variance [11] (p. 153). here, namely, finding the conditional entropy/(I5|I;), the

Theorem 6 shows in fact thak, = _H,(Q(X)) = derivation becomes significantly more difficult. The reafam
H(I§, I{,.... I _y) — oo asT — oco. Namely, the rate this stems from the fact thds is the quantized version of;,
in bits per second of the sampled and quantized process tegitch in turn makes the conditional distribution &f, given
to infinity as the sampling interval goes to zero. I = k no longer Gaussian.

The key to finding this conditional entropy lies in under-
standing the behavior of the conditional distribution J&f

The following is the second main result of this paper.  given thatl; = k. The expression fofx,r, (x|k) is

Theorem 7:Let X; and X, be jointly Gaussian random
variables with zero mean, variane€, and correlation co- ¢ . (z|k) = Pr(ly = k| Xz = 2) fx,(2)
efficient p that are quantized with an infinite-level uniform’ "> "' Pr(l; = k)
threshold quantizer with step sizA4, whose k" cell is 1 t — px tk+1 — po
[(k— 1A, (k+ 1)A). Let A = 2. If I; and I, denote the Fk,fXZ(m) Q( o, ) - o, )|

- "

IIl. ASYMPTOTIC FORMULA FOR CONDITIONAL ENTROPY




where fx, is the zero mean, varianeé Gaussian density,  then follows from the fact that the slope efplogp atp =0
is the probability ofX; lying in cell k, andt, = (k — %)A is s infinite while the slope ap = 1 is finite. Lastly, the fourth

the left threshold of thé*" quantization cell. term approximation is obtained by evaluating the required
Consider the influence of, i.e. the quantization cell in probabilities and identifying and discarding negligibéms.
which X lies, on fx, 7, (z|k). Suppose thap is very close IV. CONCLUSIONS

to one, thus,X, and X, are very correlated, which means This paper considered the behavior of the entropy of highly

that if X, lies in quantization cell, we expect that with correlated quantized data. First we examined the case that a
high probability X> would lie in the same cell. Indeed, upon q '

plotting of fx, 7, (z|k) with p = 0.99 andk = 1, we observed stgﬁonar.y_ randortr: %r-?ce-ss that clrodsses a quantlfga-tlcmj*rgcé
that X5 lies in cell 1 with high probability. However, we with positive pro a.||ty IS sampled over some inite Ineetv
further noticed that ifc is sufficiently large, then a seeminglyf"lnd gach sample is ;eparately quantized with arbl'trary, yet
strange thing happens, namel, lies with high probability identical, scalar quantize. It was shown that_rate in b_lt:_;

in a different cell than the one in whicK; lies. Specifically, per secondt, (@) of these quantized samples (i.e. their joint

for the case thap = 0.99 and k = 17, X, lies with entropy) tends to infinity as the sampling interval goes toze
high probability in cell 16 rather than17. The reason for while the induced MSE remains bounded away from zero.

; I . ; o Next, we established an upper bound to the rate at
this shifting towards the origin phenomenon is quite Slmplevhich R.(Q) above tends to infinity. This upper bound
Specifically, if X; = z1, then EXs = pz;. Thus, no matter i Y. PP

how close to ong may be, the distance between the value (%/i!gsieosb?mﬁrdsfé dueapfén?jci{[lijonr?z;?genrllr%h ozg:ri:czg)ci)ltlcr)]geen-
X1, i.e. z1, and the mean oK, i.e. pz1, equals(l — p)zq, P y Py ’

which can be made arbitrarily large, (i.e. it can equal tingib AL - ’.IO) < H(I .|IO)' A simple asymptotic
- . oy formula was provided for the first-order conditional entrop
of many quantization cells) by letting; be sufficiently large.

The take away message from this discussion is that for a|rr]1 the case of infinite-level uniform threshold quantizensl a
value of p, if kyis sufric?ently small, thenX, lies in the k" aystationary Gaussian random process whose mean lies at a

o . o g midpoint of some quantization cell. This formula holds for
ﬁ)erll \g:t?rgégh probability, and if: is too large, then this is no bandlimited and non-bandlimited processes alike. Indtes,
Tghe roc;f now follows in four main steos. each showin&envergence rate of the first-order conditional entropyedels
P . . PS, . %nly on the behavior of the autocorrelation function near th
that one term on the right-hand side of the equation below. . L o S
origin, thus it is of no consequence whether it is bandlichite
converges to one gs— 1.

not. As examples, we considered two autocorrelation foneti

H(L|L) B H(I|I) — an exponential and a Gaussian. The upper bound to the joint
- H T T
MyH(/T=p) Z|k|§N(p) H(LL|I, = k)P ;ahntr;)py was showndt(l) tgtjo infinity at raté;;!‘Ll and log 7 for
e Tormer case and latter case, respectively.
y Y hj<np H (LI = k) Py p y
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