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The Validity of the Additive Noise Model for Uniform
Scalar Quantizers

Daniel Marco, Member, IEEE, and David L. Neuhoff, Fellow, IEEE

Abstract—A uniform scalar quantizer with small step size, large
support, and midpoint reconstruction levels is frequently modeled
as adding orthogonal noise to the quantizer input. This paper rigor-
ously demonstrates the asymptotic validity of this model when the
input probability density function (pdf) is continuous and satisfies
several other mild conditions. Specifically, as step size decreases,
the correlation between input and quantization error becomes neg-
ligible relative to the mean-squared error (MSE). The model is even
valid when the input density is discontinuous at the origin, but dis-
continuities elsewhere can prevent the correlation from being neg-
ligible. Though this invalidates the additive model, an asymptotic
formula for the correlation is found in terms of the step size and
the heights and positions of the discontinuities.

For a finite support input density, such as uniform, it is shown
that the support of the uniform quantizer can be matched to that
of the density in ways that make the correlation approach a variety
of limits.

The derivations in this paper are based on an analysis of the
asymptotic convergence of cell centroids to cell midpoints. This
convergence is fast enough that the centroids and midpoints induce
the same asymptotic MSE, but not fast enough to induce the same
correlations.

Index Terms—Asymptotic quantization, cell centroids, cell mid-
points, high-resolution quantization, orthogonal error, orthogonal
noise, quantization error, quantization noise, uncorrelated quanti-
zation error, uncorrelated quantization noise.

I. INTRODUCTION

N his pioneering 1948 paper, Bennett [1] argued that the

quantization error of a uniform scalar quantizer with small
cells, reproduction levels at the cell midpoints, and large support
region can be approximately modeled as being orthogonal to the
quantizer input. That is, with X and Y denoting the quantizer
input and output, respectively,

EX(Y = X)~0. (1)

It follows that, as illustrated in Fig. 1(a), the quantizer output Y
can be modeled as the sum of X plus orthogonal quantization
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Fig. 1. Additive models of uniform scalar quantization. (a) The levels are
midpoints and the quantization error is orthogonal to the input. (b) The levels
are centroids and the quantization error is orthogonal to the output.

error N = Y — X. This is the additive noise model. Since
EY?=EX?+D+2EX (Y —-X), where D=FE(Y —X)? is the
mean-squared error (MSE), an equivalent property is

EY?’~EX%*+D )

i.e., the output power approximately equals the input power plus
the MSE. Though the additive noise model is very widely used
(cf. [2, pp. 193ff.], [3, pp. 753ff.], [4]), its validity has never
been rigorously demonstrated. The principal goal of this paper
is to do this and, in addition, to discover the correlation structure
when the additive noise model is not valid.

It is easy to see that the left- and right-hand sides of (1), re-
spectively, (2), tend to the same values as A — 0. This, however,
is not sufficient to validate the additive noise model. Instead, we
assert that the additive noise model is asymptotically valid when
and only when

EX(Y — X) = o(D)

where o(z) denotes a quantity such that o(z)/z — 0 as z — 0.
Equivalently, it is asymptotically valid when and only when
EY? = EX? + D + o(D). In other words, the discrepancies
in the approximations (1) and (2) must be asymptotically neg-
ligible relative to the MSE. Equivalently, using the well-known
approximation D = % +0(A?), where A denotes the width of
a quantization cell, the errors must be asymptotically negligible
relative to A2,

With this definition in mind, our principal result, Corol-
lary 12, shows that the additive noise model is asymptotically
valid when, in addition to satisfying several mild technical
conditions, the probability density function (pdf) of X is con-
tinuous, except possibly for tending to infinity at the origin or
having a finite jump discontinuity at the origin. If, on the other
hand, there are finite jump discontinuities not at the origin, then
Corollary 11 shows that

w - % ;tkek(1—6aa(th1—aA(tk)))+o (1)
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where t1,...,ty are the positions of the jumps in the pdf,
e1,...,en are their heights, aa (x) is the fractional position
of ¢, within its quantization cell, and o(1) denotes a quantity
that approaches 0 as A — 0. It would be nice if the right-hand
side of the above converged to some function of the ¢;’s and
er’s, with no dependence on the «a (t)’s. In such a case, one
could easily estimate the correlation, even in the presence of
jumps. However, Theorem 13 shows that this is not possible.
We conclude that when there are jumps in the pdf, the corre-
lation structure depends intimately on the positions of such
jumps within quantization cells.

To avoid overload issues, we focus on uniform quantizers
with infinitely many levels, i.e., with infinite support. However,
the results have significance for uniform quantizers with finitely
many levels. Specifically, since the performance of a uniform
quantizer with n levels approaches that of an infinite uniform
quantizer as n tends to infinity, the results indicate conditions
under which the additive noise model is asymptotically valid
when A is sufficiently small and n is sufficiently large.

In deriving our results, we find it necessary to explore and
exploit relations between quantization cell midpoints and cen-
troids that yield insight into the behavior of uniform quantizers.
It is well known that for a given A, MSE is minimized when
centroids rather than midpoints are used as levels. Not surpris-
ingly, as can be deduced from the results of [5, p. 15], the MSE
with centroids is again well approximated by A?/12 when A
is small. Thus, asymptotically, midpoints and centroids induce
the same distortion. On the other hand, midpoints and centroids
lead to rather different correlation structures. Specifically, with
centroids, it is well known that for any A, the quantization error
is exactly orthogonal to the quantizer output Y, rather than the
quantizer input X, i.e.,

EY(Y-X)=0 3)
or equivalently
EY?=EX%2_-D 4)

i.e., the output power equals the input power minus the MSE.
Thus, instead of the usual additive noise model, we have the ad-
ditive model illustrated in Fig. 1(b). This is somewhat surprising
in light of the fact that cell centroids approach cell midpoints as
A decreases. (This intuitive fact is shown in [6].) Clearly, there
is subtle behavior here. In this paper, we strengthen previous re-
sults on the convergence of cell centroids to midpoints, and we
show that this convergence happens rapidly enough to account
for the fact that the MSE with centroids is asymptotically the
same as that with midpoints. However, it is not rapid enough to
induce the same asymptotic correlation structure. We also note
that the proofs of the principal theorems are based on a measure
of the difference between the values assumed by EY? when
centroids are used versus midpoints.

For completeness, we mention that Widrow [7], and Sripad
and Snyder [8] found conditions, on A and the pdf, involving
zeros of the characteristic function, under which the quantizer
input and error are exactly orthogonal. Note, however, that these
results are not asymptotic and that the conditions are rather re-
strictive. We also mention that Bennett’s paper [1] argued that
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in addition to being orthogonal to the input, the quantization er-
rors of a uniform scalar quantizer are, approximately, white. A
rigorous demonstration of this was given in [9].

The remainder of the paper is organized as follows. Section II
introduces infinite uniform scalar quantizers and the framework
for considering such with step size A decreasing to zero, as well
as notation and other essential background material. Section III
shows that centroids approach midpoints rapidly enough to ac-
count for the fact that the MSE due to centroids is asymptoti-
cally the same as that due to midpoints. Section IV discusses
the additive noise model and introduces a key functional 7( f)
measuring the closeness of cell midpoints and centroids, whose
value determines the validity of the additive noise model. Sec-
tion V evaluates r(f) and states the main results regarding the
correlation of input and quantization error and the asymptotic
validity of the additive noise model. Section VI discusses al-
ternative noise models for uniform quantizers whose support is
matched to that of a pdf with finite support. Section VII proves
the principal results. Section VIII offers concluding remarks. Fi-
nally, the Appendix contains proofs of certain lemmas.

II. BACKGROUND

An infinite level uniform scalar quantizer is characterized by
a step size A > 0, an offset #,0 < § < 1, and a set of (recon-
struction) levels

< Y2 <Y1 <Y <y <y <.
The thresholds of such a quantizer are
o< T 9 << T 1 <2< T <L < -

where z; = (¢ — )A, and the ith (quantization) cell is S; =
[, zi+1). Note that 0 is the fractional position of the origin
within its quantization cell. Given an input =, the quantizer out-
puts ¢(z) = y; when z € S;. The quantization error is ¢(z) — z,
and when the input is a random variable X with pdf f, the MSE
is

D= Ba(X) - X = [ (ale) = 2)f(a)da.
We focus on two choices for the levels: midpoints and cen-
troids. In the former case
yi =2, + A2 =(1— 0+ 1/2)A.
In the latter

ff:“ zf(x)dx
L f(e) da

where f is the pdf of X.! Let ma g(), ca g(z), and ua o(z)
denote the midpoint, centroid, and left threshold, respectively,
of the quantization cell in which z lies. These functions are
constant on quantization cells. Let M ¢ and Cx ¢ denote the

Yi = E[X|z; < X <mipa] =

"When a cell [#;, x;41) has zero probability, the value of E[X|z; < X <
x;4+1] is of no consequence. However, for concreteness, we take it to be the
midpoint of the cell.
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output random variable Y = ¢(X) when midpoints and cen-
troids are used, respectively. In addition, let

Mmau =u+ A/2
and
cau=FEXlu<X <u+A]

denote, respectively, the midpoint and centroid of the interval
[u,u + A).2 For brevity, we usually omit the subscript 6 from
ma.g(x), ca,o(z), etc., when they are clear from context. When
we wish to emphasize dependence on the pdf, we add a super-
script, as in cfAyg(x).

In most of the results in later sections, we consider limiting
characteristics of families of uniform quantizers in which the
step size A goes to zero and the offset 6 varies arbitrarily. That
is, the offset  is an arbitrary function of A, denoted §(A). It can
be shown that if g(A, ) is a function and ¢ is a constant such
that lima_¢ g(A, 8(A)) = ¢ for any function § : R — [0, 1),
then the convergence is uniform over all such functions 6.

Throughout this paper, we focus on continuous-input
random variables X with finite first and second moments,
whose pdfs are either continuous or have finite jump discon-
tinuities, or have points at which f goes to infinity from the
left or right. (f is said to have a finite jump discontinuity at
t if the following limits exist, and are finite and different:
f(t™) & lim, » f(x), limy~; f(x) = f(t1).) Other condi-
tions on f will be specified as needed. It should be noted that for
any result in this paper that is concerned with expected values,
if f1 and f, are pdfs such that f; = f5 almost everywhere (a.e.)
and f, satisfies the specified conditions for the result, then the
result applies to f; as well. If a density f has finite support,
then an infinite uniform quantizer has, effectively, finitely many
levels.

We will occasionally introduce a symbol like f or g to rep-
resent a function that is like a pdf, but may lack the property
of integrating to one. Accordingly, in all statements of results
where f is required to be a pdf, we will explicitly specify such.
Where there is no specification, f denotes an arbitrary nonneg-
ative function.

Finally, a function f is said to be piecewise differentiable
if there exists a countable collection of disjoint open inter-
vals {B;} such that a) f is differentiable on each B;, b)
R = (U;B;) U E, where F is the set of interval endpoints (not
including —oo and o0), and ¢) any finite interval contains at
most a finite number of B;’s. We let B 2 U, B;.

III. MEAN-SQUARED ERROR (MSE)

As mentioned earlier, when A is small, the MSE when using
midpoints, denoted D, A, is approximately A?/12. Linder and
Zeger [10] showed rigorously that this holds for any pdf. The
precise statement is

. Dm,A _
A Aejp = ! ©)

or, equivalently, D, A = % +0(A?). Although the authors did
not claim such, their proof is sufficient to show that (5) holds for
any offset function §(A).

2WhenPr(u < X <u+A)=0,weletca, = u+ A/2.

1741

It is quite intuitive that M and C become closer as A — 0.
The question is how quickly. The following two lemmas, whose
proofs are left to the Appendix, provide some answers.

Lemma 1: 1f f is continuous and positive at z, then for any
offset function
lim —mA(w) —cal@) =0
A—0 A
or, equivalently, ca (z) = ma(x) + o(A).

Lemma 2: 1If f is a continuous a.e. pdf, then for any offset
function

_ 2
lim E(Ma = Ca)

A0 A2 =0

or, equivalently, E(Ma — Ca)? = o(A?).

Remark: Notice that while quantities such as ma (), ca (),
ua(x), Ma(z), and Ca (z) depend on the offset function, limit
expressions, such as in these two lemmas, usually do not. When-
ever appropriate, such insensitivity to the offset function will be
explicitly stated in future lemmas and theorems. In their proofs,
an arbitrary fixed offset function will be assumed. However,
it will not appear explicitly therein. Instead, its influence on
ma(x), ca(z), ete., is implicit.

It is well known that centroids minimize MSE. The following
theorem uses the convergence of centroids to midpoints demon-
strated in Lemma 2 to show that the MSE induced by centroids,
denoted D, A, is asymptotically the same as that induced by
midpoints. This result can also be deduced from the results of
[5, p. 15] without reference to the closeness of midpoints and
centroids and without requiring the pdf to be continuous a.e.

Theorem 3: If f is a continuous a.e. pdf, then for any offset
function

AQ
DeA = Dyya+0(A?%) = - + 0(A?). 6)

Proof:

Dy a=E[(X = Ca) + (Ca — Ma))?
=FE(X—Cp)?+2E(X—Ca)(Ca—Ma)+E(Ca—Ma)?
=Dea+ E(Ca — Ma)? = DA + 0o(A?)

where the first equality is by definition of Dy, a, the third is by

the orthogonality principle, and the last is due to Lemma 2. The
second equality in (6) is from (5). O

IV. ADDITIVE NOISE MODEL

Our primary goal is to determine when the additive noise
model is asymptotically valid for uniform scalar quantizers with
infinitely many levels located at cell midpoints. With M de-
noting the quantizer output with midpoint levels, we consider
the additive noise model to be asymptotically valid when and
only when for any offset function

EX(M - X) = o(A?) ©)
or equivalently

EM? = EX? 4+ D,,, + o(A?). ®)
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We focus on the latter condition. To determine when it holds,
we write

EM? =EM? + EX?> - EC? - D,
=EX?~ D,, + (EM? — EC?) 4 o(A?)

where C and D.. denote the output and MSE, respectively, of a
quantizer with centroid levels, and where the first equality fol-
lows from (4) applied to a quantizer with centroid levels and
the second follows from Theorem 3, assuming the pdf is con-
tinuous a.e. It is now clear that the relationship between FM?2,
EX?, and D,, depends on the quantity EM? — EC?. This mo-
tivates us to define a functional r that captures the behavior of
this quantity.

Definition 4: Given a pdf f

» EM?—EC? /°°

ra(f) = AZ/6 Ga(z)dz 9)

—00

where

m2 T _02 xr
Galo) 2 P2 )

When the limit of 74 (f) exists and is the same for all offset
functions

r(f) & lim ra(f). (10)

Using the above definition, we obtain the following lemma.

Lemma 5: 1f f is a continuous a.e. pdf, then for any offset

function
2

A
EM? = EX? + (2ra(f) — 7y + o(A%).  (11)
Proof:
EM? - EX? _ EM? - EC? _ EX? - EC?
A2/12 A?/12 A2/12
D, o(A?)
=2 - =2 -1
ralf) = gafg = 2ra() =1+ 75
where the second equality uses (4) and the definition of 7o (f),
and the last uses Theorem 3. ]

We now consider the ramifications of this lemma.

Corollary 6: 1f the input pdf f is continuous a.e., then for
any offset function
2

EX(M =~ X)= S (ra() -1 +0(8?)  (12)
and
AZ
EM(M = X) = Zora(f) + o(A%). (13)
Proof: The first relation is
EX(M - X) = % [EM? — EX? — D,,]
1 A? )
=3 (2ra(f) - 1)5 +0(A%) = Dy,

= (ra() = D3 +0(a?)
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where the first equality is elementary, the second is from
Lemma 5, and the third is from (5).
The second relation is

EM(M - X)=EM? - EX?> - EX(M - X)
2
= (2ra(f) = DT +o0(A?)

~ (ra() = )55 +o(a?)

—ra(f) 3y +o(A)

where the first equality is elementary, the second is from
Lemma 5 and the first part of this proof, and third is from (5). O

By comparing (11) to (8) and using (5), or equivalently com-
paring (12) to (7), we obtain the following.

Theorem 7: 1f midpoints are used and the input pdf is contin-
uous a.e., then the additive noise model is asymptotically valid
if and only if r(f) exists and equals one.

V. EVALUATING 7( f)

In this section, we give the main results of the paper, which
characterize the behavior of 7( f), and consequently, determine
the validity or invalidity of the additive noise model. We begin
with a definition. Proofs are given in Section VII.

Definition 8: A pdf f is nice if each of the following holds.

1. f has finite second moment.
2. limg_ozf(xz) = 0.
3. There exists € > 0 such that

lim |z|*T¢f(z) =0 and Jim 22 f(x) =0

Teen z€B
where f’ is the derivative of f and B is the set over which
f is differentiable.

4. f is continuous, bounded, and piecewise differentiable
with bounded derivative, except perhaps at a finite set of
exceptional points {s1, ..., 8, } such that any of the fol-
lowing might hold:

a) |f'(x)] — oo as z — s; from left and/or right;
b) f has a finite jump discontinuity at s;;
¢) s; = 0and f(z) — oo as z — 0 from left and/or
right;
and if at any s;, |f’| goes to infinity from left (right), it
does so monotonically in some left (right) neighborhood
of S;.

Remark: The class of densities of the form b|z|%e=*I",
B > —1, and a > 0, which includes the Gaussian, Laplacian,
and gamma densities, and one-sided versions of these, such as
the Rayleigh and exponential densities, are nice pdfs.

Theorem 9: 1If f is anice pdf with no exceptional points, then
r(f) = 1.
Theorem 10: 1If f is anice pdf, and T' = {t1,..., tn}is the

set of exceptional points where f has discontinuities, then for
any offset function

ra(f) =sa(f) +o(1) (14)
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where
N

sa(f) 21+ trer[1 = 6aa(ts)(1 — aa(t))].

k=1

15)

er = f(t§) — f(t;) is the height of the discontinuity at ¢4, and

a tk —ua(tr)
OAA(tk) = A
is the fractional position of ¢; within its cell, and where the
summand is taken to be zero when ¢, = 0, even if f(¢;) and/or
f(t,) are infinite.

From the preceding theorem, Lemma 5, and Corollary 6, we
obtain the following corollaries.

Corollary 11: 1f f is a nice pdf, then for any offset function

2

BX(M = X) = T (5a(7) ~ 1) + o(&?)

EM(M — X) = o sa(f) +o(a?)

EM? = E'X2+?—22(23A(f) — 1)+ o(A?).

Corollary 12: 1f f is a nice pdf with no discontinuities, ex-
cept perhaps at 0, then sa(f) = 1 for all A, and consequently,
r(f) = 1 and the additive noise model is asymptotically valid.

On the one hand, when f is a nice pdf with no discontinuities
except possibly at the origin, Corollary 12 shows that the addi-
tive noise model is asymptotically valid, i.e., for small values
of A. On the other hand, when there are discontinuities else-
where, Corollary 11 permits one to determine the validity of the
additive noise model for any given A by computing s (f). Itis
conceivable that s (f) converges to some value depending on
the ¢;’s and ey’s, but not on the offset function #(A). In such a
case, for small values of A, it would be sufficient to know this
value, so one would not have to be concerned about the detailed
calculation of sa (f) for the specific values of A and 6(A) being
used. Unfortunately, the following theorem shows that this is not
possible.

Theorem 13: If f is a nice pdf, and the set of exceptional
points T = {¢1,...,¢n} where there are discontinuities is not
comprised of only the single point 0, then there exists an offset
function §(A) such that lima_, sa(f) does not exist. Thus,
r(f) = lima_o7ra(f) does not exist, and, consequently, the
additive noise model is not asymptotically valid.

The effect of jump discontinuities: In light of Corollary 12
and Theorem 13, we observe that jump discontinuities have a
determining effect on the correlation between quantizer input
and error and the existence of r(f). To see why, consider the
case that f has a single finite jump discontinuity at ¢, and rewrite

ra(f) as
ua(t) ua (t)+A
ra(f) = / Ga(e)do + / Ga(e)de

Jua(t)
+/ Ga(z)dx .
ua (t)+A

The methods used in the proof of Theorem 10 can be easily used
to show that the left and right terms in the above converge to

J —00
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Fig. 2. The pdf f, having a jump discontinuity at # = ¢, can be viewed as

being approximately constant on the left and right parts of the cell containing ¢.

finite values. Therefore, the existence of 7(f) is determined by
whether or not the middle term has a limit. We now rewrite the
middle term in greater detail as

fUA (t)JrA
/ Ga(z)dx

ua(t)

6 [mA(t) + cm)} = | /u ZA(t(:)+Af(a:) dx] {M}

(16)

where we used the fact that ma (z) and ca(z) are constant on
quantization cells.

On the one hand, if f were continuous at ¢, then the right-hand
side of the above would tend to zero. Specifically, the first term
in brackets approaches 2t and the second approaches f(t). If
f(t) > 0, then Lemma 1 implies that the third term goes to
zero. If f(t) = 0, then the second term approaches 0 while the
third has magnitude no larger than 1/2.

On the other hand, when f has a finite jump discontinuity at
t # 0, as illustrated in Fig. 2, % no longer goes to
zero, necessarily, as A — 0, as we will shortly demonstrate. In
fact, it can be made to converge to different values depending
on how A approaches zero. Furthermore, + f:AA((tt)HA f(z)dzx
also does not converge. The important question 1s whether the
product of these two terms converges. We will show that it does
not. Therefore, 7(f) does not exist.

For example, fix §(A) = 0 for all A and suppose A,, is a se-
quence going to zero as n — oo in such a way that ¢ always lies
in the center of its cell; i.e., t = ua, (t) + aA,, for all n, where
«a = 1/2. Assume further that f is constant in neighborhoods to
the right and left of ¢, as will approximately be the case when A,
is small. Then the first term in (16) converges to 2¢, the second
term converges to (f(¢t7) + f(¢1))/2, and the third term can be
1) —f(th)

straightforwardly shown to converge to 3 G IGIE It follows

that the right-hand side of (16) converges to 3¢[f(t~) — f(t*)].
(A careful derivation, not assuming f is constant in neighbor-
hoods, is given later in the derivation of (26).) On the other hand,
if A}, — Oinsuchaway thatt = ua- (t) 4+ A}, for all n, with
a # 1/2, then the right-hand side of (16) converges to some
other value. This implies that ( f) does not exist.

We comment that although the contribution of the cell con-
taining ¢ is nonvanishing, this fact alone is insufficient to in-
validate the additive noise model, since it is conceivable that
this substantial nonvanishing contribution might combine with
the sum of vanishing contributions of all other cells (where f is
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continuous), which is substantial as well, so as to make 7 (f)
converge to 1. However, as mentioned, the fact that the contribu-
tion of the cell containing ¢ does not converge, while the sum of
contributions of all other cells does converge, ultimately causes
ra(f) not to exist. Finally, one might imagine that if there were
several jump discontinuities, then their nonconverging contribu-
tions might perhaps cancel each other so that r 5 (f) would still
converge. This, however, cannot happen, as shown by Theorem
13.

VI. UNIFORM DENSITIES AND QUANTIZERS WITH
MATCHED SUPPORT

Consider a uniform pdf. It has discontinuities at each end of
its support. Thus, according to Theorem 13, the additive noise
model is not asymptotically valid. While the discontinuities
cause 7(f) not to exist, i.e., there are offset functions for which
neither sa(f) nor ra(f) have limits, the simple fact that
the midpoints are centroids (ignoring the cells containing the
endpoints of the support of the pdf, for which midpoints might
not equal centroids) would already lead one to suspect that 7( f)
does not equal 1. Instead, in view of (3), one would more likely
expect the quantization error to be approximately orthogonal to
the output rather than the input, and from Corollaries 6 and 11,
one would expect rA(f) = sa(f) = 0. Indeed, Theorem 10
shows this will be true if the endpoints of the pdf support are
close to the thresholds of the quantizer, in which case the «’s
for the endpoints will be nearly zero or one, and the ey ’s will
sum to —1.

In view of the above discussion, it is interesting to consider
the limiting characteristics of uniform quantizers in an alterna-
tive framework. Specifically, if a pdf has finite support (a,b),
consider the sequence of uniform quantizers such that the nth
quantizer partitions (a, b) into n cells of width A,, = (b—a)/n,
with thresholds exactly at a and b.3 Such quantizers are said to
have matched support.

Though we do not expect the usual additive noise model
to be valid for quantizers with matched support, there can
nevertheless be a well-defined asymptotic correlation structure,
i.e., asymptotic formulas for the second moment of the output,
and the correlations between input, output, and quantization
error. These are characterized by modified versions of 7 (f)
and r(f), namely

fn(f)é/ooG(b_a)/n(x) dx

and when 7, (f) has a limit

(f) 2 lim 7 (f)
which are just like A (f) and r(f) except we now require that
A,, = (b — a)/n and that there be thresholds at a and b. With
7(f) replacing r(f), one may easily check that Lemma 5 and
Corollary 6 apply for pdfs with finite support and uniform quan-
tizers with matched support. Moreover, slightly modified ver-
sions of Theorems 9, 10 and Corollaries 11, 12 hold. The fol-
lowing is an example of what is possible.

3Note that the offsets of the quantizers change with 7.
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Theorem 14: Let f be a nice pdf with finite support (a,b)
with no discontinuities except, possibly, jump discontinuities at
a, b, and the origin. Then for uniform quantizers with matched
support

EM? = EX? + (27,(f) — 1)Dp.a + 0(A2)

A2
EX(M - X) = T2(7u(f) = 1) + 0(A7)
2
EM(M - X) = %fn(f) + 0(A2)

7(f)=1+af(a®™)=bf(b").

Proof: The first three relations are derived just as in
Lemma 5 and Corollary 6. The last relation follows by deriving
a modified version of Theorem 10, and then using the facts that

ana,(a) = aa, (b) = 0 and that the corresponding ¢;e; terms
sumto af(at) — bf(b7). O

a7

This theorem shows that for matched quantizers, a variety
of different correlations are possible, i.e., a variety of alterna-
tive noise models are possible. For a uniform source, 7(f) = 0
and the theorem predicts the additive noise model illustrated in
Fig. 1(b). However, for nonuniform pdfs, (17) indicates that ap-
propriate choices of a, b, f(a™), and f(b~) can make 7( f) attain
any value whatsoever, making possible a broad range of alter-
native noise models.

When the pdf has jump discontinuities within (a, b) that are
not at the origin, 7 will not exist, for reasons like those that
cause 7 not to exist in Theorem 13. For such cases, one may
develop a generalization of Theorem 10. Or one may try a more
complicated matching such that all jump discontinuities occur
at quantizer thresholds. This, however, is not always possible.

As a final set of options, we mention that one could also
consider the family of uniform quantizers whose supports are
matched to (a,b) in the sense of having cell midpoints at a and
b, rather than boundaries at a and b. In this case, for a uniform
pdf, Theorem 10 shows that the modified version of r( f), again
denoted 7(f), would equal 3/2. More generally, for a uniform
pdf on (a,b) and any a1, € [0,1), one could consider the
family of uniform quantizers that are matched in the sense that

a=unp,(a)+ a1,
and
b= uAn(b) + s A,.

In this case, Theorem 10 implies that

. 6

=52 (baa(1 — az) — aci (1 — o).
Thus, one could obtain a wide range of modified 7(f) values.
One might even attempt to obtain 7(f) = 1, so that the additive

noise model would be valid.

VII. PROOFS

Proof of Theorem 9: Let f be nice with no exceptional
points. Let §(A) be an arbitrary offset function, let (a,b) be
some finite interval, and let us write

a b oo
m(f)z/_oo GA(w)d:ch/a GA(w)dx—i-/b GA(x)t(iicg.)
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The proof follows by taking the limit of the above, while using
Facts 2 and 3 below.

Fact1: Forall z € B, lima_,0Ga(z) exists and equals
().
Fact 2:
a)
b b
ilglo/a Ga(z)dz = /a i{r}o Ga(z)dz.
b)

b b
/aiigloGA(w)dx:af(a)-i-/a f(z)dx —bf(b).

Fact 3:

iiglo _aoo Ga(z)dz = /_; f(z)dz —af(a)
and
gl_l)lo/b Ga(z)dz = bf(b) +/b f(z)dz.

Proof of Fact 1: lima_g Ga(z)=—zf'(z), forz € B: We
will use the following lemma, proved in the Appendix, which
provides a stronger statement than that of Lemma 1, but requires
stronger conditions. A similar result was shown in [6]. However,
the conditions set here are less restrictive and the statement of
this lemma is more precise.

Lemma 15: 1f f is positive and differentiable at x, then for
any offset function

A? f'(x
ea(z) =ma(z) + Tz ];((a:)) + 0(A?)
or equivalently
L ma(e) —eal) __ f)
A0 A2 12f(z)

To prove Fact 1, we begin by considering some = € B, and
expanding Ga ()
2 2
_ ma(@) —ci(z)
Galz) = AQ—/Gf (2)
_¢ |mal@) —calz)
=6|——Fxz
If f(z) > 0, then Lemma 15 shows that the first bracketed term
converges to — lj; f(z(?) as A — 0. The second bracketed term
goes to 2x as A — 0. Therefore,

giino Ga(z) = —zf'(z) .

If f(z) = 0, then Ga(xz) = 0 for any A. Also, f'(z) = 0
(otherwise, we could move in the direction that would make f
negative). Thus, (19) holds again, which completes the proof of
Fact 1.

[ma(z) +cal@)] f(z) .

(19)

Proof of Fact 2a:
b b
lim Ga(z)de = / lim Ga(z)dz.
A—0 /, Ja A—0

We will use the bounded convergence theorem [11, p. 210] to
show that the limit and integral can be swapped. Fact 1 showed
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that the limit of the integrand G'a () exists almost everywhere.
The bounded convergence theorem also requires that |G a ()]
be uniformly bounded, which we now show. Since f is nice
with no exceptional points, there exists S < oo such that |f'| <
S wherever f’ exists. For any z € (a,b), Lemma A2 of the
Appendix shows that for all sufficiently small A

Ga(2)] < 12(|z] + A)S < 24 max{|al, [b]}S

where we used the fact that for all sufficiently small A,
(Jz] + A) < 2max{|al, |b|}. It follows that |G ()| is uni-
formly bounded for = € (a,b). Finally, since the integration is
over a set of finite measure, Fact 2 follows from the bounded
convergence theorem.4

Proof of Fact 2b:

/aiigloGA(a:)da::af(a)—i—/a f(z)dx —bf(b).

Fact 1 implies

b b
/a giLHOGA(:v)da::/a —zf'(z) dx.

Since f is piecewise differentiable, and B is the union of dis-
joint open intervals on each of which f’ exists, there exists some
K such that B N (a,b) = UL (yi,yi11), where y; = a and
Yk +1 = b. Applying integration by parts to each open interval
(Yi, Yit+1), we obtain

b K Yit1
. _ o
/a ilgloGA(w)dx_ ZE:1 /yi xf'(z) dx

K Yit1
=z(y,;f<yi>+
=1

JYi

()dx—yiv1 f(Yis1 ))

~of(@)+ / f@)ds—bf(b) . (0)

Proof of Fact 3:

EH}O _OOGA(J:) dx:/_oo f(z)dz —af(a)

and
oo

lim GA(a:)d:v:bf(b)—l—/boof(:v)da:.

A—0 b

We will show

(e}

lim GA(:c)da::bf(b)+/bwf(a7)dx.

A—0 b

The result for the other integral follows in a similar way. We
decompose the integral lima ¢ fboo Ga(z)dz into

:;3(/wk+l(?A(x)dx

k=0" bk

lim
A—0
where by = b + k. Our main goal is to show that the limit

and sum can be swapped. To do so, we shall make use of the
following version of the Weierstrass M-test [11, p. 543].

4t can be easily shown that the theorem applies when the integrand is pa-
rameterized by some # converging continuously to some t,, rather than some
integer n converging to co.
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Lemma 16: Let ®,(A), k € Z be a sequence of func-
tions such that lima_o ®x(A) exists, [Pr(A)| < M for
0 < A <6, forsomed > 0,and > 7~ _ M < oo. Then
D ore oo Pr(A) exists for 0 < A < 6, and

-3

k=—o00

oo

> @

k=—o0

lim

lim @ (A
A—0

A—0

Define ®;(A) = fbbf“ Ga(z) dz and write

oo

ge'e) 'bk-+1 e
/ Ga(x)dr = Z/ Galw)dz = ®x(A). 1)
b b k=0

k=0""k

We would like to apply Lemma 16 to the right-hand term of (21).
By Fact 2, lima o ¢ (A) exists. We now find a sequence My,
whose sum is finite, that dominates the sequence |®(A)|. We
begin by bounding |®(A)]. Let S < oo be the uniform bound
on the derivative of f.Fix 6,0 < ¢ < 1 and consider throughout
0 < A < 4. Recalling that f is piecewise differentiable, let

Wi 2 BN (b — 6, bpy1 + 06)

denote the subset of the interval (by — 6, bg+1 + &) over which
f is differentiable. Let S;, = sup,eyw, |f'(«)|. Since f is a nice
pdf

3 24 g1 _
Jim 27 f(2) =0
z€B

for some € > 0. Thus, there exists a nonnegative integer NV,
N >4-b(.e,N > 0andby > 4)such that z*T| f/(z)] < 1,
or, equivalently, | f/(z)| < - forallz € [by — 1,00) N B.
Therefore, when &k > N,

1 < 1
(b — 6)2Fe ~ (b — 1)2te"

Sk <

Using this we obtain

b )
0,(A)] < / G a(2)] do < 125k (|be] + 1+ 6)
by

(b)
< 125k(|bk|+2)
© {125(|b|+N+2),

24—y

0<k<N ,
k>N - M
where (a) follows from Lemma A2, (b) uses 6 < 1, and (c) is
due to having |bx| < |b| + N for 0 < k < N, and |b| + 2 <
2(by, — 1) for k > N.

Next, we need to show that Z,;“;O M, < oo, which can be
seen as follows:

S =
k=0

<125(|b| +N+2)N+24Z k1+e < o0

N—

—_

24
(bk — 1)+

hE

128(]b] + N +2) +
k=0 k

g1
4
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where the first inequality is due to by — 1 > 3. Thus, taking the
limit as A — 0 in (21) we obtain

ilglo i Ga(z)dx
I () w= ;.
N ilglozq)k(A) N Zilglo Pr(8)
k=0 k=0
oo bry1
= Zi{x}o/b Ga(z)dx
k=0 k
() — Pt
DS (b f(be) + / f(w) do — by f(bis1)
k=0 /by,

by

N bry1
= ngléo]cz <bkf(bk) +/ f(z)dz — bk+1f(bk+l))

bn41
=bf(5) + Jim / fla)de — lim b f(bysr)

W+ [t

where (a) follows from Lemma 16, (b) follows from ap-
plying Fact 2 to intervals of the form (by,bs+1), and (c) is
obtained by applying Lemma AS of the Appendix, which
shows lim,_,o. 2 f(z) = 0, since f is a pdf with finite mean
and lim, o zepzf/'(z) = 0. O

Proof of Theorem 10: Let {sq,...,
points of f, let {vg, v1,...,

sn } be the exceptional
v, } be chosen so that

— 0 < V<SS <1 <8< < Up-1<8, <V, <O

and let us write

/_Z Ga(o)ds = [ OO

It follows from Fact 3 in the proof of Theorem 9, which applies
even if f has exceptional points, that the first and third inte-
grals on the right-hand side of (22) converge to [*°_ f(z) dx —
vof(vo) and vy, f(vn) + [ f(x) dw, respectively, as A — 0.
We further decompose each integral in the sum term above as
follows:

v; ua (s:)—2A
/ GA(m)dx:/ Ga(z)dx
Vi1

Vi—1

ua (s;)+3A v
+/ GA(_/L') dx-}-/ GA(.Z‘) dx .
ua (s;)—2A ua(si)+3A

Since the treatment of the first and last terms above is similar,
we will only consider the first. With the above decomposition in
mind, the proof will derive from the following two facts.

Fact I:

(23)

a)
UA(Si)—QA S;
lim Ga(z)dx = / lim Ga(z)dx
A—0 Vi1 Vi1 A—0
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b)

/ lim Ga(z)dz

Vi1 A—0
:vi,lf(vi,l)—l—/ f(x)dz — s;f(s]).
Fact 2:
a)
ua(s;)+3A
/ Ga(w)dz = o(1)
ua (si)—2A
when f is continuous at s; or when s; = 0.

b)

ua (5;)+3A
/ Ga(z)dz = 65;[f(s])

ua (s;)—2A

—f(sDea(s)[L — aalsi)] +o(1)
when f has a finite jump discontinuity at s; and
S; ;é 0.

Combining (22), the discussion right after it, (23), and the
above two facts, we get the equation at the bottom of the page.
Therefore, recalling that T = {t¢1,...,tx} is the set of ex-
ceptional points where there are discontinuities in f, we may
rewrite the equation at the bottom of the page as

ra(f) = /00 Ga(z)dx

— 00

=14+t (f(t) = F (8 ) [1=6aa(ty)(1—aa(t))]

+o(1)
which will conclude the proof of the theorem. We now prove the
two facts.

Proof of Fact 1a:

ua (8:)—2A Si
lim Ga(z)dx = / lim Ga(z)dx
A—0 Vi1 Jui A—0

To simplify notation, we write v for v;_; and s instead of s;.
We begin with

ua(s)—2A s
/ GA(a:)dx:/ GA(T) L (w,un(s)—20)(7) dx

where I () denotes the indicator function of the event F'. Ob-
serve that for any = € (v, s)

ilglo GA(®)(yun(s)—20)(2) = ilglo Ga(z).

We will use the bounded and dominated convergence theorems
to show that when taking the limit of the right-hand side, the
integral can be swapped with the limit.

There are four cases to consider, depending on the behavior
of f and f on (v, 5):
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Case i): f is continuous and bounded, and f’ is bounded
wherever it exists;

Caseii):  f is continuous and bounded, and f/ oo
monotonically as ' s in some left neighbor-
hood of s;

Case iii):  f is continuous and bounded, and f/ \, —oco
monotonically as x ' s in some left neighbor-
hood of s;

Caseiv): s =0,andon (v,s), f(z) - ccasxz / s, and

f'(z) /" oo monotonically as " s in some
left neighborhood of s.

Case i): (On (v, s), f is continuous and bounded, and f’ is
bounded wherever it exists.) The proof, which uses the bounded
convergence theorem is similar to that of Fact 2a in the proof
of Theorem 9. Let S < oo be such that |f'(z)] < S for all
x € BN (v—6,s) for some § > 0. Then for A < § and
z € (v,ua(s) — 2A), Lemma A2 shows that

Ga(z)| < 12(|z] + A)S < 12(max{|v],|s]} + 6)S .

Therefore, |G A ()| 1 (v,uA (s)—24) () is uniformly bounded on

(v, s). The bounded convergence theorem then gives

Ga(@)(o,un(s)-2a)(7)da= / lim Ga(w)da.

lim

A—0

Case ii): (On (v, s), f is continuous and bounded, and f’ /
oo monotonically as x ' s in some left neighborhood of s.)
Let w be chosen so that v < w < s, f exists everywhere and
increases monotonically to infinity on (w, s), f'(w) > 0, and
|f'(x)| < f'(w) forz € BN (v,w). Then

/GA(aj)I(v,uA(s)fZA)(x) dw:/ GA(2) ] (yun(s)—20)(T) d

+/ GA(‘T)I(U,uA(s)72A)(.T)d.T. (24)

Since f’(x) is bounded, wherever it exists on (v, w), the same
argument as that in Fact 2a in the proof of Theorem 9 yields,

iiin»o/v GA(m)I(q,,,,LA(S)_QA)(:v)dm:/v ELHOGA(x)d:E.

To justify swapping the limit and integral in the second term
of (24), we use the dominated convergence theorem® [11, p.
209], which requires us to find an integrable function G(x) that
dominates |GA(2)|I(y,un(s)—2a)(z) forall z € (w, s) and all
A. With M 2 max{|w|,|s|}, we choose

~ , /Tt S

G(:L;) =24M f'( 5 )
To show that G dominates |G a |1, we first observe that for w <
x < ua(s)—2A, the positivity and monotonicity of f/ on (w, )

w<zx<s.

5As with the bounded convergence theorem, the integrand’s index parameter
is allowed to approach O continuously.

| Ga@io= [ s o= s

— 00

+Z (vi_lf(vi_l)_i_/:si f(x) d;,;_sq;f(s;)Jrs,;f(s;r)Jr/f f(z) dx—vJ(m))

+ z_; (63¢[f(si) — f(sH)]aals)[1 - ou(&‘)]) +on f(vn) + /voo f(z)dz +o(1) .
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implies | f'(z)| = f'(z) < f'(ua(z) + A). Then Lemma A2
implies that for all sufficiently small A and for w < z <
ua(s) — 2A

Ga@)] <12(|z] + A) f'(ua(@) + A) <2UM f'(ua(2)+A)

<UMSf/(x + A) < 24Mf'(‘”T+S) — G(x)
where the third inequality uses the monotonicity of f’ on
(w, s), and the fourth inequality derives from the fact that
7 < ua(s)—2Aimplies v < s—2A, which in turn implies A <
=57 It follows that |G A (2)[1(yua (s)—24)(7) < G(z) for all
z € (w,s). N
We now check that G(z) is integrable over (w, s)

/S G(x) do = 24M / P de=2am /i 2f(y)dy
— 48M (£(5) — 1

2
w+ S
2
where the inequality follows from the fact that f is bounded.
Applying the dominated convergence theorem yields
lim

Lim L; GA(®)(yun(s)—2a) dv = /w iil_l)lo Ga(z)dx

which concludes Case ii). Case iii) is proved in the same manner.

Case iv): (s = 0, and on (v, s), f(z) — oo as z /" s, and
f'(z) / oo monotonically as = " s in some left neighbor-
hood of s.) This case is similar to Case ii), up to a point. Let
w be chosen so that v < w < s = 0, f’ exists everywhere
and increases monotonically to oo on (w,0), f'(w) > 0, and
|f(z)] < f/(w) forz € BN (v,w). Then

0 w
/GA($>I(v,uA(O)—2A)(x) dﬂv:/ GA(2) ] (yun(0)—24)(2) d

0
o

Since f/(z) is bounded, wherever it exists on (v, w), the same
argument as that in Fact 2a in the proof of Theorem 9 yields

ilil’lo/v GA(:IZ)I(“’“A(O)_QA)(:E)d:lj:./v ilEIOGA(.T)dx

To justify swapping the limit and integral in the second term
of (25), we use the dominated convergence theorem. As the
function that dominates |G'A (2)|/(y,u (0)—24)(2), We choose

G(x) = 18J2|f'(5)

xr
2 ’

)) <0

Ga(®)(y,un(0)—24)(x) dz . (25)

w < x<O0.

To show that this is indeed a dominating function, recall that
Lemma A2 shows that for w < 2 < ua(0) — 2A

Ga(@)] < 12(|a] + |AD ' (ua (=) + A)
where we used the positivity and monotonicity of f/ on (w, 0).
Now if w < & < ua(0) — 2A, then z < —2A, or equiva-
lently, A < —x/2. Using these and using again the positivity
and monotonicity of f’ yields for w < z < ua(0) — 2A

Ga(z)] <12(|z[ + [z]/2) ' (ua(z) + A)
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<18)zlf'(z + A) < 18|x|f’(g) = G(z).

This, in turn, implies |G A ()] 1 (y,u (0)—2a) (%) < G(), for all
z € (w,0). N
We now check the integrability of G

/wo _18/:3910’(%)(1:5:—72/:yfl(y)dy

0
— 72}1£Bwf(x) + 72w f(w) +/w f(z)dx

G(z) dx

0
:0+72wf(w)+/ flz)dz < o0

where the third equality uses integration by parts, and the fourth
equality derives from the definition of a nice pdf. Applying the
dominated convergence theorem yields

0 0
fim [ Ga@ a2z do = [ Jim Gala)da

which concludes Case iv). This completes the proof of Fact 1a.
Proof of Fact 1b:

/1 iimOGA(x)dx:vi_lf(vj'_l)-l- 1 flz)dr—s;f(s])
Vi1 - Vi—1

This follows in a similar way to Fact 2b in the proof of Theorem
9, where v;_1 and s; play the role of a and b, respectively.

S

Proof of Fact 2a :
ua (si)+3A
/ Ga(z)dz = o(1)
up(s;)—2A
when f is continuous at s; or when s; = 0 The considered

integral of G (z) is over five adjacent quantization cells. We
will show that the integral over each of these cells approaches 0
as A — 0. To simplify notation, we write s instead of s;. There
are two cases: s = 0 and s # 0.

If s = 0, then the integral over any one of the five quantization
cells has the form shown in the first equation at the bottom of
the page, for some j € {—2, —1,0, 1, 2}. The magnitude of the
first bracketed term is at most one half, the magnitude of the
second bracketed term is easily seen to be no larger than 6, and
the third bracketed term goes to zero as A — 0. Therefore,

cun (0)—jA+A
/uA (0)—jA
and since this holds for the integral over each of the five adjacent
cells, the result follows in the case s = 0.

Next, if s # 0, then f is continuous at s. In this case see the
second equation at the bottom of the page. Suppose f(s) = 0.
Then the magnitude of the first bracketed term is at most one
half, the second bracketed term tends to 2s as A — 0, and
due to the continuity of f at s, the third bracketed term tends to
f(s) = 0. Therefore, the product of the three bracketed terms
approaches zero. Now suppose f(s) # 0. By Lemma A1, which
is a slightly strengthened version of Lemma 1, the first bracketed

Ga(z)dz = o(1)

ua(0)—jA+A A _ _ _ ua(0)—jA+A ]
/ %@m:qu mg%meHmw ﬁf%mJ“}/ f(x) da
ua(0)—jFA ua(0)—jA |
up (s)—jA+A —iA) — —JA 1 ua (s)—jA+A T
/ Ga () ds = 6 [’”A(s 18) ealo )} mals = 38) + eals =) | 5 [ f(w) da
ua (s)—jA ua(s)—jA i
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term approaches 0. The second and third terms approach 2s and
f(s), respectively, as before. Therefore, again the product of the
three bracketed terms approaches zero. This completes the proof
of Fact 2a.

Proof of Fact 2b:

ua(si)+3A
/ Ga(z)dx
Jua(si)—2A

= 65i[f(s;) = f(sDaal(si)[l — aa(si)] + o(1)

when f has a finite jump discontinuity at s; and s; # 0 As be-
fore, to simplify notation, we write s instead of s;. We shall also
write aa instead of aa (s). First observe that having a disconti-
nuity at s has no effect on the integral over the four non-middle
cells. Thus, the integral over these cells tends to zero as A — 0
as shown in Fact 2a. It remains to consider the integral over the
middle cell, which contains the discontinuity at s. Specifically,
it needs to be shown that

ua(s)+A
/ G a(w)d=65[f(s7) — F(s")]aa(1—an) + o(1).

ua (s)
(26)
We decompose the integral above as shown in (27) at the bot-
tom of the page. The three terms in (27) converge as follows:

s+A(1—an)
5/ (o) do=asf(s7) + (1=as)f(sH)+o()

i (28)
ma(s) +ca(s)=2s+o(1) (29)

an(l—aa) sT)— s
ma(s)—ca(s) _ o g (57) = f(sT)] +o(1) (30)

A/6 anf(s7)+(1 —aa)f(sT)

where (28) is due to the continuity of f on (s — Aaa, s) and
(s,5+A(1—aa)). Equation (30) can be obtained by observing
that ma(s) = s+A(3 —aa) and by noting that it can be shown
that

ca(s) = vp,acL,a(s) + Yr,acr,A(8)

where
f:A(S) f(x)dx
YoA=—""—"—"—"
YA
N i (L
) A

ua (s)+A
INE / f(z)dz

NG|
and where cp a(s) is the centroid of (ua(s),s) and
cr,a(s) is the centroid of (s,ua(s) + A). Next, by
Lemma 15 it follows that ¢z A(s) = mp a(s) + O(A?) and

cr,a(s) = mpa(s) + O(A?), where mp A(s) = s — 294
is the midpoint of (ua(s),s), mpr.a(s) = s+ M is the
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midpoint of (s, ua(s) + A), and O(A?) is a quantity such that
O(A?)/A? remains bounded as A — 0. Thus, we have
ma(s) —ca(s)  ma(s) (mL,A(S) + O(Az))
A N TL,A A
(’I’I’LR’A(S) + O(AZ))
—YR,A A

_ (mA(s) —mr a(s)+ O(AQ))
=7L.a A

(TTLA — mR7A(S) =+ O(A2))
A .
Using the continuity of f on the intervals (ua(s),s) and
(s,un(s) + A), it is easily seen that
anf(s7)
anf(s7) + (1 —aa)f(s*)

(1—an)f(s?)
anf(s7) + (1 —aa)f(st)
Plugging these into the above, together with some algebraic

steps, establishes (30).
Finally, since aa f(s7) + (1 — aa) f(sT), 25, and

s o A GO B A G0
aaf(s7) + (1= aa)f()

are bounded, substituting (28)—(30) into (27) yields (26), which
completes the proof of Fact 2b and Theorem 10. O

+YR,A

YL,a = +o(1)

and

YR,A = +o(1)

Proof of Theorem 13: We need to show that there exists
some offset function #(A) for which lima_,g sa(f) does not
exist. We begin by writing

N N
SA(f) =1+ Ztkek — GZtkekaA(tk)(l — OzA(tk))
k=1 k=1
N
=1+ trer —6(A,0,) 31
k=1
where e, = f(t§) — f(t; ) is the jump height at ¢,
tr — ua(ts
OéA(tk) = 416 AA( k)

is the offset of ¢; within its cell, A = (A1, ..., AN), Ap = trep,
By = (Bras---Bna)s Bea = aalte)(l — aa(te)), and
(u,v) = Zszl ug vy, i8 the usual inner product. We use under-
bars throughout to denote vectors.

Since the first two terms of (31) do not depend on A, it suf-
fices to find an offset function §(A) such that lima—o (A, 8, )
does not exist. To this end, we will set A = %, and let 7 — o0.
We will then show that there exists a fixed quantity 75 such that
for any 7, > 0, there exists 71 > 7, and a value 6., such that
with (1) = 6., for < 7 < 7 + 275, the above inner product

27
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varies by some prespecified positive amount as 7 goes from 7;
to 71 + 275s. This will then imply that (A, 3(A;)) does not con-
verge, which is equivalent to lima o (A, [3 ) not existing.

We notice that if ¢, = 0, then by deﬁnltlon of sa(f), the dis-
continuity at ¢, contributes nothing to s (). Thus, without loss
of generality, we assume t;, # 0 forall k € {1,..., N}. Fur-
thermore, without loss of generality, we assume that the com-
ponents of ¢ = (¢1,...,tx) are ordered by magnitude, i.e.,

0<|t1] <|to] <--- < |tn_1| < tn

where we also assume, without loss of generality, that ¢ty >
0. To simplify matters, we change slightly our notation for the
«’s and (3’s. Specifically, let af(T) denote the « value at t
when A = A, and §(A) = ¢. Similarly, let /3;5(7’) denote the
corresponding (3 value. In this notation

é (tk + AT¢>) mod A, AT[(tk/AT + qS) mod 1]
ak (T) = A‘r = AT
t

:(A—k—i—qﬁ) mod 1 = (tkT—}—qS) mod 1.
In addition, from now on, we consider the offset to be a function
of 7, namely, 6(7), rather than a function of A. Our goal will
be to find an offset function 6(7) for which we can show that
lim, o0 (A,QQ(T)(T» does not exist, where

= (B (r),.... 088 ()).

Before going into the details of the proof, we give an intuitive
view of the meaning of « in light of (32), followed by an outline
of the proof. We identify the unit interval with the unit circle,
with 0 located at 12 o’clock. As T goes to 0o, we view aZ(T) (1)
as rotating around the unit circle—clockwise when ¢t > 0,
and counterclockwise when t;, < 0. If #(7) is constant over an
interval of 7’s, then we see from (32) that each az(T) changes
linearly with 7 unless it passes through 0, in which case the
mod 1 comes into effect—subtracting 1 from « if ¢ > 0, and
adding 1 if ¢ < 0.

It is easy to see from (32) that if the offset were held con-
stant, then no ay, would converge and consequently no [ and
no product A B would converge. The difficulty lies in showing
that the inner product, which is the sum of products Ay 3%, does
not converge either. Essentially, one must show that nonconver-
gent terms in the sum cannot somehow negate each other’s non-
convergence. We do this by choosing an offset function that is
piecewise constant rather than constant. Specifically, we show
that for any 7, > 0 there exists 71 > 7,, an interval |1y, 71 +
27s), and a constant offset in this interval that cause the fol-
lowing favorable property to hold. All «’s, except an, do not
pass through zero and, consequently, change linearly with 7 over
this interval. oy, on the other hand, passes through zero in the
middle of the interval (but nowhere else). Thus, it changes lin-
early over the first half of the interval and has a discontinuity as
T passes to the second half of the interval and the mod 1 comes
into effect.

Using this property, the inner product (), 3°)()) turns out
to be a parabolic function of 7 in the first half of the interval,
ie., AT2 + Bt + C. If A is not zero or B is bounded away
from zero for large values of 7, then it is easily shown that the

(32)

ﬁG(T)
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inner product must change by some nonzero amount that can be
specified in advance. Otherwise, we use the discontinuity in ay
at the halfway point of the interval to lower-bound the amount
of change.

To keep notation short, we will assume throughout the proof
that £ € {1,..., N}, unless otherwise specified. We set u =
mingeq,.. n-13(n —tx) and 6 = ﬁ, which remain fixed
for the rest of the proof. Let W denote the set of all 7 > 0 such
that

|o%(r) = ()], 245, forallk£N  (33)

where |a — b|., denotes Lee distance, i.e.,
|a — bl = min{(a — b) mod 1,1 — ((a — b) mod 1)}.
The following lemma asserts that W is unbounded.

Lemma 17: For any 7, > 0 there exists 7 > 7, such that
TeW.

Proof: The proof is constructive. If 7, € W, there is
nothing to show From now on, assume 7, ¢ W. Consider first
=", + 88 For every k such that |a%(7) — a(7)|r < 49,
we have

laR (11) — aR(m)], =

(34
Combining (34) and the facts that Slf(tN — t) > 86 and
|a% (1) — a2(7)|r, < 46, it follows straightforwardly that
oy (1) — ag(m1)|L > 46.

We have shown that | (1) — a9 (1)|r. > 46 for those ks
considered above. However, now that 7 has been increased from
T, to 71, it is possible that other o ’s no longer satisfy (33). We
can “fix” these by increasing 7, yet again, to 7o = 7 + %5.
Since ¢ has largest magnitude, the distance between o and
previously fixed a’s will only increase, and so a fixed a need
not be fixed again. Thus, repeating this process at most N — 1
times will guarantee that all a;,’s are fixed, i.e., (33) is satisfied
for all k # N, provided we make one additional check.

From a geometrical point of view, the process of fixing some
«y, involves sufficient advancement of « in the clockwise di-
rection, thus letting ax gain sufficient distance from «ay. We
observe, however, that the assertion that “repeating this process
at most NV — 1 times will guarantee that all oy, ’s are fixed” is cor-
rect if the distance between a previously fixed ax, and oy cannot
become small again due to having an get close to aj from
the “other” direction as 7 is increased. This, however, cannot
happen, since in N — 1 steps, 7 increases from 7, to

86
TNe1=To+ (N —1)—
w
8 wu
=7, + (N —-1)— <
7o+ ) 1 32NtN oty
Consequently, oy advances less than 5 Tyin = S ince ¢ has

largest magnitude, all other ag’s advance less than L Therefore,
o (Tx_1) is at least 2 5 away in clockwise dlrectlon from any
a9 (7y_1) that was fixed using the above process. O

Now, we use Lemma 17 to show that for any 7, there exists
T1 > T,, an interval 11,7 + 275), and a choice of constant
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offset in this interval with the favorable property discussed in
the proof outline described earlier.

Let 7, > 0 be given. It follows from Lemma 17 that there
exist Ty > 7, for which |a9\,('r1)—ag (m1)|r > 46 forallk # N.
Fix 0., = (1 -6 — % (1)) mod 1, and let (1) = 6,, for
71 < T < T+ 275, where 75 é . This choice of 71
and 0., makes

0-
ay' (1)

= 32Nt-

= (tNTl + 97—1) mod 1
=(aX(r)+1-6—al(r)) modl=1-56.

Moreover, since ty7s = 6, we deduce from (32) and the above
that a?\;l (7) increases linearly from its value 1 — 6 at 7 = 7,
and passes through zero precisely at 7 = 7 + 75. And since
6 = mingeqr,. N—1} tN —tr/(32Ntn) < 1/(16N), it will not
pass through zero anywhere else in the interval [y, 71 + 275). It
follows that

6,
N1 (Tl) + 8tN7
af\;‘ (m1) + sty — 1,

Q

0<s< s

Ts < 8 < 275275
(35)

ozf\? (r1+s) = {

Next, for any k& # N, the facts that a(j\? (r1)=1-24,

9, 6,
lay (11) — o7 (1) = |aR (1) — (1)1 > 46,

and |tx| > [t | imply that aZ” (1) cannot pass through zero in

the interval 11,71 + 275). Therefore,

aZ” (14 8) = ai” (11) + stg, 0<s<2rsand k £ N.

(36)

Having established (35) and (36) we are now ready to express

(A, 8% (7)) as a parabolic function of 7, when T € [, 71 +
75). To do so, we observe that for all s € [0, 75) and for all k

By (1 + 5)

= (o (r) + sta) (1 = 0y () = st)
=" () (1= oy (7 >)+tk(1—zak (1)) — 25

— By () + (1= 2057 (7)) s — 1367 . (37)

Using (37), we evaluate @7@9’1 (r1 + s)) for s € [0,75) as
follows:

<)\ [3 71 7‘1+8 Z/\kﬂk 7'1 Z/\ktk 1 2ak (Tl))]
k=1
- Z )\kti 52
k=1
=As> 4+ B, s+ C,, (38)

where

N

A2 NN
k=1
B, & Z Aetr (1= 2057 (1))

k=1
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and
N
& Z A (1)

We proceed by showing how to lower-bound the amount of
change in the inner product. To keep notation short, we set
Vr(s) 2 (A, 8% (T +5)). If A # 0, then (38) shows that ;. ()
isa parabolic_ function. Therefore,

. (7) -0 211 ()’
0 (5) -0 (7)1 ()

which derives from the fact that if y(z) = ax?® + bz + ¢ and
a # 0, then for any ¢ € R,

ly(t)

This fact can be seen as follows. y(0) = ¢, y(t) = at®> + bt + ¢
and y(2t) = 4at?® + 2bt + c. Thus, |y(t) — y(0)| = |at® + bt|
and if |at? + bt| > |a|t?, then the fact is shown. Otherwise

and /or

(39)

= y(0)] > |alt* andior |y(2t) — y(t)] > |a|t*.

—y(t)| = |3at® + bt|
= |(at® + bt) + 2at®| > |2at> —

ly(21)
at?| = |a|t?

which shows the fact.
Thus, for the case A # 0, we have established a lower bound
to the change of the inner product (A, 3°”) (7)) as  ranges over
the interval [7,, 00). B
Suppose next that A = 0. Then (38) reduces to
yTl (s) = BTIS + CTI’

when s € [0,75).  (40)

If
A, B- #0
TeEW
(in particular the limit need not exist), then for any 7, > 0, there
exists 7y € W such that 71 > 7, and
a1l
|B-,| > u = = limsup|B,| > 0.
2 T—00
TEW
Consequently

TS TS 5
B |2 s, —y
|Br |5 > us) Yoty

Vr, (—) Y- (0 )‘ = (41)

This establishes a lower bound to the change of the inner product
<A,ﬁ0(7)(7)> for the case A = 0 and
TEW

It remains to consider the case that A = 0 and

lim B, =0.

T—00

TEW
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For any 7, > 0, there exists 71 € W such that 7 > 7, and

[An|6

Bl < 22

Using (35) we obtain

9, 9,
=(ay(m1)+stn—1)(2—ay' (11)—stn)
o.) 6.
ZIBN (7'1)—|—tN(1—2OéN (7‘1))S—t%\782
0.,
—2[1—aN (7‘1)—8(‘,]\[].’

B (11 +5)

when 75 < 5 < 275.
(42)

Using (42) and observing that the expression in (37) holds for
s € [15,275) forall 1 < k < N — 1, it follows via a derivation
similar to that of (40), that for all s € |75, 275)

Vri(s) = (Brs + Cr) + (—=2Xn[1 — a* (11)]+2Antxs).
Consequently
& 57s |An 0
T — | — Y = B‘r ‘
y1<4> y1< )\ B 5+ Antwrs| > 123

(43)
where the inequality follows from having |B., | < %. This
establishes a lower bound to the change of the inner product
(A, QG(T)(T)) for the case A = 0 and

lim B, =0.
T—00
TEW

Combining (39), (41), and (43) we have shown that for any
7, > 0 there exist 7, > 7, > 7, such that

5 A6
2|tN|V1+

[ 8=, 87 )] > 141(55-)+ 2

where V] is a quantity that equals 0 if A # 0, or if A = 0 and

lim B, =0.

T—00

TeEW

Otherwise, V7 = u. And V5 is a quantity that equals 0 if A # 0,
orif A = 0 and

lim_ B, #0.
TeW

Otherwise, V2 = 1. This shows that (), ﬁ6<7)(7)) does not con-
verge and concludes the proof of the theorem. O

Remark: There is a simple way to prove Theorem 13 for
almost all vectors t € RY. Specifically, for the cases that ¢
is rationally independent (i.e., for £’s such that for all nonzero
h € ZN, (t,h) ¢ Z), which is almost all of R . The following
is a brief sketch. Fix §(A) = 0 and set A, = L forn €
Z*. From (32), we have that o, ,, = t;n mod 1. Since ¢ is
rationally independent, it follows via a theorem of Kronecker
[12] (cf. [13, p. 158], which also cites [14]) that the sequence
{10, ., N n}o2, is dense in [0 1) and so the sequence
{Bim,- .., Bnn}oy isdensein [0, 2]V, Therefore, there exists
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a subsequence n; of n, such that 3, ,,, is arbitrarily small for all
k€ {l,...,N —1} and By, is dense in [0, 2]. Finally,

N
<A’ [—3m> = Z )\k[))k/nl ~ )‘NﬁN,nl-

k=1

Since (3y,n, is dense in [0, 1], it follows that (A, B, ) does not
converge (in fact, it has an uncountable number of 11m1t points)
and consequently, (A, 3 ) does not converge.

VIII. CONCLUSION

Corollary 12 rigorously establishes that the widely used ad-
ditive noise model for uniform scalar quantization is, as one
would hope, valid in an asymptotic sense whenever the input
pdf is continuous and also satisfies certain other benign condi-
tions. Specifically, the correlation between input and quantiza-
tion error is asymptotically negligible relative to the MSE, or
equivalently, to the square of the quantizer level spacing A. The
model is even valid when there is a discontinuity at the origin.
On the other hand, Theorem 13 shows that discontinuities else-
where can cause the correlation between the input and quanti-
zation error to no longer be negligible relative to the MSE. In
such cases, the additive noise model is not asymptotically valid.
Nevertheless, Theorem 10 permits one to estimate the correla-
tion when A is small, in terms of the heights of the discontinu-
ities and their fractional positions within quantization cells.

The derivation of these results is based on an analysis of the
asymptotic convergence of cell centroids to cell midpoints, as
expressed in the functional . This convergence is shown to be
fast enough to account for the fact that the distortion induced
by midpoints is asymptotically the same as that induced by cen-
troids. But it is not fast enough to cause the correlation induced
by midpoints to be similar to that induced by centroids.

For a pdf with finite support, such as a uniform pdf, we have
also shown that it is possible to design the uniform quantizer to
be matched to the support in such a way that the correlation has
an asymptotic limit. Depending on the pdf and the manner of
matching, a wide variety of correlations may be possible.

Finally, it is interesting to consider that any discontinuous pdf
can be well approximated by a continuous pdf. For example,
suppose a pdf with jump discontinuities is approximated by a
continuous pdf that replaces each jump with a ramp of width ¢.
When A < 6, 7(f) ~ 1 and the additive noise model is valid.
On the other hand, when A > 6, the value of 7(f) can be quite
far from 1, and consequently, the correlation need not be small
relative to the MSE.

APPENDIX

Lemma 1: We will prove the following slightly stronger ver-
sion of Lemma 1.

Lemma Al: 1If f is continuous and positive at z, then for any
offset function and any integer j

lim ma(z — jA) —ca(z — jA)

=0.
A—0 A
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Proof: Suppose f is continuous and positive at z. Recall
that ua () denotes the left boundary of the cell containing . It
follows from the definitions of ma (x) and ca (z) that

ma(z = jA) = ealw = jA)

A
upa (z—7JA)+A .
L [l  uale = jA) + 5 — D f(t)dt

(AD)

- ua (z—jA)+A
A ua(z—jA) f(t) dt
Since f is continuous at z, the denominator of the above con-
verges to f(z). Now consider the numerator

LT s - 4 2 - 0500
— ua(r — JA)+ — —t)f(t) dt
A? up (z—jA) 2

A

5z [ (G0 ale =)~ -+ ) dy

1ora
+A2 a 2

Lete > 0be given. Since f is continuous at z, there exists 6 > 0
such that |f(:1: +t)— f(z)| < eforallt € (—6,6). Therefore,
when A < ]— and0 < y < A, wehave Jua(z—jA)—z+y| <
(j +2)A < 6 which in turn implies | f(x + (ua(z — jA) —

-y f(z+ (ualz = jA) =z +y)) dy.

y)) — f(z)| < e. Using this in the right-hand side of the above,
we have that for all sufficiently small A
1 [Z A :
2 | (G uf(et (uale = jA) —z +y))dy
0
flx)+e
< 8
and
1 [ A ,
7z [, (5 9@+ (ualz = jA) =z +y)) dy
2
L@

8
Thus,

A €
17 | (G- s —is) +n)dy < g

for all sufficiently small A. In much the same way, it can be
shown that

A A
o [ G s =58 + )y > =

Since ¢ is arbitrary, we obtain that

1A A
Jim (5—y)f(uA($—jA)+y)dy=0

i.e., the numerator of (A1) converges to zero. Since the denom-
inator converges to f(z) # 0, we conclude that

ma(z — jA) —ca(z — jA)

li =0
A0 A
which completes the proof of the lemma. O
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Proof of Lemma 2: Let f be a continuous a.e. pdf. Let us
define

s (cale) =ma(@)*

Wa(z) Ao
We may then write
. E(Ca -
glino A2 ilino / Wal(x)f(z)dz . (A2)

To show that the limit above is zero, we will swap the limit
and the integral using the bounded convergence theorem. We
may view the integration as being with respect to the measure

f 5 f(x) dx [11,p.214], and then the integration is over
a set of finite measure Furthermore, since |ca (z) — ma(z)| <
2 for all z and A, it follows that 0 < Wx(z) < % for all =
and A. Hence, Wa (z) is uniformly bounded for all z and A.
Therefore, using the bounded convergence theorem

ilglo/ Wa(z)f(z)de = /_Oo ill_l)lo Wal(z)f(z)dx

= /Siiino Wa(z)f(z)dx =0

where S denotes the set over which f is continuous and positive,
and where the last equality follows from Lemma 1. O

Proof of Lemma 15: Suppose f is positive and differen-
tiable at «. As in the proof of Lemma Al, with j = 0

mA(w)A—Q eal®) _ ﬁ/‘f 3 —y)f( A@+ydy o
A fo r) +y)dy

where the limit, as A — 0 of the denominator of (A3), equals
f(z), since f is continuous at z.

We consider then the numerator of (A3). We begin by ex-
pressing f(x + z) using the derivative

flx+2) = f(x) + 2f'(2) + 202(2)

where 8,.(2) is a quantity that goes to zero as z — 0. (Note that
z may be either positive or negative.) Using (A4) to evaluate the
numerator of (A3), we obtain

(A4)

A
55 | G- nss +
A
:$/0 (% —y)f(x+ (ua(z) — 2z +y))dy
A
:AL/ S~ )1 dy
A
+ %/0 (% —y)(ualz) =z +y)f'(x) dy
A
23 / (5 ) (s (@) =+ )b (ua(2) — 2+ 9)] dy
@
12
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e A
L [ G s -a)auste) -ty
A
+$/g (%—y)y[éx(m(w)—wry)]dy- (AS5)

It remains to show that the last two integrals in (AS5) converge
to zero as A — 0. Lete > 0 be given. Since (ua(z) —z+y) €
(=A,A] when y € [0,A], and since §,(z) — 0 as z — 0, it
follows that for all sufficiently small A, |6, (ua(z)—z+y)| < €
forall y € [0, A]. Since —A < (ua(z) — x) <0, it is not hard

to see that
1 AA €
5| [5 = 00a) - 0l tusto) -+l < 5
and that
1 AA €
o] [ 5~ owltus (o) = o] < .
Since ¢ is arbitrary, it follows that
1 %A f(x)
in 55 [ (G - 0stst +ndy =L

By combining this with the fact that the limit of the denominator
of (A3) equals f(x), we obtain that
ma(x) — ca(x) f'(z)

li = - . |
e A2 12f(x)

Lemma A2: Let f, x, A > 0,and S > 0 be such that f is
a continuous and piecewise differentiable function on (z — A,
x4+ A)and |f'(y)| < Sforally € (x — A,z + A) where f’
exists. Then for any offset function

|Ga(@)] < 12(|z] + A)S

where G () is as given in Definition 4.

Proof: First note that if S = 0, then the lemma holds
trivially, since Ga(z) = 0 (even if f = 0 over the interval
(x — A,z + A), since we recall that by convention ca(z) =
ma(x) in such a case). Suppose then that S > 0. We begin by
writing

mA () = A @)

A2/6
[ma ()

= 6lma () + ea (o) MA@ g,

ma(z) — ca(w
(o) —ealoll )
It remains to show w f(z) < S. We do this as-
suming ca(z) < ma(x). The proof is essentially the same
when the reverse inequality holds. There are two cases to con-
sider.
1. f(ua(z)) < SA: Since f is piecewise differentiable and
|f'(y)| < S foralmost all y € (ua(z),ua(z) + A), we
have f(z) < f(ua(z))+SA < 2SA, and consequently

[ma(z) = ca(z)] A/2
%f@) 23
a(x)) > SA: Define

£ f(ua(z)) = S(y — ua(x))

|Ga(z)] =

<12(Je] + A)

—-25A=S5.

2. f(u
9(y)
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fory € (ua(z),ua(z) + A). From Lemma A3, which
appears next, it follows that ¢ (z) < ¢ A( x). Thus,

m €T —Cf €T m €T _Cg T
¢ (z) can be simplified to
SAZ
i I TP
It follows that
Ima(z) — % (z)] S 1
o e
< S [lua(z)) + SA
T 12 flua(e) - 5
S k+1 S
“hhoizst <t

where k £ M > limplies (k+1)/(k—1/2)

<4
This completes the proof that M flz) < S
O

and, consequently, the proof of the lemma

Lemma A3: Let f be a continuous and piecewise differen-
tiable function on (u, u+A). Letalso f(u) > SAand |f'(z)| <
Sforallz € WnN (u,u+ A) for some S > 0and A > 0,
where W is the set over which f is differentiable. Let g(z) =
f(u) = (z —u)S. Then ¢} , < cfA

Proof: First note that g(u) = f(u) and g decreases as
sharply as possible among functions that satisfy the derivative
constraint. If ¢ = f on (u,u + A), the lemma holds trivially.
Suppose then that g # f on a subset of (u, v+ A) with positive
measure. Let h = f — g, or, equivalently, f = g + h. Observe
that for z € W N (u,u + A), the fact that | f/(z)| < S implies
K(x) > 0 and h(z) > 0. From the definition of centroid we
may write

u+A u+A
o gf"+ g(z) dx chf"+ h(az)dw.
R fwyd S fa) da

Thus, ¢/, is a weighted average of ¢f and c”. Since g is a strictly
decreasing function and A is an increasing function (though not
necessarily strictly increasing), it is easy to see that ¢ < u +
£ < ch Tt follows that ¢f > cf since cf is the average of ¢,
and something larger. O

Lemma A4: Let f be a nonnegative, continuous and piece-
wise differentiable function such that

lim f'(#)=0 and lim f'(z) =0
cew zeW

where W denotes the set over which f is differentiable. Let also

IS, f(z)dx < oc. Then
hgl f(z)=0 and lim f(z)=0.

Proof: We will show that lim,_, ., f(z) = 0. The other
case follows in a similar way. Let

Mé/oo f(z)de < oo.
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Lete > 0 be given. Setm = 86% There exists T > 0 such that
|f/(x)| <m for all 2 € (Ty, 00)NW. Since [~ f(z)dx < oo,
it follows that there exists 75 > 17 such that f(73) < 5. Sup-

pose there exists T3 > T5 such that f(73) > e. Then

iy {{o =+

Note that T3 — T5 > % It now follows that

b F()dz > /T3

((x = T3)m +¢€)dx
T> T3— 5=

2m

T3 —5-<x<T3
T2§$<T3—2—.

g
m

2m 352
./0 (€~ my) dy 8m

where the last equality follows from recalling that . = % . The
above contradicts the fact that [*°_ f(z)dz = M. Therefore,
f(z) < e forall z > Ts. Since ¢ is arbitrary, it follows that
lim, . f(z) = 0. O

Lemma A5: Let f be a nonnegative, continuous, and piece-
wise differentiable function such that

lim zf'(z)=0 and lim zf'(z)=0
r— —00 T—00
zeW zeW

where W denotes the set over which f is differentiable. Let also

/oo f(z)dz < co and /oo lz|f(z) dz < oc.

Then
lim zf(z)=0 and lim zf(z)=0.
Proof:
lim zf'(z)=0 and Jim zf'(z)=0
zeW zeW
imply that
lim f'(z)=0 and lim f'(z)=0.
i €W

Thus, applying Lemma A4 to the function f, we obtain that

lim f(z)=0 and lim f(z)=0.

Next, let
g(x)_{—a:f(yv)7 z <0
and obtain
xz €[0,00)NW

x € (—00,0)NW

1755

Since
lim f(z) =0, lim f(z)=0
lim zf'(z)=0, and lim zf'(z)=0

Tr— 00

zeW

r——0Q

zeW

it follows that

lim g (r) =0 and

zeW

Jim g'(z) = 0.
W

Finally, since g is also nonnegative, continuous, piecewise dif-
ferentiable, and integrable, we may apply Lemma A4 to it, and
obtain that lim,_, - g(z) = 0 and lim,_,, g(z) = 0, which
is equivalent to

lim zf(z)=0 and lim zf(z)=0. d
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